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Recently, the trace space of Sobolev functions with variable exponents has been charac-
terized by the authors [L. Diening and P. Hast6: Variable exponent trace spaces, Preprint
(2005)]. In this note we relax the assumptions on the exponent need for some basic re-
sults on trace spaces, like a characterization of zero boundary value spaces in terms of
traces.

1. Introduction

From the point of boundary value problems it is very important to study the trace
spaces of the natural energy space. Indeed, a partial differential equation is in many
cases solvable if and only if the boundary values are in the corresponding trace space.
In the case of electrorheological fluids'® the energy space is a Sobolev space with
variable exponent, namely W1'?(). These spaces are defined as follows: For an
open set @ C R™ let p:  — [1,00) be a measurable bounded function, called a
variable exponent on Q with p* := esssup p(z) < oc. Further, let p~ := essinf p(z).
The variable exponent Lebesgue space LP()(Q) consists of all measurable functions
f: Q2 — R™ for which the modular

orr0 () (f) Z/QIf(x)P’(‘”) dz

is finite. Then [|f]|zoc)(q) = inf {A > 0: opscr(q)(f/A) < 1} defines a norm on
LPO)(Q). The space WP() () is the subspace of LP()(Q) such that |V f| € LP() ().
The norm || f[lwrrcr@) = [[fllzeer@) + IV Fllzeer (@) makes WhP()(Q) a Banach
space. For basic properties of LP() and W1?() we refer to Kovécik and R4kosnik!*
or Fan and Zhao®.
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We are interested in domains 2 with Lipschitz boundary but for the sake of
simplicity we assume that  is just the halfspace H = R™ x (0, 00). Corresponding
results for Lipschitz domains can than be achieved via flattening of the boundary
by local Bi-Lipschitz mappings. We write R instead of R™ x {0} for the boundary
of H. The trace space of W1»() (H) is naturally defined to be the quotient space of
the traces of functions from W1»()(H), i.e.

I fllte weo @y = inf {||F|lw1mc g : F € WHPO(H) and trF = f}.

Note that the trace Tr F' is well defined, since every F' € W'*()(H) is in Wltcl (H).
Trace spaces of Sobolev spaces with variable exponents first appeared in the study of
the Laplace equation —Awu = f on the half space with f € LP()(H) and prescribed
boundary values”8.

Although the definition above is the most natural one, it depends on the expo-
nent p in the interior of the domain. Nevertheless, it was found by the authors®
that if p is globally log-Hd6lder continuous, then the definition of the trace space
depends only on the values of p on the boundary (see Proposition 1.1 below) — we
say that the exponent p is globally log-Hoélder continuous if there exist constants
¢ > 0 and py € (1,00) such that for all points |z — y| < % and all points z

C

C
Ip(z) — p(y)| < Tog(1/lz —g)) and  [p(2) = poo| < log(e + |2])

hold. Let us denote by P () the class of globally log-Holder continuous variable
exponents p on ) C R™ with 1 < p~ < pt < oo.

The log-Holder condition appears quite naturally in the context of variable expo-
nent spaces: For example, we know that the Hardy-Littlewood maximal operator M
is bounded on LPO)(Q) if p € P(Q)**. Global log-Holder continuity is the best pos-
sible modulus of continuity to imply the boundedness of the maximal operator3:15.
Note that the translation operators are not continuous on L?(), but if the maximal
operator is bounded, it is at least possible to use the technique of mollifiers.

Let us summarize the results® on Tr W*()(R") that we will need:

Theorem 1.1. Let py,ps € P(H) with pi|r» = pa2|g~- Then with equivalence of
norms we have Tr W1p1() (H) = TrWl’pQ(')(H).

This proposition is proved by the following useful extension theorem:

Proposition 1.1. Let p € P(R"*!). Then there exists a bounded, linear extension
operator £ : WHPO) (H) — WHrO)(RrH),

Proposition 1.2. Let X C R*. Ifp € P(X), then there exists an extension
p e PR").

Remark 1.1. Due to Propositions 1.1 and 1.2 it is possible to define in some cases
a trace space just by the knowledge of the values of p on the boundary R”. Indeed,
if p € P(R™) then we can extend p by Proposition 1.2 to some g € P(H). It is now
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possible to consider the trace space T := Tr WP()(H). Proposition 1.1 ensures
that the definition of T' does not depend on the extension ¢ (up to isomorphism).
Thus, it is possible to define the trace space (Tr WHPO))(R?) := Tr Wh4C) (H) for
p € P(R"), where ¢ is an arbitrary extension of p with ¢ € P(H).

Although the definition of the trace space above is very natural it is not so
useful for deciding if a function is a W'?()-trace. For this purpose it is better to
have an intrinsic norm, i.e. a norm only in terms of the values on the boundary.
The following theorem® provides such an characterization for all globally log-Holder
continuous exponents:

Theorem 1.2. Let p € P(R*) and let ¢ € P(H) be an arbitrary extension of p,
i.e. p(x) = q(x,0) for all x € R™. Then the function f belongs to the trace space
(Te WHPO)(R?) = Te WO (H) if and only if

1 (=)
Rn 0 JRm ’

denotes the sharp operator

Mo f =]{3n( i —]{Bn( RIOE

and B™(x,t) denotes the n-dimensional ball with center x and radius t.

where Mgn (.1)

dy

In this article we extend the results by the authors® and consider spaces with
more general exponents. The standing assumption of Diening and Hiist6® was that
the exponent is globally log-Hd6lder continuous. In this article we work with the
considerably weaker assumption that the exponent is such that smooth functions
are dense in our Sobolev space. Note that smooth functions are certainly dense if
the maximal operator is bounded.

The main result is a characterization of the variable exponent Sobolev functions
with zero boundary values — we show that these are just the functions which have
trace zero.

2. Trace spaces when continuous functions are dense

In order to work with classical derivatives in our proofs, we need to prove the
density of smooth functions in our function space. In the variable exponent case
this question is far from trivial, as convolutions cannot be used in general, see the
articles!213:17:18 Qg in this section we will simply assume that smooth functions
are dense in the ambient space.

Notice the difference between the spaces C§°(H) and C§°(H): in the former space
functions simply have bounded support, in the latter the support of the function is
bounded and disjoint from the boundary R™ of H.
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Theorem 2.1. Suppose that C§°(H) is dense in WPC) (H). Then C§°(R™) is dense
in Tr WHPC) (H).

Proof. Let f € Tt WP()(H), and let F' € W'P()(H) be such that Tr F = f. Then
if p; € C§°(H) tend to F in WP()(H), we see that o;|g- — f in T WHPO)(H). O

Recall the definition of the Sobolev space of functions with zero boundary value:
the space WP)(H) is the completion of CS°(H) in WL()(H). (Other defini-
tions are better, when smooth functions are not dense!®1'.) We next characterize
WO1 »() (H) in terms of traces. For this we need to recall the definition of the Sobolev
p(-)-capacity: for E C R* we define

capy(.)(E) = inf / u(z) [P + |Vu(z) @ de,
u Rn

where the infimum is taken over functions u € W"?()(R"), 0 < u < 1, which equal
1 in an open set containing E. Basic properties of this capacity, like monotony and
sub-additivity, were derived by Harjulehto, Histd, Koskenoja and Varonen'!.

The next result was previously proven by the authors under the stronger as-
sumption that p is log-Hélder continuous, see Diening and H#sté®, Theorem 3.5. In
that case the proof can be made much simpler using convolution.

Theorem 2.2. Suppose that p* < oo and C$°(H) is dense in W'P()(H). Then
F € WhP()(H) belongs to Wol’p(')(]HI) if and only if and Tr F = 0.

Proof. Let F € W'?()(H) with Tr F = 0. Multiplying F by a Lipschitz cut-off
we see that it suffices to prove the claim for F with support in B := B"+1(0,r).
Below, we will prove the claim for non-negative functions F'. But the general claim
follows from this, since we can write F' = F, — F_, where F,,F_ € W4 ?()(H) are
non-negative functions with trace zero. We know that the first order Sobolev space
is a lattice, i.e. if F,G € WYPO)(H), then max{F,G},min{F,G} € Wir()(H).
Furthermore, min{F,a} — F in W'P()(H) for a constant a tending to co. Thus
we can also assume that F' is bounded.

So let F' be non-negative, bounded and with support in B, and fix € > 0. By
Harjulehto, Hiistd, Koskenoja and Varonen!! there exists a p(-)-quasicontinuous
function F* € WP()(R**!) which equals F almost everywhere in H and is iden-
tically zero in R**1 \ H. Recall that quasicontinuity (by definition) means that
we can choose an open E such that F*|gn+1 g is continuous in R+ \ E and
cap,.y(E) < e?"+1. Thus we can find a function p € WHPO(RH1), 0 < o < 1,
which equals 1 on E and has p(-)-modular at most e? +1. Let ¢: R™! — [0,1] be
a 2/e-Lipschitz function, which equals 1 for ¢t < £ and 0 for ¢ > 2e. We denote the
support of ¥ by V.

Since B\ F is compact, we see (by continuity) that we can choose a neighborhood
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U C R* of R* x {0} such that F* < ein U \ E. Then we define
F = (1 - p¢) max{F* —¢,0}.

Since F* is less than ¢ in (U \ E)U(—H), and since 1 — @ = 0in EN{(z,t): t < €},
we find that F' = 0 in U U (—H), which means that F' has compact support in H.
In the next estimate we think of F' — F as

(max{F* —¢,0} — F) — p¢p max{F* —¢,0}.
Thus we find that

01,0 (F / P () — F(z)P®) + |VE(z) - VF(2)PPdz
<2 |Ble +2° / VF(2)[P(?) d
{F*<e}
—|—2” /|F |p(z)—|—|V( <p(z)¢(z))|p(z)dz

The first two terms on the right-hand-side clearly tend to zero with e (since VF =0
almost everywhere in the set {F = 0}). To estimate the rightmost integral, we note
that ¢ =0 in B\ V, and further use that |p| <1 and |¢) < 1|. Thus we have

01p0) (F o)) < 3 /B (F@PE + VF(2))" dz
n

+ 377 || F|IPS /B ([19]loo Ve(2)]) + ||V¢||oo|<p(z)|)p(2)dz

+
2 61 F]l\”
<ot [ (r@re + 9rE) s (=) 4
n

Since 91, p(.y () < 51’++1, we see that this upper bound goes to zero with e.

Since £ was arbitrary, we have shown that F' can be approximated by Sobolev
functions with compact support in H. So it remains to show that Sobolev functions
with compact support in H can be approximated by functions in C§° (H). But this
is easy to do using a cut-off function 1 as before.

For the converse, if F' € Wol’p(') (H), then, by definition, F' = lim ¢; in W2() (H),
where ¢; € C§°(H). Since Trp; = @ilrn = 0, the claim follows by continuity of

r - WHPO(H) — Tr WhPO) (H). (Notice that the proof of the converse does not
require the density of smooth functions.) O
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