CALDERON-ZYGMUND ESTIMATES IN GENERALIZED ORLICZ
SPACES

PETER HASTO AND JIHOON OK

ABSTRACT. We establish the W2¥()_solvability of the linear elliptic equations in non-
divergence form under a suitable, essentially minimal, condition of the generalized Orlicz
function () = ¢(z,t), by deriving Calderén—Zygmund type estimates. The class of
generalized Orlicz spaces we consider here contains as special cases classical Lebesgue
and Orlicz spaces, as well as non-standard growth cases like variable exponent and
double phase growth.

1. INTRODUCTION

In this paper, we study the well-posedness of the following second order linear equations
in non-divergence form with the zero Dirichlet boundary condition:
al-jDiju = f n Q,
(L.1) { u = 0 on 00

in generalized Orlicz spaces. Note that for the classical Lebesgue spaces, this is a starting
point of the LP-regularity theory and a crucial corollary of the L” boundedness of the

Calderén—Zygmund operators. We refer to [13, 1] for LP-regularity results concerning
the problem (1.1). Recently, these results have been extended to Orlicz spaces [0, 52]
and variable exponent Lebesgue spaces [7, &, 11]. Therefore, it is natural to consider

generalized Orlicz spaces which form a unifying framework covering the aforementioned
as special cases.

Our context is the following (see the next section for details): Q@ C R™ (n > 2) is
bounded and open, and the coefficient matrix A = (a;;) : 2 — R™ is bounded and
symmetric, and satisfies the uniformly ellipticity condition (1.2). For a weak ®-function
o() = p(z,t) : Q x [0,00) — [0,00), ¢(:) € P,(€), we show that there exists a unique
(strong) solution u € W2#()(Q) of (1.1) satisfying the CalderénZygmund type estimate

lullwzeor @) = lull et @) + 1Dl Lot ) + 1Dl Loy < el fll oo

with constant ¢ > 0 independent of f and u, under regularity assumptions on ¢(-), €2
and A which are in some sense minimal. Here, L#)(Q) is the generalized Orlicz space
generated by () and (strong) solution of (1.1) means that equation (1.1) holds almost
everywhere in 2 with the zero boundary on 02 in the trace sense.

The generalized Orlicz spaces, also called Musielak—Orlicz spaces, have been actively
studied in recent years. The basic example of a variable exponent space was introduced
by Orlicz [18], and a major synthesis is due to Musielak [11]. Generalized Orlicz spaces
can be naturally drawn from (classical) Orlicz spaces that are well known and have been
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studied for a long period, see for instance the monograph [50] and related references. In
other words, the Orlicz space is a special case of the generalized Orlicz spaces. Indeed,
if ©(-) is independent of the z variable, i.e. ¢(z,t) = ©(t), L¥") becomes an Orlicz
space. From this observation, we can roughly understand the generalized Orlicz spaces
as variable versions of Orlicz spaces with respect to the space variable x.

In the fields of partial differential equations and the calculus of variations, there have
been a lot of research interest in problems with non-standard growth (e.g. [1, 2, 10]).
Consider the following non-autonomous functional

ve W /F(x,Dv) dx.

Marcellini [38, 39] has considered functionals with (p, ¢)-growth, that is, F satisfies |{[P —
1 S F(x,8) < [€|174 1, ¢ > p. Moreover, Zhikov [55, 50] has studied model problems of
anisotropic materials and the so-called Lavrentiev phenomenon. In particular, in [50], he
provided significant model problems, for example,

F(2,8) =~ [¢]P™, 1 < infp(-) <supp() < oo,

and

F(z,&) = [§]" +a(x)[€]?, 1 <p<g<oo, af)=0.
For the first case, so-called the variable exponent case, the exponent of || is a function
of the z-variable which is usually assumed to be continuous, and it describes various phe-
nomena, for example electrorheological fluids [51] and image restoration [12, 31|, whose
growths continuously change with respect to the position. The second case is so-called
the double phase problems, which describe for instance composite materials or mixtures.
Hence this case has a phase transition which is certainly not continuous on the border-
line between constituent materials. In a series of papers, Baroni, Colombo and Mingione
[3, 5, 16, 17, 18] have studied regularity properties of minimizers of these problems, see
also [9, 16]. Other researchers [15, 21] have considered the variant of the double phase
functional,

F(z,t) = (t—1)” +a(z)(t —1)7,

with (s)_ := max{s, 0}, which is degenerate for positive values of the gradient. Further-
more, minimizers of borderline functionals like

F(x,t) =t"@log(e 4+ 1) or F(x,t) =t* 4 a(zx)t’ log(e + t)

have been recently studied, see for instance [1, 9, 24, 44, 15 17]. We would like to stress
that all of these special cases are covered by the assumptions utilized in this paper.

As interest in functionals or partial differential equations with non-standard growth
increase, so does the concern about their underlying spaces. We point out that all function
spaces concerning the functional we mention above can be understand as generalized
Orlicz spaces, see Section 2. Specially, the variable exponent Lebesgue and Sobolev
spaces that underlie problems with variable exponent growth have been widely studied
for the last two decades, see for instance [19, 22]. In the research of variable exponent
Lebesgue spaces there is an important continuity condition on p(-) called log-Holder
continuity which is stronger than the plain continuity, but weaker than Holder continuity.
Under this condition, basic and important results for Lebesgue and Sobolev spaces are
extended to the variable case, for instance the boundedness of the maximal operator,
Sobolev embeddings, Poincaré inequalities and so on. On the other hand, little analysis
and research have been devoted to Lebesgue and Sobolev spaces having double phase
growth conditions since those spaces are more delicate and difficult to analyze by the

phase transition.
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For these reasons, concern about generalized Orlicz spaces has been also increasing,
and we believe that most classical results in functional analysis can be obtained if we
impose a suitable condition on the generating function ¢(-). We refer to recent results
(20, 23, 28, 30, 33, 34, 35, 36, 37, 42, 43, 53] for the analysis of generalized Orlicz spaces.
In particular, in [30, 32] the authors have presented a natural and weaker condition on
©(+) which implies the conditions for the specific examples we mentioned above.

Next we introduce our main result. From now on, we assume that the coefficient
A = (a;;) : R* — R"*" is a measurable, bounded and matrix-valued function on R"™ with
the symmetry condition a;; = aj;. In addition, A = (a;;) is supposed to be uniformly
elliptic with the ellipticity constant A > 1, that is,

(1.2) ATHEPR < (A()E,€) < A|E)* for V€ € R" and a.e. © € R™
The following is our principal assumption on A.

Definition 1.1. For 6, R > 0, we say that the coefficient matrix A = (a;;) is (6, R)-
vanishing if

[A]r := sup sup ][ |A(Yy) — Ap, | dy < 6.
0<r<R z€R" JB,(x)

Clearly, if A is in BMO (Bounded Mean Oscillation) with [A]pyo < 0, then it is
(0, R)-vanishing for every R > 0, and if A is in VMO (Vanishing Mean Oscillation), then
for each 6 > 0 it is (6, R)-vanishing for some R > 0.

We now state the main theorem of this paper. Notation and conditions of ¢(-) will be
introduced in the next section.

Theorem 1.2 (Main Theorem). Let 2 be a bounded CY' domain, and o € () satisfy
(A0), (alnc),, (aDec)g®, and (Al-p~) for some 1 < p < q < oo. There exists a small
d =4d(n, A\, p,q,L,3,Q) > 0 such that if A is (§, R)-vanishing for some R > 0 and [ €
L#O)(Q), then the problem (1.1) has a unique strong solution u € W2¥()(Q) N Wol’“D(')(Q)
with

(1.3) [ullwecor ) < el fll oo @),

for some positive constant ¢ = c¢(n,\,p,q, L, 3,2, R) > 0.

Using the linearity of the equation (1.1), we can directly obtain the following result
from the above theorem.

Corollary 1.3. Let Q be a bounded C**-domain, and ¢ € ®,,(Q) satisfy (A0), (alnc),,
(aDec)g®, and (Al-p~) for some 1 < p < q < oo. There exists a small§ = 6(n, A, p, q, L, 3,§2) >
0 such that if A is (6, R)-vanishing for some R > 0, f € L¥)(Q) and g € W*¢0)(Q),
then the problem
aijDiju = f m Q,
{ u = g on 09,

has a unique solution u € W2*O)(Q) with u — g € W&’w(')(Q), and we have the estimate

HUHWZM(Q) <c (HfHLv(-)(Q) + Hg|’w2vw<'>(9)) )
for some positive constant ¢ = ¢(n, A\, p,q, L, 5,2, R) > 0.

Finally, we would like to discuss the approach used in this paper. As a matter of fact,
if we obtain a Calderén-Zygmund type result, that is the boundedness of the Calderén—
Zygmund operators in the generalized Orlicz spaces, our result might follows in a natural

way in the context of the harmonic analysis. However, this remains still an unsolved
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problem. Hence, we do not use the classical approach of harmonic analysis tools. Instead,
we use an approach based on a perturbation argument which is broadly used in the field
of partial differential equations. In particular, we adopt the approach introduced by
Mingione in [2] see also [10] for its origin. We also note that a similar method has been
used in the variable exponent case, see [7, 11]. However, we realized that the generalized
Orlicz case is not a direct generalization, and needs much delicate analysis, since the
class of generalized Orlicz space considered here contains not only the variable exponent
spaces but also spaces describing the double phase phenomena.

The remaining part of the paper is organized as follow. In Section 2, we introduce basic
notation, generalized Orlicz spaces, our main assumption on ¢(-) and basic comparison
estimates in the classical Lebesgue spaces. In Section 3, we derive a priori localized
Hessian estimates which are the main part of this paper. In Section 4, we complete
the proof our main result, Theorem 1.2. Finally, we end the paper briefly sketching the
Hessian estimates in the classical Orlicz spaces in Appendix A.

2. PRELIMINARIES
We recall some standard notation and definitions. For a point z = (21, -+ , 2,1, T,) =
(', 2,) € R", let B.(z) :={y € R" : |x —y| < r}, Bf(z) := B.(z) N {z, > 0} and
Bl(z') :={y e R": |2/ —y/| < r}. For the sake of simplicity, we write B, = B,(0) and
B} := B (0). We also denote T,(z) = B,(z) N {z, =0} and T,, = B, N {x, = 0}. For a
vector-valued function f : U — R”, where U is a bounded domain in R® and N > 1, we
denote fi; by the integral average of f on U, that is,

£ — ]{J £(z) do — ﬁ /U £(x) da.

Finally, we say function f defined in R is L-almost increasing (resp. decreasing) for some
L>1if f(s) < Lf(t) (resp. f(t) < Lf(s)) for every s < t.
We record a lemma which is useful when estimating generalized Orlicz functions.

Lemma 2.1. Let f > 0 be measurable, € > 0 and 0 < r < 1 < s. There exists ¢ > 0

such that 1 1
]{)fdxges(]{lfsdx)s+c€<]{2f’nd:c>r.

Proof. Let 6 € (0,1) satisfy 1 = g + 1;9. We apply Holder’s inequality with exponent 2
to f = 051

s—0

]ifdarg (ﬁf%ix)g(]éfrdx) -

Next we use Young’s inequality ab < ea'/? + c. ¢ ,.b(1/%)":

ﬁfdxgg(]ngdx)iHg(]ngrdx)m.

= %, this gives the claim. 0

s—6
s(1-0)

Since

2.1. Generalized ®-functions. Let us consider a function ¢ = ¢(x,t) : Q x [0, 00) —
[0,00). Then we say that ¢ is a weak ®-function, p € ®,,(Q2), if the following hold:

e ( is measurable in the x-variable, and non-decreasing and left-continuous in the

t-variable.
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e For every x € (),
p(z,0) =limp(z,t) =0 and lime(z,t) = oo

e The map (0,00) >t — @ is L-almost increasing. Here, L is independent of
the x-variable.
Furthermore, we say that ¢ is a ®-function, ¢ € ®(Q), if ¢ € () and it is convex
in the t-variable. The subset of ®(Q2) of functions independent of z is denoted by ®,
similarly for ®,(Q2) and ®,,.
In addition, we sometimes suppose the assumptions on ¢ below. Before stating them,
we define

o =sup ¢(z,t) and ¢ = inf @(z,t), U CQ.
zeU zel

When U = Q, we abbreviate ¢*(t) := @3 (t).
(A0) There exists 5 € (0,1) such that ¢ (8) <1< ¢ (1/0).
(alnc), There exists p > 0 and L > 1 such that the map (0,00) > ¢ £ is [-almost
increasing for every x € €.
(aDec);® There exists ¢ > 0 and L > 1 such that the map (3,00) >t 2 s L-almost
decreasing for every z € ().

Note that we only need the almost decreasing condition “near infinity”, i.e. for large
values of ¢.
We note that the three assumptions above are quite natural. For example if ¢(x,t) =
a(x)t*™, (A0) condition implies a(-) ~ 1, (alnc),, condition implies p < p(-), and (aDec):°
implies p( ) < q. Moreover, we deduce from conditions (A0), (alnc), and (aDec)2° that
L718PtP < p(x,t) for all t > B! and p(x,t) < LB~ for all t > 3, which imply that

(2.1) L7HBPP —1) < p(a,t) < LB+ 1 for all t > 0,
so that ¢ has (p, q)-growth, and that for a > 1,

(2.2) oL p(x,t) < oz, at) < a?L(p(x,t) + 1) forall t > 0.
Here, if t > § in particular, then we also have

(2.3) o(x,at) < alLo(x,t).

Two ®-functions are equivalent ¢ ~ ¢, if there exists L > 1 such that ¢(z,£) <
Y(x,t) < p(x, Lt) for almost every x. The next lemma shows that a weak ® function can
be upgraded.

Lemma 2.2 (Lemma 3.1, [33]). Let ¢ € ®,,(Q2). Then there exists 1 € () with ¢ ~ .

We record one lemma which will be useful later on. Essentially, it says that (alnc),
gives a Jensen-type inequality.

Lemma 2.3. Let ¢ € &, satisfy (alnc),, p > 1. Then there exists ¢ > 0 such that

( (f1spac) ) < f e

Proof. Since ¢ satisfies (alnc),, the map t — ¢(t'/?) satisfies (alnc);. Thus by Lemma 2.2
there exists a convex function ¢ such that ((£) < o(t1/?) < ((Lt). By Jensen’s inequality,

(L(f Iflpdw) ) < C(L 't Ifl”dfv> Jewnisryie < £ @ O
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Now, let us introduce a key assumption on ¢(-) to obtain the Calder6n—Zygmund
estimates for ¢(-), as well as the (A1) assumption from earlier papers.

(Al-¢7) There exists 8 € (0,1) such that for every ball B C Q

wh(Bt) < ¢p(t) forallt e (1, (o)~ (B
(A1) There exists 8 € (0,1) such that for every ball B C Q

ph(Bt) < pp(t) forall t € [1, (¢5) " (1B

The latter condition plays a main role in the study of generalized Orlicz spaces, and
the class of ®-functions satisfying (A1) or (Al-p~) contains important examples (see the
table below).

In this paper, we consider the (Al-¢~) condition. Comparing the (Al) condition,
we replace ¢ by ¢~ in the interval of ¢, hence the (Al-p~) condition is stronger than
the (A1) condition. However, all important examples, namely Orlicz growth, variable
exponent growth and double phase growth, also satisfy this stronger condition. The next
table contains a interpretation of the assumptions for four ®-functions. Concerning (A1),

we note that both C'°¢ and C'»“" are known to be the optimal moduli of continuity to

ensure the boundedness of the maximal operator [1, 16, 33], but see also [19].
o(x,t) (A0) (A1) (Al-¢7)  (alnc) (aDec)>
tP@a(x) a1 p € Clos peC® p=>1 pt<oo
7@ log(e + ) true p € Clo8 peC p~>1 pt<oo
t? + a(x)t? ael™® acCv9P 4eCr 7P p>1 g<oo
tP +a(z)tPlogle +t) |lae L*® a€(C"® acC p>1 p<oo

We also point out that Gwiazda, Skrzypczak and Zatorska—Goldstein [26, 27] have
recently studied existence of solutions in the Musielak-Orlicz setting with the regularity
assumption

(2.4) Ph(t) < ol + ¢ T ) o (1)
for all t > 0 and some a, b, ¢ > 0 and balls B of diameter at most ¢. If (A0) holds, then

it follows from concavity of (¢~)~! that % < ¢. Thus the condition implies

(Al-¢7). Furthermore, (2.4) does not hold in the double phase situation, so (Al-p~) is
strictly more general.

2.2. Generalized Orlicz spaces. Now, we introduce the generalized Orlicz spaces (also
known as Musielak—Orlicz spaces). For ¢ € ®,,(Q2), we define

120(0) := {g € L°(Q) : lim 0,y (Ag) = 0},

where o,y is the modular of o,

0(1(9) = /Qw(fa lgl) dz,

with the (quasi)norm

: g
ooy = Dol = int {3 > 02 0,00 () <1}

If ¢ is independent of the x-variable, i.e., ¢(x,t) = ¢(t), we simply write L?(Q) =
L#0)(€2). We observe that

llglloy < 1if and only if o,y(g) < 1,
6



which is called the norm-modular unit ball property. Also, we have the following relation
between norm and modular:

. 1 1 1 1
25 min {0,007 0,0(9)7 | < lgllory < max {o,0(9)7, 001 (9)7 }
In addition, we define the generalized Orlicz—Sobolev space W*#()(Q), k € N, by
WE2O(Q) = {g € WH(Q) : lgllrge) < oo},

where

l9lleetr = Nglwreo = D I1DGllreo @)

0<]a|<k

As in the case of classical Sobolev spaces, W, #1(Q) is taken to be the closure of C(2)
in Whet)(Q).

Let us prove a simple version of the compact embedding theorem which we need later.
The proof follows [22, Section 8.4].

Proposition 2.4. Let Q C R™ be bounded, ¢ € ®,(R") and suppose that (AO), (Al),
(alnc), and (aDec):® hold. Then

Wy P (Q) s LFO(Q).

Moreover, if Q is a W0 _extension domain, that is, there exists a bounded linear oper-
ator B : WH0O(Q) — WHO(R™) such that Eulg = u, then

WheO(Q) = LFO(Q).
Proof. Let ¢(x,t) := p(x,t) +t. When t > %, t < (1, %)t < %go(x,t). Thus

p(z,t) < Y(z,t) < (1+ §e(,t) + gxal2).

Since € is bounded, it follows from [22, Theorem 2.8.1] that L#() = L¥(). Furthermore,
a calculation shows that 1 satisfies the almost increasing condition in (aDec)> for all
values of ¢, which means that ¢/ is doubling. Thus it suffices to establish the claims for ¢
doubling.

Let G be the standard mollifier and for € > 0 let G, denote L'-scaling, i.e. G.(t) =
e "G(L). Forevery u € WL (R™) and almost every  we have (see, e.g., [22, Lemma 8.4.1])

lux G.(x) —u(z)] < 6/0 |Vu| * Gi(x) dt.

Moreover, |Vu| * Gy < cM(|Vu|) (e.g. [22, Lemma 4.6.3]). It follows from [30] that the
maximal operator is bounded. Let ¢ € ®(R") with ¢ ~ . Then || - ||y is convex and
we get by Jensen’s inequality that

Jux Ge — ullugy ~ lux Ce — ulluy
1 1
<ee / |Vl % Gl dt < ce / |M(Ful) s dt < e[ Vullyqo.

Let {u;}2°, be a weakly convergent sequence in W, ’@(')(Q). We extend the functions
to R"™ be zero. We may assume that the weak limit is 0, and we aim to show that u; — 0
in L#V) strongly. Denote K := sup,{||u||1,()}- By the previous calculation,

uilloey < Nl * Ge — wlpey + llw* Gelloey < eglVurllpey + llu * Gel| o)
7



For fixed e, u; * G. — 0 point-wise as [ — 0o, by definition of weak convergence. Let
Q. :={zeR": d(z,) < e}. By Hélder’s inequality

% Gl < 2Aluallyy |G (=l < ele ) K xa:

Inequality (2.1) implies that p,.)(cxq.) < oo for every a > 0 and so it follows from
dominated convergence that ||u; * G|,y — 0 for fixed . Then our previous estimate
gives
lm sup [Jull() < ceK.
l—00

Thus u; — 0 follows as € — 0.

Now, we prove our second assertion. Let U © € be a bounded open set, and n € C§°(U)
satisfy n = 1 in €2. Then we have

||(EU)7IHL¢><'>(U) < CHUHWW)(-)(Q)
and
IDI(Eun]ll ooy vy < ID(Ew)| ooy + cl Eull oo @y < cllullwreo -

These imply that if {u;}$°, is weakly convergent in W*()(Q), then {(Eu;)n}e, is also
weakly convergent in W'¥()(U). Therefore, applying the results above to (Eu;)n €
W, ’@(')(U ), we obtain the second assertion. O

Remark 2.5. By standard reflection and covering arguments, we see that Lipschitz do-
mains are W'¥()_extension domains, and so are C*'-domains. Since Lipschitz domains
are quasiconvex, it follows from [29, Lemma 4.7.3] that ¢ € ®,(2) can be extended to
®,,(R™) while preserving the assumptions of the previous proposition.

2.3. Comparison estimates. We finally introduce comparison results such that for a
given solution of a linear equation under such smallness assumptions, we will find a
solution of a homogeneous linear equation with constant coefficient whose Hessian is
sufficiently closed to the Hessian of the given one in an L7 sense. These results were
obtained in [3, Section 4] for linear parabolic equations, and we present here their elliptic
counter-parts which can be obtained in the same argument. Therefore, we state them
without proofs. We start with interior comparison estimates.

Lemma 2.6. Let v > 1 and B = (b;;) : R* — R™" satisfy the uniform ellipticity
condition (1.2). For any e € (0,1), there is a small 6 = d(e,n,A,v) > 0 such that the
following holds: if B is (3, 4)-vanishing and if w € W?7(By) is a solution of

bijDijw =g in By, with ][ |D*w|"dr <1 and lg|” dz <9,
B4 B4

then there exist a constant matriz B = (by;) with [Bp, — B| < ¢ and a solution v €
W27(By) of

bijDijU =0 m B4, with ][ |D2U|ﬂ{d$ S 1,
By

such that
|D*(w—v)"dr <& and [|D*0||pe(s,) < ¢
By
for some ¢ = c(n,A,7v) > 0.

We next state comparison estimates on half balls B;". Note that we ascribe boundary

values only on the flat part of the boundary, 7T}.
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Lemma 2.7. Let v > 1 and B = (b;;) : R" — R™" satisfy the uniformly elliptic
condition (1.2). For any ¢ € (0,1), there is small 6 = d(e,n, A,v) > 0 such that if B is
(6,4)-vanishing and if w € WY(B}) is a solution of
D — 1 +
big D g i By with |D?*w|["dx <1 and lg|” dz <9,
w = 0 on T, B Bf

then there exist a constant matriz B = (by;) with ‘EBI — B| < ¢ and a solution v €
W2A(BY) of
{ Z)z’jDijU =0 m BZ_

' D*|"dr <1
; 0 on T with ]{Bj’ v dr <1,

such that
]i+ |D*(u —v)["dr < e and ||D2U||L°°(Bl+) <c
1

for some ¢ = c(n,\,7v) > 0.

3. LOCALIZED HESSIAN ESTIMATES

In this section, we establish a prior: interior and boundary Hessian estimates. For
the boundary estimates, we consider the flat boundary and the zero boundary condition.
First, we consider the classical Orlicz functions ¢(t) = ¢(z,t), and state related Hessian
estimates.

Theorem 3.1. Let p € ®,, and satisfy (alnc), and (aDec)® for some 1 < p < q < o0
with constants L, and A : R™ — R™"™ satisfy the uniformly elliptic condition (1.2). Then
there ezist a small 6 = 6(n,\,p,q,L) € (0,1) and ¢ = c¢(n,\,p,q,L) > 0 such that for
p >0,

(1) if A is (8, 2p)-vanishing, f € L¥(Ba,) and u € W*%(By,) is a solution of
a;jDiju=f in By,
then
ID*ullzes,) < ¢ (Ifles,) + o7 ulloss,))
(2) if A is (0,2p)-vanishing, f € L¥(By,) and u € W*?(Bj) is a solution of

CLijDZ‘j’LL == f m B;_pv
u=20 on TQp,
then
D%l < ¢ (1o + 0l

The Calderén—Zygmund estimates in the classical Orlicz spaces have been treated in
many works, see for instance [0, 52, 5], from which one can easily deduce the previous
result. However, for completeness, we shall record the sketch of its proof in Appendix A.

We next consider generalized Orlicz functions ¢ = ¢(z,t), and state the main result of
this section.

Theorem 3.2. Let ¢ € ®,(R") satisfy (A0), (Al-¢™), (alnc), and (aDec)y® for some
1 < p < q < oo with constants 5 € (0,1) and L > 1, and A : R" — R™" satisfy
the uniformly elliptic condition (1.2). There exist 6 = 6(n,\,p,q,B,L) > 0 and ¢ =

c(n,\,p,q,B,L) >0 such that for p € (0, }1] the following hold.
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(1) Interior estimate: If A is (6, 2p)-vanishing, f € L¥")(Ba,) and u € W%V (By,)
18 a solution of
aijDiju = f m B4p,
then

(o Sh—q) /32 _
||D2U||Lv<->(Bp) <cp (Vp=a)/p <||f||Lv<->(B4p) +p 2||U||Laa*(34p)> )

(2) Boundary estimate: If A is (0, 4p)-vanishing, f € LSD(')(BIP) and u € WQ"P(‘)(BIP)
18 a solution of

aiDgju = f in BZ;’
u = 0 on Ty,
then
n(/P—q)/p?/2 _
(3.1) IDull ot gy < cp" VPP (IIfIILw(BZP) +p 2||u|IL¢—(B;p))-

We shall only prove Theorem 3.2(2). The proof of Theorem 3.2(1) is similar and in
fact simpler.

Proof of Theorem 3.2(2). We devide the proof into five steps.
Step 1, Scaling: Let us consider

- U d f
u = an =
||f||L<P(')(Bz;)) + p_2||u||L<p_(ij)

f

HfHLw(-)(BIp) + p_2||u||L<P_(BIp)

Y

where u and f are given in Theorem 3.2(2). Then it is clear that @ is a solution of

CLijDij’INL = f in BZ?),
u = 0 on T4p,
with
(3:2) 1 Fllpsorsyy <1 and [l ) < 0

We will prove
~ _ 3/2
(3.3) 1Dl oy < cp™ VPP,

which implies (3.1). For simplicity, we denote again f and @ by f and u, and proceed to
prove the previous inequality. In addition, in view of Theorem 3.1 and (3.2), we observe
that ||D2“”LV(B;) < ¢, which implies that

P

(3.4) / o~ (|Du) dx < c.
B,
Step 2, Covering via a stopping time argument: Let us denote
(3.5) l<v:i=,/p<p<yq,
U(x,t) = lp(z,t)]» and ¢~ (¢) =g, (1) = inf ¢(z,1),

$EB4P

N

and fix any
1 <51 <89 <2,
Furthermore, we define

(3.6) Mo = Ao(s3) = ]i [0(z, |D?l) + LW (a, |f]) + 1)] de > 1,

10



where 6 € (0,1) is a small constant which will be determined later, and super-level sets
(3.7) E\) =E(\s) = {:zc € B! (x| D*u(x)|) > )\} , A>0.

s1p
Now we fix A with

24 "
(3.8) A > A > 1, where A := ( 0 > :

S2 — 81

For each y € E()), we define a continuous function Gy, : (0, (ss — s1)p] — [0, 00) by

G = f, [l D% + bt 1)) o

On one hand, since Bf (y) € B, for all 0 < 7 < (52 — s1)p, (3.8) yields that for any

S2p
Te L (s, — Sl)P]>

G <e(2) f | [ D+ o) d

T~
s2P

<(Z) f, el + b)) d

So — 51 S

< ANy < A

On the other hand, by Lebesgue’s differentiation theorem we have

. T 2 1
i Gy(r) =l v, 10%) 4§t 1)) de > 2
for almost every y € E(\). Therefore, we have from the continuity of G, that for almost

every y € E()), there exists 7, € (O, (32_81)”) such that

120
(3.9) Gy(ry) =X and Gy(r) <A, forall 7 € (7, (s2 — s1)p].
In view of Vitali’s covering lemma, one can find a disjoint family {B;; (yk)}Zozl with

y* € BE(\) and 73, € (O, %) such that

(3.10) EM\N c | B4, ("

for some a Lebesgue measure zero set N.
Since Gk (7:) = A by (3.9), we conclude that

1
Lol ([ Y(a, |Dul) do
B, (F)N{y(-|D?ul)>2}

+/B ¢(x,’f|) dIL‘—f-ng;:(yk)‘) ’

and hence, we obtain

2
ey (e, D) da
B (yM)n{w (| D2ul)> 3}

o v i) |\
Bik(yk)ﬂ{w("a‘f‘)>%} )
11
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Step 3, Comparison estimates: We use the notation and results from the previous step.
For simplicity, we denote By, := Bag,, (y*). For k =1,2,..., there are two possible cases,
namely

(i) (Interior case) By C BSQP7

(i) (Boundary case) By, ¢ B . which implies By N Tj,, # 0.

We first consider the case (i). From the second inequality in (3.9), we have

s2p)

Y(z,|D*u|) der < X and (x| f]) de < SN
By,

Let us set

o, (1) := inf @(z,t) and @] (t) = sup p(z,1).
z€By, zE€B,

P (t) = mf Y(z,t) and ¥ (t) := sup ¥(z,1).

z€eB zEDBy

Since 1), satisfies (alnc),, it follows from Lemma 2.3 and (2.2) that

(G (( |D2u|”dx)u> < c( @Z),;(|D2u|)dx+1)
By, By,
< c( @D($,|D2u|)da?—l—1) < cA.
By

The same argument for ¢~ (2.2) and (3.4) give

(]i ID?u|udgc>i < () (]{3 o (|D?ul) dz + 1)

<) <|Bk\1 /B+ v~ (|D?ul) dzx + 1) < cole) 7 (1B )

2p

for some ¢y > 1. Therefore, applying the (Al-¢~) condition of ¢ and using the above
results, we have

(o))< (s homee))
<c <g0k <<]i yD2u|de> > + 1>

<c)\,
which together with (2.2) yields that
(f | D*ul’ dx) < @) e < ah) .
By

for some ¢; = ¢1(n, A, p,q, 5, L) > 1. In addition, in a similar way as above, we also have

( |f|”dfv> < () ON) < erd () ().
(

Here, we have used (2.3) in the second inequality, and, if necessary, we choose ¢; > 0

sufficiently large.
12



Consequently, in view of Lemma 2.6 with

u(yx + 57rx) £y + 57x)

w(x) = and r) = "—"—Fr—",
R 7 PN [ E A CrO Ty
for any € > 0 one can find vy, £k = 1,2,..., such that
(3.12) ][ |D*u — D?vp,|" dx < e [er () (V)]
By,
and
(3.13) D0l L () < c2(4i) ()

for some c3 = ca(n, A, p,q, 3, L) > 1, with sufficiently small 6 = §(n, A, p,q, 5, L, &) > 0.
Next, we examine the boundary case, i.e. case (ii). We write
7" = (y",0), where y" = (y1,...,up) = (¥, u5).
Then, since |y* — g¥| < 207, 12075, < (s — s1)p < po and y* € By, ,, we have

Sop*

Therefore, by the same argument that we used in the case (i), with Lemma 2.7 instead
of Lemma 2.6, we obtain

( fo o da:)i < (W)

Tooq—k(yk)
and )
(£ ki) asiwn o
Boor, (§%)
for some c3 = c3(n, A, p,q, 3, L) > 1, so that one can find vj such that
][ |D*u — D*v,]" da < 5"][ |D?*u — D*v,|" dx
(3.14) B3, (y*) Bgs,, (%)

< 5% [es(yf) ' ()"

and
(3.15) HDZUk”Loo(B;k(yk)) < |\D2Uk|’Loo(B;5Tk(gk)) <)o)

for some ¢4 = c4(n, A, p,q, B, L) > 1, with sufficiently small § = 6(n,A,p,q, 5, L,e) > 0.

Step 4, Upper-level set estimates: In this step we estmate the measure of E(K\) defined
in (3.7) when

(3.16) K := (2max{cs,c.})¥ L¥ > 1

and A > Ao, 1 < 51 < s9 <2, and ¢9,¢4 > 1 are given in (3.13) and (3.15), respectively.
Recall the notation in the previous steps. Note that by (3.10),

5Tk

E(KAN)\N Cc E(N)\N C GB+ (y").

Now, since (¢;7)71(t) = (o) 71(t"), in view of (2.3) and (3.16), we have

(W) TN = 5(e) (2 maX{C21,304})qLA”) > max{ca, ca}(¥5) 7 ().



Then it follows from (3.13) and (3.15) that
|[DPvp()] < 3(0) 7 (EN).
With this inequality for the last step, we have
U, |D*u(z)]) > KX = |D*u(@)| > (i) (KX) = [D*u(r) — D*u()| > 5(43) 7 (KA
for x € By (yx). Hence we conclude that
{z € B, (") : ¥(w, |D*u()]) > KA}|

< [{r € B () 1D%u(e) — DPu(a)l” > 2 [0) (RN
ov 2y Do l” di
: [(wz?)‘l(KA)]”/B;%(yk) |D*u — D vg|" d

< ce|BE, ()| < e | B (4")],

where the last line follows from (3.12) and (3.14). With this estimate and (3.11), we find
that

(3.17)

E(K)\)| < Z [{z € B, (v) : ¥(z,|D?u(z)]) > KA}|

ce

S5 (/ W(z,|D*u|) da
A 1\ B (yF)N{$(-[D?u))>7}

n / v )
B n{eiihsay 0

S E / (:L‘,’DQUD d(L’—I—/ ¢($,|f|) d:L‘ 7
A\ Bt 002> B2y 0

where we used that the integration sets are disjoint in the last step.

Step 5, Hessian estimates: In the final step, we derive the estimate (3.3). Then the proof
is complete. Fix any 1 < s < s < 2. Then applying (3.7), we obtain

/ (x| D)) dx_z/K”/ NUE(KN)] dA
B+

s1p 0

1 >
(3.18) < (KAN)” |BE | + vK” / N TUE(KN)| dA
AXo

=. Il + ]2.

We first estimate [;. Recalling the definitions of Ao, A, K (see (3.6), (3.8), (3.16)) and
using Holder’s inequality, we have

¢|Bs, ) )
R T (ﬁmu D%l + (e, | 1) + ]dx)

g<52_sw{<fww D) ) 5t so<:c,|fr>dx+1}.

Bsyp

(3.19)



We next use the Young type inequality Lemma 2.1 with s = v and r = % and the fact
that p = w” in order to get for ; > 0,

2
(82— s1) ”” (][ vl [Dul)d )

caf etwiprhars o (f g prtan)”
B, (52 - 82) BY

s2p 20

where the constant d depends on n,v,q. From (2.1) and (3.4) we conclude that

]; [ (:17,|D2u|)]3dx§c]i+ [|D*u]” +1] da < |B+|

s9p s9p

Therefore, inserting this inequality and the first inequality in (3.2) into (3.19), we have
|BX['0 467 +1

(82 _ Sl)d”

(3.20) I < 0551/ o(x, |D*ul) dz + c(e1)
BT

s2p

for some ¢5 = ¢5(n, A, p,q,8,L) >0 and c(e1) = ¢(n, A, p,q, 3, L,e1) > 0.
We next estimate Io. Applying (3.17), we have

I < cevK” / AT 2/ U(z, |D*u|) drd)
B, o (x| D2ul)> 3}

s2p

/ v [ el ) dA)
B ,n{Lmlfh s Ay )

o(x,|D*ul) dz +/ el 11 dx) :
B

Here we have used the identity

/ |h|ad:c:(a—1)/ >\°‘2/ |h| dzd\ for a > 1,
U 0 UN{|h|>A}

which easily follows from Fubini’s theorem. Therefore by the first inequality in (3.2), we
have

(3.21) I < 065/+ o(x, | D?ul) dr + —
B

s2p

< (/.

61/

sap
for some cg = cg(n, A, p,q, B, L) > 0. Inserting (3.20) and (3.21) into (3.18), we obtain
IBF' U 4+67+1 ¢

(82 — Sl)dV 5

/+ go(x,]D2u|)dx§(c5€1+cﬁé?)/+ oz, | D)) dz + c(e)
B

s1p Bsyp

At this stage, we choose €,¢; € (0,1), depending on n, A, p, q, 5, L, so small that
cse1 + cge < 5>

and hence § = d(n, A, p,q, 5, L) is also determined. Then we have
pn(l—%)

1
/ o(x, |D*ul) dr < 5/ o(z,| D)) doz + —— ¢,
B, B,

s1p sgp (52 o sl)dl/

15



Here, ¢ is independent of the choices of 1 < s7 < s5 < 2. Finally, applying Lemma 3.3
below to h(t) = [4+ ¢(x,|D?u]) dz, (a,b,0) = (1,2,3) and (s1,s2) = (1,2) in (3.22) and
using p < 1, we obtain
q
[ sty <)
+

By

which together with (2.5) and (3.5) yield (3.3). O

Lemma 3.3 (e.g., Lemma 6.1, p. 191, [25]). Let h: [a,b] — R be a bounded nonnegative
function and suppose that for any sy, ss with 0 < a < 51 < 89 < b,

01
< -
h(Sl) < Qh(SQ) + (52 _ 81)5 + g2,

where 01,00 > 0,6 >0 and 0 < 0 < 1. Then we have
01
22 h < —_—
(3.22) (s1) _c((SQ—Sl)B +02)

for some constant ¢ = ¢(3,0) > 0.

4. GLOBAL ESTIMATES: PROOF OF THEOREM 1.2

We now prove our main result, Theorem 1.2. Hereafter, we denote by ¢ a universal
constant depending only on n, A, p, ¢, L, 3, R and .

Proof of Theorem 1.2. We first suppose that
u € W220(Q)

is a solution of (1.1), and then prove the estimate (1.3). Note that the existence and the
uniqueness of the solution of (1.1) in W2¥) will be shown later. To prove the estimate
(1.3), we use standard covering and flattening method, and adopt the results derived in
the previous section.

Fix any point 2° € 9€). For convenience, we shall assume 2° = 0. Since 2 is a C1?
domain, one can find 7 > 0 and CH'-function p = u(z’) : R"! — R, after rotating of the
coordinate system, such that D, pu(0) = 0, || D2 p| feomn—1) < 00, and

(4.1) QN B.(0)={z€Q:x, > u(z)} N B.(0).

Note that (4.1) holds for all # < r instead of 7, hence (4.1) is satisfied for any sufficiently
small r with r < R. We next flatten out the boundary near the origin by the change of
coordinates. Consider the invertible map ¢ = (¢*,...,(") : R* — R”

() i= 25 — Ginpu(2)
and its inverse 6 := (!, where §;; is the Kronecker delta. Then we see that

A . 0ij I<i<n-1,1<7<n,
D((z) = (D;¢"(x)) with D;(*(z) = ¢ —Djpu(a’) i=mn, 1<j<n—-1,
1 1=7=n

and
0ij 1<i<n—-1,1<j5<n,
DO(y) = DO({(z)) = [D¢(x)]™" with D;6'(y) =< Dju(z’) i=n, 1<j<n-1,
1 1=7=n.
Notice that det(D¢) = det(D6) = 1.
Furthermore, set

Py, 1) = (0(y), 1).
16



Then ¢ satisfies (AO), (alnc), and (aDec)°. Let us now show that ¢ satisfies the (Al-
¢~ ) condition, where the relevant constant 8 € (0,1) might be changed depending on
the structure constants of ¢ and || DO|L~. We first observe that o~ = ¢~. Consider
any ball B = B,(y°) and any ¢t € [1,(¢7) ' (|B|™")]. Set B := B.(6(y°)) with v’ =
sup{|0(y) — 6(y°)| : y € B}. Then we see that v’ < ||DO||p~r and §(B) C B’, hence

Pp(t) = supp(0(y). 1) < @ip(t) and () = Inf @ (8(y). 1) > @ (1),

If [|DO||~ < 1, then (7)) *(|B|™") < (o) Y(|B'|™") and so, by the (Al-¢~) condition
of ¢, we have

Z5(Bt) < o5 (Bt) < ¢p (t) < G(1).
On the other hand, if || Df| L~ > 1, then applying (2.3) we have

-1 -n,_— —n z— —n - -
~(LENDOIIE] 77 8) < IDONTEe™ (1) = |1 DOIZE G (1) < | DOl Bl < B!
and so, by the (Al-¢~) condition of ¢,
N n -1 n -1
5 (BILIDOINE] 77 t) < oy (Bmax {[LIDONE) 11 })
< ¢ (max { [LIIDONz) 3¢, 1})

< p(max{t,1}) = Z5(0).

We next consider p < po = po(r, 1) such that 4py < 1, 4po||DO||z~ < R and B}
(2N B,(0)). Denoting

ay) = u@(y),  fy) = F0W) = ay(0¥))G,q., (0(y)) Dy,
(y

4po

(@m(y)) = Aly) := [DC(O(y))AB())[DSO(y)],
we see that @ is in W0 (B]) and a solution of
mDyy, i = f in  Bf,
u = 0 on Ty,

Clearly, A is uniformly elliptic with the ellipticity constant A. Moreover, for B, (yq) with
zo = 0(yo) and 1’ = supyep, (4,) 10(y) = O(yo)| < [ DO oo,

£, o AW = Ry
<2f [IDCOWIAGEIDON ~ DB, (DO dy
f . DCO) ~ DODIAs, DO d
[DC(O))(A) 5, o) [DE(O DC( dy dj
*7[4%)][@0 IDCO@IA) 5, a0 [DE(60(0)) — DO dy
< cDpli) 37, AG) = Aol dy e, e

<c(n, A, [|pller) (0 v 7") :
and

1 Fllzsorss) < el lllen) (17O ooz, + 1Dl ) -
17



Hence, in view of Theorem 3.2 (2), we find that
1%l oo ) < € (Ifllzsorag) + Nl st

< e (IFOWN o0 1) + 1Dl o0 ) + Nl o) )

by taking r = r(n, A, p,q, 8, L,n) > 0 and § = §(n, A, p,q, 5, L, u) > 0 sufficiently small.
Consequently, returning to the original coordinate system and removing our temporally
assumption that 2° = 0, we obtain

102l e v,y < € (I oo (w,0) + 1PUl o0 (10 + Tl (1))
(4.2) <c (HfHLw»(Q) + [ Dull ooy ) + HUHLLP_(Q)) )

where Vo := 0(B;) and Uy := 6(Bj,).

Since 0f) is compact, it can be covered by a finite number of sets Vi, V,2,--- , Vo~
for some points 2/ € 9Q, j = 1,2,---, N, as above. In addition, in view of the interior
estimate: Theorem 3.2(1), we infer that

(4.3) ||D2U||Lv<-)(v') <c <||f||L<P(')(Q) + ||U||Lw(9)>

for some open set V' CC () satisfying Q =V U (Ujvzl VIJ> By combining the estimates

(4.2), when 2° = 2, ... 2V with (4.3), we conclude that

||D2U||L<P<->(Q) <c (HfHL‘P(')(Q) + [[Dull o) (@) + ||U||L¢*(Q)> ;
from which we have

(4.4) ullwze0r @) < € (1 flpeo @) + Tullwreo @) -

We claim that [Jully100) ) can be dropped from the right-hand side in the previous
estimate, which would give (1.3). To prove this, we argue by contradiction. Suppose that
(1.3) is not true. Then there exist sequences {i;};°; satisfying (A0), (alnc),, (aDec)p,
and (Al-¢~) with the same parameters (p, ¢, L and () for all [, {u;}°, and {f;};°, such
that u; is a solution of

a;j Dijup = Ji in Q,
(4.5) { w = 0 on 09,

with
(4.6) il w20y > ULl poo @y

for every [ > 1. Without loss of generality, we may assume Huleg,W(.)(Q) = 1, and then
(4.6) implies
1
1fillperor oy < 7

By [29, Lemma 3.7.7], L#*)(Q) < LP(Q) with embedding constant independ of . Thus

{w;}2, is bounded in W?P(Q). Since W2P(Q) < W'P(Q), there exist a subsequence,
which we still denote by {u;}:°,, and a function uy € WP() N W, P(Q) such that

w — ug (weakly) in o W2P(Q)
{ Uy — Ug (Strongly) n Wl,p(Q) as | — oo.
18



Then, in view of the classical Calderén-Zygmund estimates for the equations (4.5), we
see that

: < climinf =
|uollw2p) < c m In Ifillzr ) = O,

which means that uy = 0, and hence, (-, |w), ¢i(-, |Dw]) — 0 a.e. in  (up to sub-
sequence). By [29, Proposition 6.3.10], there exists ¢ depending on |lu||y 16,00 (€2) such
that

[ ot — @aly’de < ¢ and [ (oD~ (Dyu)alds <
Q Q

Therefore, {pi(-, |w])}2, and {@i(-, |Dwl)};2, are equi-integrable. In view of Vitali’s
convergence theorem, we have

lim / o1z, |w]) de = lim / oi(z, | Dy]) de = 0,
and so llim [wllyre0 gy = 0. However, it follows from (4.4) that
—00

1< c(lfill ey + lullproo @) =0 as 1= oo,

which is a contradiction. Therefore, the counter-assumption was false and we have es-
tablished (1.3).

It remains to prove the existence and the uniqueness of the W2#()-solution of (1.1).
We first show existence. Let {A'}72, = {(al;)}{2, be a sequence of smooth and uniformly
elliptic (with ellipticity constant 2A) matrix functions such that

(4.7) ai; — a;; in LY(Q)  for each 1 <t < oo,
and { f;}72, be a sequence of smooth functions in C§°(2) satisfying
fi—=f in LPOQ)  and | fill peor) < ooy + 1.

By the classical WP regularity theory, see for instance [11], there exists a unique solution

u € W29(Q) N W) of

af;jD,»jul = fi in
w = 0 on 0N

Since u; € W20 (Q) N Wo?"(Q), by the a priori estimate (1.3) we have

Juillwzeer ) < el fill peory < ¢ (1f ooy + 1) -

Therefore, {u;}°, is bounded in W?2¥()(Q)), and there exist a subsequence, which is still
denoted by {u;}°,, and a function u € W2#()(Q) such that

(4.8) u — u weakly in W¢0(Q).

In view of (4.7)-(4.8), we easily check that u € W2#()(Q) satisfies (1.1).
The uniqueness is a direct consequence of the linearity of our equation (1.1) and the
uniqueness of the solution of

aijDiju = 0 in Q,
u = 0 on 00

in W?2?(Q) space. Consequently, we have completed the proof of Theorem 1.2. O
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APPENDIX A. PROOF OF THEOREM 3.1

We present the proof of Theorem 3.1. Since the proof is similar to the one of Theo-
rem 3.2, we shall only show (1) of Theorem 3.1 and omit repeated computations in the
proof.

Proof of (1) of Theorem 3.1.
As in Section 3, it suffices to show that

(A.1) / o(|Dul)dx < ¢

BP
for some ¢ = ¢(n, A, p,q, L) > 0, under the assumptions that
(A.2) [ flle(By,) <1 and |lullpes,,) < p*.

We shall denote v = ,/p and ¥ (t) := ¢(t'/*). Then we see that i satisfies (alnc), and
(aDec)f;‘/’V. Here, in view of Lemma 2.2, we may assume without loss of generality that 1
is convex.

Fix any 1 < 51 < 59 < 2, and define

(A.3) Ao ::][ [|[D*ul” + §|f]"] dz +1,

Ba,
where § € (0,1) will be determined later. Using Vitali’s covering lemma and Lebesgue
differentiation theorem, for each

(A.4) A > ANy, where A := < 40 ) .

S2 — 81

there exists the family of mutually disjoint balls B; := B, (z;) with Bag,,(z;) C Bs,,,
1=1,2,..., such that

(A.5) {z € By, : |D*ul" > A} \ N C DSBi
i=1
for some a Lebesgue measure zero set IV,
(A6) f D2l +3177) do =
and Z
(A7) f (D%l + 7] da < A,
where we define sB; := By, We notice that (A.6) implies
2 /1"

|B;| < — |D2u|”dx—|—/ dx)
B2y 0

>

( Bﬂ{|D2u\”> }

][ |D?ul” < XA and ][ |f|" dx < .
20B; 20B;

Therefore, for any € € (0,1), there exist a small §(n, A,p,e) € (0,1) and v; € C1(5B;)
such that

and (A.7) implies

g |D*u— D*0|"dx < e and || D*0;|| 7 (s5p,) < 7.
for some ¢; = ¢7(n, A, p) > 1.
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Let K :=2""1¢;. Then from (A.5) we see that for A > (52—#

s1)™ >\07

{z € By, |[D*ul" > KA}\ N c | J5B:.

i=1
Applying the previous results, we see that

[{z € By, : |D?u|’ > K\}|

<3 ({58, lag— Dol > oo} + [{r €55, (D] > erd)])

=1
<Z—|B|<— / |D2u|“dac+/ |f| :
Buyon{|D?ul*>23} Boypn(syy 0

which implies

/B o(|Dul?) dw = /OOO [{z € By, : [D?u]” > A}| d[ip(N)]

1Byl [ 1w+ [ [ € B s 1D > A} dfv )

< cp(KAN)|B,| + /AA [{z € By, : |D*u]” > KA}| d[y(KN)]

o0 ‘D2u‘u
< ep(AN)|B,| + ce dz d[p(KN)]
0 JBaypn{|D?ul">3}
—i—ce/ / /1 dx d[pp(K\)]
0 JB,n{llYs2y OA
= 13 + I4 + ]5.

Now, we estimate I35, I, and I5.
Estimation of I3 : Recalling the definitions of Ay and A, see (A.3) and (A.4), and using
Jensen’s inequality and (A.2), we have

I < %w (ﬁ [[1D?u]” + 5| £1"] da:)
e (o
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Estimation of I, : By Fubini’s theorem, integration by parts, (2.2) and the (alnc),
condition of v,

|D?ul”
Iy = ce/ |D2u\”/04D de

i \
5P
Y(4K|Dul”) /4D2“'V P(KN)
- D |22 P2 x| d
05/352p| u WK D2 7, N2 v

D2 v 4|D2u|'j
< ce/ (4K L(y(|D*ul”) + 1) + M/ N72dN| dx
Bayp | D2l

< 05/ (| D) d + c.
B

s1p

Taking e = e(n, A, p,q, L) € (0,1) sufficiently small so that ce = %, hence § = d(n, A, p,q, L)
is also determined, we have

1
Ly [ eiDu)dete
2 /B,
Estimation of I5 : In the same way above, replacing | D?u|” by %|f|”, we have

Iy < / o(1f]) dr < / o(f)dz < e

sgp 4p

In the last inequality above, we have used (A.2).
Therefore, combining the previous results, we have

[ cipupar<g [ p(oan

Bsyp Bsgp

c
—(52 — 51)‘1”/” +c

Here the constants ¢ are independent of the choices of 1 < s7 < 59 < 2.
Finally, Applying Lemma 3.3 we get

[ ellpuyds <
By
which proves (A.1). d
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