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Abstract. The Apollonian metric is a generalization of the hyperbolic metric,
defined in a much larger class of open sets. However, since it was introduced
by Beardon in 1998, it has remained an open question what its isometries are.
Beardon first raised this question and asked if the Apollonian isometries were
just Möbius mappings. In this paper we show that this is the case in open sets
with regular, for instance C1, boundary.

1. Introduction

The Apollonian metric αD is a generalization of the hyperbolic metric which is
defined in arbitrary open sets D of Rn. It was introduced by Beardon in 1998 [3], but
it later turned out that the same metric had been studied previously by Barbilian [1]
(see [18], and for some further developments, [6, 7]). A very popular generalization
of the hyperbolic metric in higher dimensions is the quasihyperbolic metric [10].
The Apollonian metric differs from this metric by equaling the hyperbolic metric
in the ball and being Möbius invariant (rather than quasi-invariant). Another nice
feature is that the Apollonian metric is very simple to evaluate.

In the 1998 paper Beardon asked if the isometries of the Apollonian metric are
just Möbius mappings. In this paper we show that this is the case in open sets
with regular boundary. Although we are not able to treat the completely general
case, we would like to emphasize that previously such a result was known only for
complements of sets of constant width.

Let us start by reviewing what has been done on the isometry question. Consider
a planar domain the boundary of which is a compact subset of the extended negative
real axis. In this setting Beardon proved that a conformal Apollonian isometry is a
Möbius mapping, [3, Theorem 1.3]. In [16, Theorem 1] Ibragimov derived the same
conclusion without the conformality assumption.

A different approach was used by Gehring & Hag [9]. Their proof uses geodesics
of the Apollonian metric to show that every Apollonian isometry of a disk is a
Möbius mapping [9, Theorem 3.29]. Unfortunately, the Apollonian metric does
not in general have many geodesics (more on this later). Ibragimov extended the
method of geodesics to its limits in [15], studying complements of sets of constant
width. In this case there are still lots of geodesics through a single distinguished
point. So he could show that in this case all Apollonian isometries are Möbius
mappings.

Since we can get no further with geodesics we introduce the notion of a pseu-
dogeodesic line in this paper (Definition 4.5). These are curves which share some
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crucial features with geodesics. On the other hand, it turns our that there exists
at least one such pseudogeodesic line through every point (Theorem 4.6). This is
one of our main tools.

The second new element in our approach is that we start by looking at what
Apollonian isometries do to the boundary of the domain. Using estimates of the
metric we show in Section 5 that the distortion of an Apollonian isometry decreases
toward the boundary, and thus it has to act as a Möbius mapping on the boundary
of the domain. Notice that this second result holds for all domains, not only regular
ones. Hence it will probably be useful in solving the general case of the Apollonian
isometry problem.

Combining these elements we prove our main result (Theorem 6.4), that every
Apollonian isometry of a regular domain is a Möbius mapping. We start by sum-
marizing the notation that we will use (Section 2) and by defining the Apollonian
metric and giving some of its properties (Section 3).

Although this article will deal only with the problem of isometries, we conclude
the introduction by mentioning some other results regarding this metric, by way
of motivation. Beardon [3] and Rhodes [19] derived comparison results with the
hyperbolic metric in convex planar domains. Gehring & Hag [9] showed that the
Apollonian metric is comparable to the hyperbolic metric in a simply connected pla-
nar domain if and only if the domain is a quasidisk. Ibragimov [17] and Hästö [11]
studied the relations between the Apollonian and quasihyperbolic metrics. They
showed, in particular, that the two metrics are equivalent if the domain is a quasi-
ball. Seittenranta [20] proved that the inequality jD ≤ αD holds if D is convex and
Hästö [13] gave a geometric characterization for domains in which the inequality
1
K

jD ≤ αD holds (for a definition of the jD metric see, e.g., [10, 11, 13]).
Another aspect of the Apollonian metric, which has recently been studied, is

its conformality [16]. We say that the Apollonian metric of a domain D ⊂ Rn is
conformal at a point x ∈ D if

lim
r→0

max{α(x, y) : y ∈ Sn−1(x, r)}
min{α(x, y) : y ∈ Sn−1(x, r)} = 1.

It turns out that the notion of conformality of the Apollonian metric is intimately
related to the notion of a constant width set, an object which has been studied by
geometers for several centuries (see e.g. [8] and the references therein). Namely, the
Apollonian metric αD of a domain D ⊂ Rn is conformal either at every point, at
exactly one point or at no point of D [16, Theorem 2]. The first case occurs if and
only if D is a ball. For the second case we have the following result [16, Theorem 3]:
the Apollonian metric αD is conformal at one point if and only if, up to a Möbius
transformation, D is the complement of a convex body of constant width. The
relation between the convex bodies of constant width and the Apollonian metric is
being investigated more closely by the second author and will be reported elsewhere
[5].

2. Notation and conventions

We denote by R
n the n-dimensional euclidean space and by {e1, e2, · · · , en} its

standard basis. Open balls and spheres of radius r > 0 centered at x ∈ R
n are

denoted by Bn(x, r) and Sn−1(x, r), respectively. The closed segment between two
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points x and y in R
n is denoted by [x, y]. For x ∈ R

n \ {0} we set

[x,∞] = {tx : t ≥ 1} ∪ {∞}.
The diameter of a set A is denoted by diam(A) and its cardinality by card(A). By
D we always denote an open set in Rn with at least two boundary points.

The Möbius space Rn = R
n ∪ {∞} is the one-point compactification of R

n

equipped with the chordal metric

d(x, y) =







|x−y|√
1+|x|2

√
1+|y|2

if x, y ∈ R
n,

1√
1+|x|2

if y = ∞.

For a set A in R
n or Rn the topological operations A (closure) and ∂A (boundary)

are always taken with respect to Rn. The cross-ratio of a quadruple a, b, c, d of
points in Rn with a 6= b and c 6= d is defined by

|a, b, c, d| =
d(a, c)d(b, d)

d(a, b)d(c, d)
=

|a − c||b − d|
|a − b||c − d| ,

where the latter equality holds with the understanding that that |a−∞|/|b−∞| = 1
for all a, b ∈ R

n. A homeomorphism f : Rn → Rn is a Möbius transformation if

|f(a), f(b), f(c), f(d)| = |a, b, c, d|
for all quadruples of distinct points a, b, c, d in Rn. Properties of Möbius mappings
will play a central role in most of our arguments, and are too numerous to be
reviewed here. The reader is referred to an introduction on the geometry of Möbius
mappings (e.g. [2]) for further reference.

By a ball in Rn we mean the image of Bn(0, 1) under a Möbius transformation of
Rn, i.e. a euclidean ball, the complement of a closed euclidean ball or a half-space.
Two distinct points x, y ∈ Rn are called inversive with respect to the sphere S in
Rn if y = h(x) where h is the inversion in S.

3. The Apollonian metric

For distinct x, y ∈ Rn and k ∈ (0, +∞) the Apollonian sphere Sα(x, y; k) and
the Apollonian ball Bα(x, y; k) of radius k about x with respect to y are defined as

{

w ∈ Rn :
d(w, x)

d(w, y)
= k

}

and
{

w ∈ Rn :
d(w, x)

d(w, y)
< k

}

,

respectively. Observe that the Apollonian spheres are spheres in Rn. The points
x and y are inversive with respect to Sα(x, y; k) = Sα(y, x; 1/k). Given an open
set D ⊂ Rn with card(∂D) ≥ 2, for each pair of distinct points x, y ∈ D we let
kxy be the radius of the largest Apollonian ball in D about x with respect to y.
The Apollonian ball Bα(x, y; kxy) is called the maximal Apollonian ball in D about
x with respect to y and is denoted by Bα(x, y), similarly Sα(x, y) = Sα(x, y; kxy).
We easily see that

kxy = min
w∈∂D

d(w, x)

d(w, y)
and kxykyx ≤ 1

for all x, y ∈ D. The Apollonian distance αD(x, y) between the points x and y is
defined as

αD(x, y) = max
w,z∈∂D

log
( |y − z||x − w|
|x − z||y − w|

)

= log
( 1

kxy

· 1

kyx

)

.
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This distance is a metric if and only if Rn \D is not contained in a sphere in Rn [2,
Theorem 1.1]. For each pair of distinct points x, y ∈ D we define an extremal subset

of ∂D about x with respect to y as E(x, y) = ∂D ∩ Sα(x, y). Notice the implicit
dependence of E(x, y) on ∂D; this will cause no confusion, since D will always be
clear from context. The points in the extremal subset are called extremal points.

We say that a homeomorphism f : D → f(D) ⊂ Rn is an Apollonian isometry if

αD(x, y) = αf(D)(f(x), f(y))

for all x, y ∈ D. It follows directly from the definitions that every Möbius mapping
is an Apollonian isometry. The purpose of this paper is to show that in many cases
these are all the isometries.

Let us indicate why we study only homeomorphisms and domains with suffi-
ciently large boundary. The reason is that if the boundary is too small, then the
Apollonian distance is not a metric and strange isometries exist. One easily sees
that the examples used by Hästö and Lindén [14, Example 4] to show that a related
metric, the so-called half-apollonian metric, has irregular isometries work for the
Apollonian metric as well. More precisely, if the boundary of D is properly con-
tained in a sphere, then there exist (euclidean) discontinuous Apollonian isometries
of αD . If the boundary of D is contained in an (n − 2)-dimensional sphere, then
there exist continuous Apollonian isometries which are not Möbius mappings.

The next result shows that looking only at homeomorphisms is no restriction in
the case where the complement is not contained in a sphere.

Proposition 3.1. Suppose that f : D → Rn is such that

αD(x, y) = αf(D)(f(x), f(y))

for all x, y ∈ D and that Rn \ D is not contained in a sphere. Then f is an

embedding.

Proof. Since αD is a metric we see that f is injective and αf(D) is also a met-
ric. Fix x ∈ D and let xi ∈ D be a sequence of points tending to x. Then
αD(x, xi) → 0. Suppose that f(xi) 6→ f(x). Since f(D) is compact there exists a

subsequence (xik
) such that f(xik

) converges to a point z in f(D). If z ∈ ∂f(D),
then αf(D)(f(xik

), f(x)) → ∞, a contradiction. Otherwise

αf(D)(f(xik
), f(x)) → αf(D)(z, f(x)).

Since αf(D) is metric, αf(D)(z, f(x)) > 0, again a contradiction. Therefore f is

continuous. By symmetry, f−1 is continuous as well. �

4. Geodesics

Since we are only interested in Apollonian geodesics, we will call an arc γ ⊂ D
a geodesic if

αD(x, y) = αD(x, z) + αD(z, y)

for each suitably ordered triple of points x, z, y ∈ γ. (It is also possible to treat
geodesics in terms of a directed density related to the Apollonian metric, see [12].)
Let {a, b} be the endpoints of γ. We say that the geodesic γ is a geodesic line, ray

or segment if two, one or none of a, b are in ∂D. There is a geodesic connecting two
arbitrary points of D if and only if D is a ball.

The following lemma will be used throughout this section. A similar result was
announced already by Barbilian [1, Satz I] and was proven by Gehring and Hag
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for the planar case, see [9, Lemma 3.18]. Since their proof carries over to higher
dimensions, it is not included here.

Lemma 4.1. Let x, y, z be distinct points in D. Then

αD(x, y) = αD(x, z) + αD(z, y)

if and only if E(x, y) ⊂ E(x, z) ∩ E(z, y) and E(y, x) ⊂ E(y, z) ∩ E(z, x).

The main result of this section is Theorem 4.6, which shows that through every
point of an open set D there passes a pseudogeodesic line and, in particular, a
geodesic segment. We begin with the following preliminary result.

Lemma 4.2. Let γ be a curve in D with end-point a ∈ ∂D. Let x, y ∈ γ be such

that for all z ∈ γ in the order a, z, x, y we have

αD(z, y) = αD(z, x) + αD(x, y).

Then a ∈ E(x, y).

Proof. Suppose that a 6∈ E(x, y). By compactness of E(x, y), we have

r = 1
2 min{d(w, a) : w ∈ E(x, y)} > 0.

Then d(z, w) > r for all z ∈ γ with d(z, a) < r and all w ∈ E(x, y). Now choose
a point z ∈ γ such that d(z, a) < r and rd(y, a) > d(z, a). Since d(y, w) ≤ 1 by
definition, we find for every w ∈ E(x, y) that

d(y, a)

d(z, a)
>

1

r
>

1

d(z, w)
>

d(y, w)

d(z, w)
,

i.e. w 6∈ E(z, y). Hence E(z, y)∩E(x, y) = ∅. But as αD(z, y) = αD(z, x)+αD(x, y),
Lemma 4.1 implies that E(z, y) ⊂ E(x, y) ∩ E(z, x), a contradiction. Thus, a ∈
E(x, y). �

The proof of the previous lemma was very detailed, but not so intuitive or
geometric. As we go on, the proofs will become increasingly geometric, we will
rely less on explicitly writing down the sets E(x, y) and think more in terms of
intersections of maximal Apollonian spheres.

As an immediate corollary of Lemma 4.2 we obtain

Corollary 4.3. Let γ be a geodesic line in D with distinct endpoints w1, w2 ∈ ∂D.

Then w1 ∈ E(x, y) and w2 ∈ E(y, x) for all x, y ∈ γ such that x lies between w1

and y in γ.

The following lemma gives us an existence criterion for a geodesic segment pass-
ing through a given point.

Lemma 4.4. Let x, z, y be distinct points in D with

αD(x, y) = αD(x, z) + αD(z, y)

and let γ be the circular arc joining x and y and containing z. Then

(1) there is a closed non-degenerate subarc S of γ containing z in its interior

which is a geodesic;

(2) for all x′, y′ ∈ S such that the points x, x′, y′, y lie on γ in this order, we

have E(x, y) ⊂ E(x′, y′) and E(y, x) ⊂ E(y′, x′);
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Figure 1.

(3) for each x′ in γ \ {x} lying between x and z, there exists a closed non-

degenerate subarc S ′ of S having z as one of its endpoints such that

αD(x′, z) = αD(x′, z′) + αD(z′, z) for all z′ ∈ S′.

Proof. Without loss of generality we assume that x = −e1, y = e1 and z = ∞,
see Figure 1. Then γ = [−e1,∞] ∪ [e1,∞]. Let w1 ∈ E(x, y) and w2 ∈ E(y, x) be
arbitrary points. Then w1 ∈ E(−e1,∞)∩E(∞, e1) and w2 ∈ E(∞,−e1)∩E(e1,∞)
by Lemma 4.1. Notice that the Apollonian ball Bα(w,∞) is just a euclidean ball
centered at w and Bα(∞, w) is the complement of a closed euclidean ball centered
at w. Hence we have ∂D ⊂ Bn(−e1, |w2 + e1|) \ Bn(−e1, |w1 + e1|) and similarly,
∂D ⊂ Bn(e1, |w1 − e1|) \ Bn(e1, |w2 − e1|).

We will show that S = S− ∪ S+ is the required geodesic segment, where

S− = [−(1 + |w2 + e1|)e1,∞] and S+ = [(1 + |w1 − e1|)e1,∞].

Let re1, se1, te1 ∈ S with r < s < t. Due to symmetry we can assume that
re1, se1 ∈ S−. We also suppose that te1 ∈ S+ (the other case is similar). Then we
conclude that

w1 ∈ E(se1, re1) ∩ E(se1, te1) ∩ E(re1, te1);

for instance, to see that w1 ∈ E(se1, re1), we note that Sα(se1, re1) is a sphere
centered the negative e1-axis, which crosses this axis between re1 and se1. It is
easy to see such a sphere intersects ∂D in w1. The other inclusions are proved
similarly, and so is:

w2 ∈ E(se1, re1) ∩ E(te1, se1) ∩ E(te1, re1).

This proves part (ii) and, in particular, implies that

αD(se1, te1) = log
|se1 − w2||te1 − w1|
|se1 − w1||te1 − w2|

= log
( |se1 − w2||re1 − w1|
|se1 − w1||re1 − w2|

|re1 − w2||te1 − w1|
|re1 − w1||te1 − w2|

)

= αD(se1, re1) + αD(re1, te1).

Hence S is a geodesic, completing the proof of part (i).
Finally, to prove part (iii), let x′ be as in the lemma. If x′ is on the geodesic

segment S, then the claim is obvious. Otherwise let x∗ be the inversion of x′ in
Sn−1(−e1, |w2 + e1|). Then similar observations as above imply that the subarc S ′

of S− joining x∗ to z is the required arc. �
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We are now ready to introduce our main tool, the pseudogeodesic line:

Definition 4.5. Let γ ⊂ D be a curve joining two boundary points a and b.
Suppose that z ∈ γ and that there exists a non-degenerate geodesic subcurve S
of γ containing z in its interior, with the additional property that for every x ∈ γ
there exists a closed non-degenerate subcurve S ′ of S with one endpoint at z such
that aD(x, z) = aD(x, y)+aD(y, z) for all y ∈ S′. Then γ is called a pseudogeodesic

line through z.

Observe that pseudogeodesic lines include geodesic lines and that pseudogeodesic
lines are mapped to pseudogeodesic lines by Apollonian isometries. The next theo-
rem shows why pseudogeodesic lines are so useful to us: through every point there
is at least one.

Theorem 4.6. Let D ⊂ Rn be open with card(∂D) ≥ 2 and let x ∈ D. Then

(1) there exists a pseudogeodesic line through x;

(2) there exists a ball Bx ⊂ D containing x and a geodesic line.

Proof. Without loss of generality we can assume that x = ∞, diam(∂D) = 2
and that −e1, e1 ∈ ∂D are diametrical points of ∂D. Then the complement of
Bn(−e1, 2) ∩ Bn(e1, 2) is contained in D and one can easily observe that

αD(−se1, te1) = αD(−se1,∞) + αD(∞, te1)

for all s, t ∈ (1, +∞). The proof of (1) is then completed using Lemma 4.4.
Next let B be the unique ball of smallest radius containing the complement of

D (see, for instance, [4, Theorem 11.5.8, p. 357]). Then one can easily observe that
card(∂B ∩ ∂D) ≥ 2. Define Bx = Rn \B. Let now a, b ∈ ∂Bx ∩ ∂D be two distinct
points and let γ be a circular arc in Bx orthogonal to ∂Bx at a and b. Then a and
b are the extremal points for every pair of points on γ, and so it is easy to see that
γ is a geodesic. Thus Bx is the ball sought for in (2). �

Using this results we can easily prove a result which Barbilian stated in the
special case of a domain with regular boundary [1, Satz III].

Corollary 4.7. Let D ⊂ Rn be an open set with card(∂D) ≥ 2. Then there exist

infinitely many geodesic lines in D.

Proof. Using the second part of the previous theorem we find a ball Bx containing a
geodesic. If possible, we choose a point y from the set D \Bx and repeat the above
argument to produce another geodesic line and continue this process. If the process
stops after a finite number of steps, then D is the union of finitely many balls and
there are infinitely many geodesic lines in at least one of these balls. Otherwise,
this process will generate infinitely many geodesic lines. �

5. Isometries near the boundary

We define δ(x) = d(x, ∂D) and δ′(y) = d(y, ∂f(D)), where x ∈ D ⊂ R
n, f is a

function defined on D and y ∈ f(D). We start by looking at a kind of dilatation
on the boundary.

Lemma 5.1. Let D ⊂ Rn be an open set with at least two boundary points and let

f : D → Rn be an Apollonian isometry. Assume that ∂D and ∂f(D) are bounded.
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If z ∈ ∂D and (zi) is a sequence of points in D tending to z, then

hf (z) = lim
i→∞

δ′(f(zi))

δ(zi)

exists and depends only on the point z, not on the sequence (zi). The mapping f
extends continuously to a map of D and

hf (z)hf (w) =
|f(z) − f(w)|2

|z − w|2

for all z, w ∈ ∂D.

Proof. Since we will only be interested in points near the boundary, we assume
that all points in this proof are finite. Let z and (zi) be as in the statement of the
lemma and let w be a second boundary point with a sequence (wi) of points in D
approaching w. Let us choose from (zi) a subsequence such that f(zi) converges to
a boundary point fz (in Rn) and from (wi) a subsequence such that f(wi) converges
to a boundary point fw, and denote these subsequences again by (zi) and (wi),
respectively.

Using the triangle inequalities |x − y| − |x − a| ≤ |y − a| ≤ |x − y| + |x − a| we
find that

|x − y|
δ(x)

− 1 ≤ max
a∈∂D

|y − a|
|x − a| ≤

|x − y|
δ(x)

+ 1.

The same inequality holds for x and y interchanged. Hence we get

log

( |x − y|
δ(x)

− 1

)( |x − y|
δ(y)

− 1

)

≤ αD(x, y)

≤ log

( |x − y|
δ(x)

+ 1

) ( |x − y|
δ(y)

+ 1

)

.

(5.2)

Fix x ∈ D far enough from w that 2 ≤ |x − wi|/δ(x) for all sufficiently large i.
By taking i larger still, we also assume that |x − w| ≤ 2(|x − wi| − δ(wi)) and
|f(x) − f(wi)| + δ(wi) ≤ 2|f(x) − fw|. Then we have

log
(

1
2 |x − w|

)

− log δ(wi)

≤ log
(

|x − wi| − δ(wi)
)

− log δ(wi) + log

( |x − wi|
δ(x)

− 1

)

≤ αD(x, wi) = αf(D)(f(x), f(wi))

≤ log
(

|f(x) − f(wi)| + δ′(f(wi))
)

− log δ′(f(wi)) + log

( |f(x) − f(wi)|
δ′(f(x))

+ 1

)

≤ log
(

2|f(x) − fw|
)

− log δ′(f(wi)) + log

(

2|f(x) − fw|
δ′(f(x))

+ 1

)

.

Therefore the sequence δ′(f(wi))/δ(wi) is bounded. Similarly we conclude that
this sequence is bounded away from 0. Thus we can choose a subsequence of (wi),
denoted again by (wi), such that

δ′(f(wi))/δ(wi) → Cw ∈ (0,∞).
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Using again the fact that f is an Apollonian isometry and (5.2) we get

log

( |f(zi) − f(wi)|
δ′(f(zi))

+ 1

)( |f(zi) − f(wi)|
δ′(f(wi))

+ 1

)

≥ αf(D)(f(zi), f(wi))

= αD(zi, wi) ≥ log

( |zi − wi|
δ(zi)

− 1

) ( |zi − wi|
δ(wi)

− 1

)

.

We take the exponential function of both sides of this inequality and rearrange (all
terms are positive for large enough i) to get

δ(wi)

δ′(f(wi))

|f(zi) − f(wi)| + δ′(f(zi))

|zi − wi| − δ(zi)

|f(zi) − f(wi)| + δ′(f(wi))

|zi − wi| − δ(wi)
≥ δ′(f(zi))

δ(zi)

In this inequality we let zi → z and wi → w, and note that |zi − wi| is bounded
away from zero, whereas all the δ and δ′ functions tend to zero. This gives us the
inequality

lim sup
i→∞

δ′(f(zi))

δ(zi)
≤ 1

Cw

|fz − fw|2
|z − w|2 .

If |fz − fw| = 0, then the following inequality is trivial, otherwise, a similar argu-
ment as before works, so in either case we have

lim inf
i→∞

δ′(f(zi))

δ(zi)
≥ 1

Cw

|fz − fw|2
|z − w|2 .

Combining these inequalities gives

(5.3) lim
i→∞

δ′(f(zi))

δ(zi)
=

1

Cw

|fz − fw|2
|z − w|2 .

Since the left hand side does not depend on w, we conclude that the right hand
side must also be independent of w. Therefore we have shown that the limit can
depend only on z and fz.

Suppose now that f(zi) had more than one accumulation point, say fz1 and

fz2, and that (zj
i ) are subsequences of (zi) such that limi f(zj

i ) = fzj (j = 1, 2).
Then there exists a constant K > 0 such that

exp
(

αf(D)(f(z1
i ), f(z2

i ))
)

≥
( |f(z1

i ) − f(z2
i )|

δ′(f(z1
i ))

− 1

)( |f(z1
i ) − f(z2

i )|
δ′(f(z2

i ))
− 1

)

≥ K
{

δ′(f(z1
i ))δ′(f(z2

i ))
}−1

for large enough i, since |f(z1
i ) − f(z2

i )| → |fz1 − fz2| > 0. On the other hand

exp
(

αD(z1
i , z2

i )
)

≤
( |z1

i − z2
i |

δ(z1
i )

+ 1

)( |z1
i − z2

i |
δ(z2

i )
+ 1

)

= o
(

{δ(z1
i )δ(z2

i )}−1
)

,

because |z1
i − z2

i | → 0. But we have already shown that δ′(f(zj
i ))/δ(zj

i ) → Cj ∈
(0,∞), so these inequalities contradict the fact that f is an Apollonian isometry.

Therefore fz is unique, and so the limit in (5.3) depends only on z, as claimed,
and equals hf (z). Of course, this argument also applies to w, and so we see that
Cw = hf (w). We extend f to ∂D by defining f(z) = fz for boundary points z.
Then (5.3) is just the equation in the statement of the lemma.

It remains to check that the extension is continuous. If zi ∈ D and zi → z ∈ ∂D
then it is clear by construction that f(zi) → f(z). So it remains to consider zi ∈ ∂D
with zi → z ∈ ∂D. But like when we concluded that Cw is bounded, we find that hf
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has a uniform upper bound, so f is Lipschitz continuous on the boundary. Therefore
f is continuous on D. �

Recall the following fact about inversions (e.g. [2, p. 26]). Recall also that every
inversion is its own inverse.

Lemma 5.4. Let g be an inversion in the sphere Sn−1(z, r). Then

|g(x) − g(y)| =
r2|x − y|

|x − z||y − z| .

The inversion is conformal and the dilatation is given by r2

|x−z|2 .

Using inversions suitably, we conclude that Lemma 5.1 holds without the restric-
tion on the boundary:

Lemma 5.5. Let D ⊂ Rn be an open set with at least two boundary points and let

f : D → Rn be an Apollonian isometry. If z ∈ ∂D and (zi) is a sequence of points

in D tending to z, then

hf (z) = lim
i→∞

δ′(f(zi))

δ(zi)

exists and depends only on the point z, not on the sequence (zi). The mapping f
extends to a continuous map of D and

hf (z)hf (w) =
|fz − fw|2
|z − w|2

for all finite boundary points z, w.

Proof. Suppose that x ∈ D and y ∈ f(D) and let g1 and g2 be inversions in
the spheres S(x, 1) and S(y, 1). Then the set D′ = g1(D) and the mapping f ′ =
g2◦f◦g1 satisfy the assumptions of Lemma 5.1. Therefore f ′ extends to a continuous
mapping of D′ and

(5.6) hf ′(z)hf ′(w) =
|f ′z − f ′w|2
|z − w|2

for z, w ∈ ∂D′. But Möbius mappings are continuous on Rn, so this implies that
f extends continuously to the boundary of D. One checks easily using Lemma 5.4
that formula (5.6) is Möbius invariant, so it holds for f , too. �

Theorem 5.7. Let D ⊂ Rn be an open set with at least n+1 boundary points, which

are not contained in an hyperplane. Let f : D → Rn be an Apollonian isometry and

extend it to D continuously. Then, up to composition by Möbius maps, f(D) = D
and f |∂D = id∂D.

Proof. Consider the case n = 2 first. Let z1, z2 and z3 be three distinct boundary
points of D. By composing f with Möbius mappings, we may assume that f(zi) = zi

for these points, and that the points do not lie on a line. By Lemma 5.5 this implies
that

hf (z1)hf (z2) = hf (z1)hf (z3) = hf (z2)hf (z3) = 1,

from which we conclude that hf (z1) = hf (z2) = hf (z3) = 1. Then, by Lemma 5.5,

(5.8) |f(a) − zi| =
√

hf (a)|a − zi|
for i = 1, 2, 3 and every a ∈ ∂D.



APOLLONIAN ISOMETRIES ARE MÖBIUS MAPPINGS 11

Let a ∈ ∂D. If hf (a) = 1, then the distance of a to the three points z1, z2 and z3

is preserved, so f(a) = a. Suppose next that hf (a) 6= 1. Let us write K =
√

hf (a)
and define

C =
{

x ∈ Rn :
|f(a) − x|
|a − x| = K

}

.

Now C is a circle, which by (5.8) contains z1, z2 and z3. Moreover, a and f(a) are
inverse points with respect to this circle. But z1, z2 and z3 define a unique circle, so
we have shown that for every a ∈ ∂D either f(a) = a or f(a) = a∗ (the inverse of a
in C). We still have to show that if f acts as an inversion on one boundary point,
then it acts as an inversion on all boundary points. So suppose f(a) = a∗ 6= a
and f(b) = b, a, b ∈ ∂D. Since b is fixed, we easily see that hf (b) = 1. Hence
|f(a)−b|
|a−b| = K, so that b lies on C. Thus f acts as an inversion on all boundary

points in this case. Otherwise, f is just the identity for all boundary points, and,
in either case, the identity up to a Möbius map.

In the higher dimensional case we will show that we can assume that the n + 1
boundary points are fixed: as before we start by fixing three boundary points.
Assume then inductively that we have fixed k ∈ [3, n] boundary points contained
in the (k − 1)-dimensional plane H , but not in any (k − 2)-dimensional plane. Let
S = Sk−2(x, r) be the (k−2)-sphere in H containing the points and let u be a unit
vector orthogonal to H . Then the sphere

St = Sn−1(x + tu,
√

r2 + t2)

contains S, so the inversion in St fixes our k points for every t. Pick one boundary
point a not in H . We easily see using Lemma 5.4 that we can choose t so that
modifying f by composition with the inversion in St makes hf (a) = 1. Then f acts
as an isometry on the set formed by our k points and a, so we can compose f with
rotations and reflections which leave H pointwise fixed so that f(a) = a. Now we
just add this point to our collection and have thus completed the inductive step.

Once we have found n + 1 boundary points not all lying in the same hyperplane
we can argue as in the second paragraph of this proof to show that f is either the
identity or an inversion in the sphere containing our boundary points. �

Using the theorem we can directly prove the following result, which has previ-
ously been proven by Gehring and Hag [9]:

Corollary 5.9. If f : B → R
n is an Apollonian isometry from a ball, then f is a

Möbius mapping.

Proof. By Theorem 5.7 we know that f(B) is a ball. Since the Apollonian metric
equals the hyperbolic metric on the ball, the claim follows. �

6. The main result

Let us start by formally defining what we mean by a regular boundary point in
the context of the Apollonian metric.

Definition 6.1. Let D ⊂ R
n be an open set. A boundary point w ∈ ∂D is irregular

if there exist two distinct balls in D so that the intersection of their boundaries
contains w and some other point. Boundary points which are not irregular are
regular. If every boundary point of the open set D is regular, the we say that D
has regular boundary.
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Figure 2.

For example a domain with C1 boundary or a convex domain has regular bound-
ary. Notice that being a regular boundary point is a Möbius invariant feature. This
follows, since it is easily seen that being irregular is Möbius invariant. We record
the following immediate fact.

Lemma 6.2. If w is a regular boundary point, then there exists a unique line Uw

through w so that every ball in D whose boundary contains w is centered on Uw.

Lemma 6.3. Let D ⊂ Rn be an open set with regular boundary. Then every

pseudogeodesic line is just a circular arc and there are at most two pseudogeodesic

lines joining any pair of boundary points.

Proof. Let γ be a pseudogeodesic line through z and joining a, b ∈ ∂D. Choose
x, y ∈ γ such that αD(x, z) = αD(x, y)+αD(y, z). The maximal Apollonian spheres
Sα(x, y) and Sα(y, z) meet at some boundary point p. But since p is a regular
boundary point, this means that it is their only intersection, see Figure 2. Therefore
E(x, z) = {p}, by Lemma 4.1. Moreover, for all y′ closer to z than y, we easily see
that we still have Sα(y′, z) ∩ ∂D = {p}. But then we can take x′ close to a and
y′ close to z with αD(x′, z) = αD(x′, y′) + αD(y′, z), and argue as in Lemma 4.2
to show that p = a. Thus we have shown that E(x, y) = Sα(x, z) ∩ ∂D = {a} for
every x ∈ γ between a and z.

Recall that x and z are inversive with respect to the maximal Apollonian sphere.
Consider the locus of points which are the inversion of z in a sphere through a with
center on Ua (which is as in Lemma 6.2). It is well-known that such a locus is the
arc of a circle which is tangent to Ua at a and passes through z. So this arc of the
circle is the pseudogeodesic on the a-side, call it γ1.

By a similar argument we conclude that the pseudogeodesic on the b-side is the
arc of a circle, call it γ2. Finally, we can apply the same argument to the geodesic
segment S on the pseudogeodesic so it too is an arc of a circle. As can be seen in
the right part of Figure 2, this means that γ1 and γ2 must be part of the same arc
of a circle. Therefore the pseudogeodesic lies on the unique circle C through a and
b, tangent to Ua and Ub at these points, so there are at most two pseudogeodesic
connecting a and b, namely the two components of C \ {a, b}. �

Theorem 6.4. Let D ⊂ Rn be an open set with regular boundary. If f : D → Rn

is an Apollonian isometry, then f is the restriction to D of a Möbius mapping.

Proof. If ∂D is a sphere the the conclusion follows easily from Corollary 5.9. Oth-
erwise ∂D is not contained in a sphere in Rn, for if this were the case, then ∂D
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would contain irregular points. Using Theorem 5.7 we may assume that f(D) = D,
that f extends countinuously to the boundary and that it fixes every point of the
boundary.

Fix z ∈ D. By Theorem 4.6 and Lemma 6.3 there exists a circular pseudogeodesic
line γ through z. Since the pseudogeodesic lines are defined only in terms of the
Apollonian metric it is clear that f(γ) is also a pseudogeodesic line. Since f(γ) has
the same end-points as γ it follows from Lemma 6.3 that f(γ) = γ or f(γ) is the
complement of γ in the circle through γ. Let us assume first that that f(γ) = γ.

Consider points w of γ tending to a. Since a and b are the extremal points for
z and w we get

αD(z, w) + log δ(w) = log

(

|w − b| |z − a|
|z − b|

)

+ log
δ(w)

|w − a| .

We do a similar computation for αD(f(z), f(w)), using the same two extremal
points. Now δ(w)/δ(f(w)) → 1 since hf (w) = 1, and |w − a|/δ(w) → 1 and
|f(w) − a|/δ(f(w)) → 1 since the pseudogeodesic is the arc of a circle orthogonal
to the boundary. Thus we find that

1 = lim
w→a

δ(f(w)) exp αD(f(z), f(w))

δ(w) exp αD(z, w)
=

|a − b| |f(z)−a|
|f(z)−b|

|a − b| |z−a|
|z−b|

=
|f(z) − b|
|f(z) − a|

|z − a|
|z − b| .

Since we know that f(z) must lie on the circular arc γ = f(γ), this equality implies
that z is fixed by f . Therefore we are done if f(γ) = γ for all pseudogeodesics.

Let us partition D into those points which are fixed by f , F , and those which
are not, N . Since f is continuous it is clear that F is closed (in D). We will show
that N is closed, too. This is clear if N has no accumulation points. If it has such
points, let z ∈ D be one of them. Then we chose a sequence (zi) of points from
N ∩ Bn(z, δ(z)/2) which tend to z. Every zi is on a pseudogeodesic which gets
inverted under f (otherwise zi would be fixed, by the previous argument). Since
δ(zi) ≥ δ(z)/2 we easily see that |f(zi) − zi| > δ(z)/2. Since f is continuous this
means that |f(z) − z| ≥ δ(z)/2. Therefore f(z) 6= z, so z ∈ N and N is closed.

We have thus partitioned D in two closed sets, which means that every compo-
nent of D must lie completely in one of these sets. By Theorem 4.6(ii) there exists
a geodesic line γ in every component of D. Suppose that γ is mapped to its inverse
by f , and denote by B the ball whose boundary passes through the endpoints of
γ and is orthogonal to γ at them. Because γ is a geodesic, B ⊂ D. Because the
circular complement of γ is a geodesic, Rn \ B ⊂ D. Thus the boundary of D lies
in a sphere, a case that we excluded. Therefore the points on this geodesic line are
in F , so F intersects every component of D. Hence N is empty, so every point in
D is fixed. �
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