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Abstract. The half-apollonian metric is a generalization of the hyperbolic
metric, similar to the Apollonian metric. It can be defined in arbitrary domains
in euclidean space and has the advantages of being easy to calculate and esti-
mate. We show that the half-apollonian metric has quite many geodesics and
use this fact to show that in most domains all the isometries of the metric are
similarity mappings.

In this paper we introduce a new metric which we call the half-apollonian met-
ric. It is bilipschitz equivalent to the Apollonian metric which A. Beardon [1]
introduced as a generalization of the hyperbolic metric. The new metric is simpler
than the Apollonian metric, for instance we show here that the isometry question
can be completely solved. The most interesting features of the Apollonian metric
are that it is simple to define, calculate and estimate, that it is Möbius invariant
and that it equals the hyperbolic metric in balls and half-spaces. The main in-
convenience of this metric is that it is not geodesic. The half-apollonian metric
considered in this paper goes some way towards remedying this short-coming in
that it has lots of geodesics. Specifically, through every point there is at least
one geodesic ray. Also the half-apollonian metric is easy to define, calculate and
estimate, however, it is only Möbius quasi-invariant.

The question of the isometries of the Apollonian metric was posed by A. Beardon
[1], and turned out to be quite difficult. F. Gehring and K. Hag [2], Z. Ibragimov
[6],[7] and P. Hästö [5] have made some progress in deriving a solution, but the
problem remains open in most cases. In this paper we show that the question of
isometries is much more tractable in the case of the half-apollonian metric, mainly
on account of the geodesics. The main result, Theorem 3.10, shows that in most
domains every homeomorphic half-apollonian isometry is a similarity mapping.

Given this, and since the Apollonian and half-apollonian metric are bilipschitz
equivalent (Theorem 2.1), it seems reasonable to ask, whether the half-apollonian
metric would be a more useful tool than the Apollonian metric in higher dimen-
sional geometric function theory.

The paper is organized as follows: In the next section we give the definitions
of the half-apollonian, the Apollonian and the jG metrics. In Section 2 we give
some simple comparison results between the metrics, in particular, we show that
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the Apollonian and half-apollonian metrics are bilipschitz equivalent. This implies
that comparison results of the Apollonian metric, like those derived by A. Rhodes
[8], P. Seittenranta [9] and P. Hästö [4], immediately give results for the half-
apollonian metric, as well. In Section 3 we study geodesics of the half-apollonian
metric and prove the main result.

1. The metrics

Throughout this paper we consider domains G, i.e. open and connected subsets
of Rn and metrics defined in them. We denote by Bn(x, r) the open ball with
center x ∈ Rn and radius r > 0 and put Bn = Bn(0, 1). By Sn−1(x, r) we denote
the sphere ∂Bn(x, r) and by Hn the upper half-space.

Our main interest lies in the metric which we will refer to as the half-apollonian
metric ηG (for ήμισυς hemisys, gr. half). Note that a related metric hG was
introduced already in [11, 2.38].

Definition 1.1. Let G be a proper open subset of Rn. For x, y ∈ G we define the
half-apollonian metric ηG by

ηG(x, y) = sup
z∈∂G

∣∣∣∣ log
|x − z|
|y − z|

∣∣∣∣.
The following result contains some basic properties of ηG.

Theorem 1.2. The half-apollonian distance ηG is a pseudometric in G, and a
proper metric whenever Rn \ G is not a subset of a hyperplane. Furthermore, ηG

is invariant under similarity mappings.

Proof. We first prove that ηG is a pseudometric irrespective of ∂G. Symmetry and
positivity are clear, so we need only prove the triangle inequality. For x, y ∈ G
denote by wx,y a point in ∂G for which ηG(x, y) = | log(|x−wx,y|/|y−wx,y|)|. For
x, y, z ∈ G we have

ηG(x, y) + ηG(y, z) =

∣∣∣∣ log
|x − wx,y|
|y − wx,y|

∣∣∣∣ +

∣∣∣∣ log
|y − wy,z|
|z − wy,z|

∣∣∣∣
≥

∣∣∣∣ log
|x − wx,z|
|y − wx,z|

∣∣∣∣ +

∣∣∣∣ log
|y − wx,z|
|z − wx,z|

∣∣∣∣
≥

∣∣∣∣ log
|x − wx,z|
|y − wx,z|

|y − wx,z|
|z − wx,z|

∣∣∣∣ =

∣∣∣∣ log
|x − wx,z|
|z − wx,z|

∣∣∣∣
= ηG(x, z),

the triangle inequality.
Now let x, y ∈ G be arbitrary. Clearly

sup
z∈∂G

∣∣∣∣ log
|x − z|
|y − z|

∣∣∣∣ = 0

if and only if |x − z|/|z − y| = 1 for all z ∈ ∂G. Assuming x �= y the condition
|x − z|/|z − y| = 1 holds only for points z located on the mid-point normal
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hyperplane of the line segment [x, y]. Thus we see that ηG(x, y) = 0 is possible for
x �= y if and only if ∂G is a subset of a hyperplane.

Since a similarity is defined as a mapping which leaves the ratio of euclidean
distances invariant, it is clear that ηG is similarity invariant. �

The question of whether there exist mappings leaving ηG invariant that are not
similarities will be further addressed in Section 3.

Before that we want to compare the half-apollonian metric with some other
metrics. In the Möbius space Rn = Rn ∪ {∞}, define the Apollonian metric αG,
intimately connected to ηG, by

αG(x, y) = sup
z,w∈∂G

log |z, x, y, w| = sup
z∈∂G

log
|z − y|
|z − x| + sup

w∈∂G
log

|w − x|
|w − y| ,

where the cross ratio is defined by

|a, b, c, d| =
|a − c|
|a − b|

|b − d|
|c − d| with

|∞ − c|
|∞ − b| = 1 etc.

The reason ηG is called the half-apollonian metric is that it is defined using only
one of the two parts of the Apollonian metric. We will see later that this means
that half-apollonian metric is about half as large as the Apollonian metric.

We will also need the jG-metric, which is a modification from [10] of a metric
introduced in [3]. It is defined for x, y ∈ G � Rn by

jG(x, y) = log
(
1 +

|x − y|
min{d(x), d(y)}

)
,

where d(z) = d(z, ∂G).

2. Basic properties of the half-apollonian metric

Let us first show that the Apollonian and half-apollonian metrics are always
bilipschitz equivalent.

Theorem 2.1. Let G � Rn be a domain. Then the double inequality

1

2
αG(x, y) ≤ ηG(x, y) ≤ αG(x, y)

holds for all x, y ∈ G. Both inequalities are sharp in the sense that there exists
domains such that equality holds for some points x and y.

Proof. Since G does not contain the point at infinity we have

sup
w∈∂G

log
|w − y|
|w − x| ≥ 0

for all x, y ∈ G. Assume without loss of generality that x and y are ordered so
that ηG(x, y) = supw∈∂G log(|x − w|/|y − w|). Then

ηG(x, y) = sup
z∈∂G

log
|z − x|
|z − y|

≤ sup
z∈∂G

log
|z − x|
|z − y| + sup

w∈∂G
log

|w − y|
|w − x| = αG(x, y).



4 PETER HÄSTÖ AND HENRI LINDÉN

Thus ηG(x, y) ≤ αG(x, y). For the inequality in the other direction we have

αG(x, y) = sup
z∈∂G

log
|z − x|
|z − y| + sup

w∈∂G
log

|w − y|
|w − x|

≤ 2 max
{

sup
z∈∂G

log
|z − x|
|z − y| , sup

w∈∂G
log

|w − y|
|w − x|

}
= 2ηG(x, y).

It remains to prove that the inequalities are sharp. For the lower bound choose
G = Bn. Then αBn(−e1/2, e1/2) = log 9 and ηBn(−e1/2, e1/2) = log 3. For the
upper bound choose G = Hn. Then αHn(en, 2en) = ηHn(en, 2en) = log 2. �

Corollary 2.2. Let f : G → Rn be a Möbius mapping. Then

1

2
ηG(x, y) ≤ ηf(G)(f(x), f(y)) ≤ 2ηG(x, y)

for all x, y ∈ G. Both inequalities are sharp in the sense of Theorem 2.1.

Proof. Since the Apollonian metric is Möbius invariant [1] we have

ηf(G)(f(x), f(y)) ≤ αf(G)(f(x), f(y)) = αG(x, y) ≤ 2ηG(x, y).

The lower bound follows similarly.
For optimality consider the domain Bn and the inversion in Sn−1(−en,

√
2)

denoted by f . Then we have ηBn(ren,−ren) = log 1+r
1−r

for 0 < r < 1 and

ηf(Bn)(f(ren), f(−ren)) = ηHn

(1 − r

1 + r
en,

1 + r

1 − r
en

)
= 2 log

1 + r

1 − r
,

so the constant 2 is attained. The same inversion from Hn to Bn shows that the
constant 1/2 is also optimal. �

In [1] it was shown that αG ≤ 2jG. We will see next that the half-apollonian
metric again does credit to its name as the constant 2 can be removed from in
front of the jG-metric, when comparing with ηG.

Theorem 2.3. For every domain G � Rn the inequality ηG(x, y) ≤ jG(x, y) holds
for all x, y ∈ G. The inequality is sharp in the sense of Theorem 2.1.

Proof. Let z ∈ ∂G be arbitrary, and denote d(x) = d(x, ∂G). Now, by the euclid-
ean triangle inequality we have that

log
|x − z|
|y − z| ≤ log

|y − z| + |x − y|
|y − z| = log

(
1 +

|x − y|
|y − z|

)

≤ log
(
1 +

|x − y|
min{d(x), d(y)}

)
= jG(x, y).

Since this is true for all z ∈ ∂G, in fact

ηG(x, y) = sup
z∈∂G

∣∣∣∣ log
|x − z|
|y − z|

∣∣∣∣ ≤ jG(x, y).

For sharpness use jHn(en, 2en) = ηHn(e1, 2e1) = log 2. �
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Since the half-apollonian metric is only a pseudo-metric in some domains, it is
clear that it can not be estimated from below by a constant times the jG-metric.
We do, however, have the following result, which resembles [9, Theorem 3.11].

Theorem 2.4. For every domain G � Rn the inequality

jG(x, y) − log 3 ≤ ηG(x, y)

holds for all x, y ∈ G. The inequality is sharp in the sense of Theorem 2.1.

Proof. Assume that d(x) ≤ d(y) and that z ∈ ∂G is such that |x−z| = d(x). This
implies |x − z| ≤ |y − z| and |x − y| ≤ 2|y − z|. Thus

jG(x, y) = log
(
1 +

|x − y|
d(x)

)
= log

(
1 +

|x − y|
|x − z|

)

≤ log
(
1 +

2|y − z|
|x − z|

)
≤ sup

w∈∂G
log

(
1 + 2

|y − w|
|x − w|

)

≤ sup
w∈∂G

log
( |y − w|
|x − w| + 2

|y − w|
|x − w|

)
≤ sup

w∈∂G
log

(
3
|y − w|
|x − w|

)

= log 3 + ηG(x, y).

Equality holds in the inequality if G = Rn \ {0} and y = −x. �

If we want a lower bound for the half-apollonian metric in terms of a multiple
of jG then we have to restrict our attention to a certain class of domains, which P.
Hästö [4] called interior double ball domains. Indeed, because of Theorem 2.1 it
follows directly from [4, Theorem 5.13] that jG/K ≤ ηG for some constant K > 0
in exactly the same class of domains. A similar trick works for all properties that
only require metrics to be approximately equal. Therefore the most important
differences between the Apollonian and the half-apollonian metric come into play
only when we study finer properties, such as the geometry of the metric, to which
we now turn.

3. Geodesics and isometries

In this section we study geodesics of the half-apollonian metric in order to get
a grip of its isometries. Recall that every similarity is an ηG-isometry. Our main
objective in this section is to prove that in many cases these are all the isometries.
We first need some definitions and auxiliary results.

The following lemma parallels [2, Lemma 3.18].

Lemma 3.1. Let x, y, z ∈ G be points such that ηG(x, y) = ηG(x, z) + ηG(z, y).
Then there exists a point w ∈ ∂G such that

ηG(x, y) =

∣∣∣∣ log
|x − w|
|y − w|

∣∣∣∣ , ηG(x, z) =

∣∣∣∣ log
|x − w|
|z − w|

∣∣∣∣
and ηG(z, y) =

∣∣∣∣ log
|z − w|
|y − w|

∣∣∣∣.
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Proof. Swap x and y if necessary and assume that ηG(x, y) = log |x−w|
|y−w| . Then

ηG(x, y) = log
|x − w|
|z − w| + log

|z − w|
|y − w| ≤

∣∣∣∣ log
|x − w|
|z − w|

∣∣∣∣ +

∣∣∣∣ log
|z − w|
|y − w|

∣∣∣∣
≤ ηG(x, z) + ηG(z, y).

It follows by assumption that we have equality throughout. Therefore

log
|x − w|
|z − w| =

∣∣∣∣ log
|x − w|
|z − w|

∣∣∣∣, log
|z − w|
|y − w| =

∣∣∣∣ log
|z − w|
|y − w|

∣∣∣∣,
ηG(x, z) =

∣∣∣∣ log
|x − w|
|z − w|

∣∣∣∣ and ηG(z, y) =

∣∣∣∣ log
|z − w|
|y − w|

∣∣∣∣.
�

Definition 3.2. Let G ⊂ Rn be a domain. We say that a euclidean path γ ⊂ G
is a geodesic if for every x, y, z ∈ γ ordered appropriately we have ηG(x, y) =
ηG(x, z) + ηG(z, y).

Corollary 3.3. Let γ ⊂ G be a geodesic. Then there exists a point w ∈ ∂G such
that for every x, y ∈ γ we have

ηG(x, y) =

∣∣∣∣ log
|x − w|
|y − w|

∣∣∣∣.
By a geodesic ray we mean a geodesic whose (euclidean) closure intersects the

domain boundary. We easily see that this intersection point (for there can be only
one) is the point w in the previous corollary. We call this point the base-point of
γ and denote it by γ0. For a geodesic ray and t > 0 we denote by γt the point on
the geodesic with |γt − γ0| = t. (Note that γt is well-defined only when ηG is a
metric, i.e. when Rn \ G is not contained in a hyperplane.)

Example 3.4. In Hn the geodesic rays emanating from 0 are half of the half-
circles which are orthogonal to ∂Hn at 0 and the positive en-axis, see Figure 1.
Since every geodesic is associated with a boundary point this means that every
geodesic in Hn is a segment, a ray or an arc of a circle.

Let G be an arbitrary domain and suppose that x ∈ G. If z ∈ ∂G is such that
d(x) = |x − z| then the half-open segment (z, x] is a geodesic ray. Hence through
every x ∈ G there is at least one geodesic ray.

π/4
0

Hn

Figure 1. Geodesic rays emanating from 0 in Hn.
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Lemma 3.5. Let G � Rn and f : G → Rn be a homeomorphic ηG-isometry. For
every geodesic ray γ there exists a number Kγ > 0 such that

|f(x) − f(γ)0| = Kγ |x − γ0|,
for every x ∈ γ.

Proof. Let γ ⊂ G be a geodesic ray. Then f(γ) is also a geodesic ray. Fix y ∈ γ
and let also x ∈ γ. By Corollary 3.3 we have

log
|x − γ0|
|y − γ0| = ηG(x, y) = ηf(G)(f(x), f(y)) = log

|f(x) − f(γ)0|
|f(y)− f(γ)0| .

In other words,

|f(x) − f(γ)0| =
|f(y)− f(γ)0|

|y − γ0| |x − γ0|.
�

Definition 3.6. Let G ⊂ Rn and x ∈ ∂G. We say that x is circularly accessible
if there exists a ball B ⊂ G such that x ∈ ∂B. If x is circularly accessible by two
distinct balls whose surfaces intersect at more than one point then we say that x
is a corner point. If x is circularly accessible, but not a corner point, we say that
x is a regular point.

Example 3.7. Let Gn = Bn \ [0, e1). In the case n = 2 every boundary point of
G2 except 0 and e1, is regular. The origin is a corner point. For n ≥ 3, all the
points of [0, e1) are corner points of Gn.

If w is a regular boundary point, then it is the base-point of some geodesic ray,
namely, if Bn(x, r) ⊂ G is such that w ∈ Sn−1(x, r), then (w, x] is a geodesic ray.

Lemma 3.8. Let G � Rn and let w ∈ ∂G be a regular boundary point. Then
through every point x ∈ G there exists at most one geodesic ray with w as base-
point. If it exists, the geodesic is a circular arc, a segment or a ray.

Proof. Let γ be a geodesic ray and let x, y ∈ γ be distinct such that |x − γ0| >
|y − γ0|. By Corollary 3.3 we have∣∣∣∣ log

|x − z|
|y − z|

∣∣∣∣ ≤ log
|x − γ0|
|y − γ0| ,

for all z ∈ ∂G. This means that the balls{
z ∈ Rn :

|x − z|
|y − z| ≥

|x − γ0|
|y − γ0|

}
and

{
z ∈ Rn :

|y − z|
|x − z| ≥

|x − γ0|
|y − γ0|

}

(the so-called Apollonian balls, see [1]) are contained in G. Therefore γ0 is circu-
larly accessible.

In the above ball-argument we can fix x and let y → x. Then the boundary
of the balls, which is squashed between x and y, approaches x. Thus if γ0 is a
regular boundary point, there is a unique ball in G whose boundary contains γ0

and x. It follows that γ : [0, 1] → G is differentiable at γ−1(x), and this sphere
determines the derivative of γ at x. The same holds for all points on γ, and so the
geodesic is uniquely determined by the base-point and x. Let H be the half-space
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which is tangential to the boundary at w. Then the geodesics in G are subsets of
geodesics in H , hence, by Example 3.4, circular arcs, segments or rays. �
Corollary 3.9. Let G � Rn and f : G → fG ⊂ Rn be a homeomorphic ηG-
isometry. Let γ be a geodesic ray. Then f(γ)0 is a regular or corner point according
as γ0 is.

Proof. As in the proof of the previous lemma we see that f(γ)0 is circularly acces-
sible. It is easy to see that that if γ0 is a corner point, then there exists x ∈ G and
two distinct geodesic rays through x with base-point γ0. This property is clearly
preserved by a homeomorphic ηG-isometry. Therefore corner points correspond to
corner points and regular boundary points to regular boundary points. �
Theorem 3.10. Let G � Rn be a domain which has at least n regular boundary
points which span a hyperplane. Then f : G → fG ⊂ Rn is a homeomorphic
ηG-isometry if and only if it is a similarity.

Proof. Denote the n regular boundary points which span a hyperplane by w1,. . . ,
wn. To each wi there corresponds a geodesic ray which is a euclidean half-open
segment; we denote it by γi.

By Lemma 3.5 we assume, without loss of generality, that

(3.11) |f(x) − f(γ1)
0| = |x − γ0

1 |
for x ∈ γ1. For the other boundary points we have

|f(x) − f(γi)
0| = Ki|x − γ0

i |
for some Ki > 0 and every x ∈ γi.

Let us show that in fact K2 = 1. Let y ∈ γ1 and fix x ∈ γ2. We have

log
|x − γ0

1 |
|y − γ0

1 |
≤ ηG(x, y) = ηf(G)(f(x), f(y)) ≤ jf(G)(f(x), f(y)).

Since w1 is a regular boundary point it follows from Corollary 3.9 that so is f(γ1)
0.

Furthermore, since the geodesic rays are circular arcs orthogonal to the boundary,
we have |z − f(γ1)

0|/d(z, ∂fG) → 1 as d(z, ∂fG) → 0 along a geodesic ray. Then
we see that

jf(G)(f(x), f(y)) ≤ log
(
1 +

|f(x) − f(y)|
d(f(y), ∂fG)

)

y→γ0
1−−−→ log

|f(x) − f(y)|+ |f(y) − f(γ1)
0|

|f(y)− f(γ1)0| ,

i.e. the previous expression converges asymptotically to the latter one as y → γ0
1 .

By (3.11) this implies as |y − γ0
1 | → 0 that

|x − γ0
1 | ≤ |f(x) − f(y)| = |f(x) − f(γ1)

0|.
Similarly we derive a lower bound, so that in fact |x− γ0

1 | = |f(x)− f(γ1)
0|. Now

letting x → γ0
2 gives |γ0

2 − γ0
1 | = |f(γ1)

0 − f(γ2)
0|.

We can use the same argument by first letting x → γ0
2 for fixed y ∈ γ0

1 and then
letting y → γ0

1 . This gives |γ0
1 − γ0

2 | = |f(γ1)
0 − f(γ2)

0|/K2. Since |γ0
1 − γ0

2 | =
|f(γ1)

0 − f(γ2)
0| and the boundary points are distinct, we conclude that K2 = 1.
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The same argument applies to Ki for i = 3, . . . n, as well, so they all equal 1
and, moreover, the argument showed that f acts as an isometry on {γ0

1 , . . . , γ
0
n}.

Hence we may assume that f(γi)
0 = γ0

i for all i = 1, . . . n.
Let then x ∈ G be arbitrary and fix i = 1 . . . n. Let y ∈ γi be close to the

base-point. As before we find that

log
|x − γ0

i |
|y − γ0

i |
≤ ηG(x, y) = ηf(G)(f(x), f(y))

≤ jf(G)(f(x), f(y))
y→γ0

i−−−→ log
|f(x) − f(y)|+ |f(y) − γ0

i |
|f(y)− γ0

i |
.

As y → γ0
i we thus get |x− γ0

i | ≤ |f(x)− γ0
i |. Similarly we derive the bound from

below. Thus |x − γ0
i | = |f(x) − γ0

i |. Since this holds for n distinct points that
span a hyperplane, we see that f(x) can be in only one of two positions, either
f(x) = x or f(x) is the reflection of x in the hyperplane spanned by the wi. Since
f is continuous we conclude that either it is the identity for all the points or it is
a reflection for all the points. In either case f is a similarity mapping, which was
to be shown. �

In some special cases we do not need to make any assumptions on the regularity
of the boundary.

Theorem 3.12. Let K ⊂ Rn be compact and not contained in an n − 2-plane.
Define G = Rn \ K. Then every homeomorphic ηG-isometry f : G → fG ⊂ Rn is
a similarity.

Proof. Choose n half-spaces Hi such that G ⊂ Hi and xi ∈ ∂G∩ ∂Hi are distinct.
Let γi be the ray emanating from xi which is normal to Hi and does not intersect
G.

Choose x and y on γ1 and γ2 with d(x) = d(y) = 1. Suppose that d′(f(x)) <
d′(f(y)). Since f is a euclidean similarity on the geodesic rays by Lemma 3.5, we
see that γs

1 and γs
2 are mapped to points on the geodesics such that d′(f(γs

1)) =
d′(f(x))s and d′(f(γs

2)) = d′(f(y))s, for s > 0. Using the base point of γ1 as a test
point, we find that

ηf(G)(f(γs
1), f(γs

2)) ≥ log

(
d′(f(γs

2))

d′(f(γs
1))

)
= log

(
d′(f(y))

d′(f(x))

)
> 0.

But obviously ηG(γs
1, γ

s
2) → 0 as s → ∞, a contradiction. Therefore d′(f(x)) =

d′(f(y)), and we may assume, using an auxiliary scaling, that f is a euclidean
isometry on every geodesic ray.

After this we can proceed as in the proof of Theorem 3.10 to show that f is the
identity or a reflection. �

Theorem 3.13. Let K ⊂ Rn be a discrete set of points not contained in an (n−2)-
plane. Define G = Rn \K. Then every homeomorphic ηG-isometry f : G → Rn is
a similarity.
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Proof. Choose n boundary points which span a hyperplane. With the notation as
in the proof of Theorem 3.10 we have

log
|x − γ0

1 |
|y − γ0

1 |
≤ ηG(x, y) = ηf(G)(f(x), f(y))

≤ jf(G)(f(x), f(y)) = log
|f(x) − f(y)|+ |f(y) − f(γ1)

0|
|f(y)− f(γ1)0| ,

since f(γ1)
0 is the only boundary point near f(y) for small |y−γ0

1 |. Using this we
obtain as in the proof of Theorem 3.10 that f is an isometry on the n boundary
points that we have chosen, hence the identity or a reflection. �

Let us conclude with two examples. The first one indicates why we study
homeomorphic ηG-isometries.

Example 3.14. Let s : H2 → {1,−1} be an arbitrary mapping. Define f : R ×
R→ R×R by f(x, y) = (x, s(xe1 + |y|e2)y). Let K ⊂ R and G = R2 \ (K ×{0}).
Then f is an ηG-isometry, since |x − z| = |f(x) − z| for every z ∈ ∂G. If s is
non-constant on H2 then f is not continuous and hence not a homeomorphism.

It is not clear whether the phenomenon of the previous example can occur
when the boundary is not contained in a hyperplane. However, if we reduce the
boundary further, then we even get homeomorphic ηG-isometries which are not
similarities:

Example 3.15. Let G = R2 \ {0}. Let θ : [0,∞) → [0, 2π) be a continuous
function. Then f : R × [0, 2π) → R × [0, 2π) defined in polar coordinates by
f(r, φ) = (r, φ + θ(r)) is a homeomorphic ηG-isometry. If θ is non-constant on
(0,∞) then f is not a similarity. Clearly the same argument applies also in higher
dimensions n as long as the dimension of the boundary is less than or equal to
n − 2.
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