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Abstract. In this paper we study the iterated Hardy-Littlewood maximal operator in variable exponent Lebesgue
spaces with exponent allowed to reach the value 1. We use modulars where the LP)-modular is perturbed by a
logarithmic-type function, and the results hold also in the more general context of such Musielak—Orlicz spaces.
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1. Introduction

Variable exponent spaces have been the subject of much interest recently, as surveyed in [15,18,26,35,
44]. These investigations have dealt both with the spaces themselves, e.g. [10,19,21,25,30], with related
differential equations [4,6,7,12,20,46], and with applications [1-3,8,43]. A critical step in the development
of the theory was establishing the boundedness of the Hardy—Littlewood maximal operator [13], and many
subsequent papers have extended this result. That is the purpose also of the present paper. To describe our
results, we use the by now standard notation of variable exponent spaces. The reader may consult Section 2
if necessary.

Based on Diening [13], Cruz-Uribe, Fiorenza and Neugebauer [11] and Nekvinda [40] established,
independently, that the maximal operator is bounded on LP(") (R™) provided p is log-Holder continuous and
satisfies 1 < p~ < pt < oo; moreover, Pick and RiiZi¢ka [41] showed that the continuity condition is
essentially optimal, but see also Lerner [33]. In a recent paper, with Diening, we showed that the condition
1 < p~ < p' < oo is not necessary [14].

To consider the boundedness of the maximal operator when p~ = 1, it is necessary to move be-
yond Lebesgue spaces with variable exponent, to the framework of Musielak—Orlicz spaces. Recall that
the Musielak—Orlicz space with modular &(z, t) is defined by the Luxemburg-type norm

[38]. The following function plays an important role in this paper:

log(e + [t]),  for [t| < e’ —e
Pp(t) := {

p’ ’
2’ — ei—lt‘p’, for [t| > eP —e.
Note that ¢ — tP4),,(t) is convex on [0, c0) and that

Up(t) ~ min {p',log(e + [¢t]) }.
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The norm || f|| Loy, . (2 is given by the modular

P(z,t) = [P ) (1):

We see that || f|[ Loy, (L) & [/l e if p~ > 1, but the constant of proportionality blows up as p~ — 1.
With this notation, the main result from [14] reads:

Theorem 1. Let 2 C R™ be a bounded open domain and let 1/p: {2 — R be log-Holder continuous with
1<p~ <pt < o0 Then

IMSf ooy @y S Nl Leerp, . @y@)-

Moreover, the embedding is sharp in the sense that Mf € LP")(B) if and only if f € Lp(')wp(.)(L)(B) in
the case of a ball B.

In some settings, e.g. extrapolation theorems following Rubio de Francia [10,42], it is necessary to
iterate the maximal operator. If the operator maps the space to itself, iteration is easy. To deal with the case
p = 1 in the classical setting we need to know that perturbing the LP scale by further logarithms does not
affect the behavior of the maximal operator. Specifically,

Mf e LP(log L)? iff f € LP(log L) (p > 1) and Mf € L(log L)Y iff f € L(log L)7**
for ¢ > 0 [45, 5.2(d)]. Iterating, we obtain
MFf e LP(log L)?iff f € LP(log L)? (p > 1) and M*f € L(log L)?iff f € L(log L)4**

fork € Z+.
In this paper we are interested in similar results for the variable exponent context. In view of Theorem 1,
we expect that
MFf e POkt f e POk ().

Ifk > 1, then Lp(‘)w;f(.) (L) is not a variable exponent Lebesgue space. Therefore a straightforward iteration
of Theorem 1 is not possible. Two alternative approaches might be tried: we can either generalize the
theorem to space LP()¥ (-, L) where ¥ is a function which can be chosen to equal w}’;(i), or we can think of

M as a single operator and work directly with it. In this paper we use the former.
To describe the result, we introduce the abbreviation || f|| o). Lyvk (L) for the Musielak—Orlicz
LYk

space with modular
D(x,t) = [t (@, [ty (1).

We assume that ¥ is a function of logarithmic type such that ¢ is convex. More specifically:

(W1) there exists ¢; > 0 such that ¥(x,t?) < ;¥ (x,t) forx € 2andt > 1;

(P2) there exists co > 0 such that U (x,t) < coW¥(y,t) whenz € 2,y € B(x,r)NRandt € [1,77"];

¥3) inf, ¥(z,0) > 0 and sup, ¥(z,t) < oo for every ¢t > 0; and

(W4) t — ¥(z,t) is increasing on [0, 00).
Although the four conditions might appear complicated, we think it is better to prove directly a general
result than piece-meal generalizations. An important fact is that the conditions are general enough to cover
all the cases mentioned above, i.e. powers of logarithms and powers of ,,.y. For instance

U (z,t) := (log(e + t))qm
satisfies these conditions if ¢ € L is non-negative and log log-Holder continuous, i.e.,

< ¢ .
loglog(e? + 1/]x — y|)

lg(z) = q(y)]
Of course we may also add further logarithms, e.g.

¥ (z,t) = (log(e + t))q(w) (log log(e? + t))r(x),

etc. We can now state our main results:
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Theorem 2. Let {2 C R™ be a bounded open domain, let p: 2 — R be log-Holder continuous with
1< p~ <p' < oo, and suppose that ¥ satisfies conditions (¥1)-(W4). Then

IM* fllororwiryo) S ”f”LP('>W(»7L)1L;§(A)(L)(Q)'

Note that this result is new in the variable exponent context even for the case p~ > 1, and generalizes
[37]. In addition, it holds in the case p™ = oo when ¥ = 1; this is in fact trivial, since we have the
equivalence || f|] LrOwk (L) N I 7|l =) in the part of the domain where p is large. The next theorem shows

e

that the embedding space of the previous result is optimal.

Theorem 3. Let B C R" be a ball, let p: B — R be log-Holder continuous with 1 < p~ < pt < oo.
Then
M¥feLP)(B) ifandonlyif fe LYk (L)(B).

The structure of the rest of this paper is as follows. In Section 2 we recall the definitions and conventions
used throughout the paper. In Section 3 we prove Theorem 2. In Section 4 we prove the converse inequality,
thus establishing Theorem 3. The paper is concluded by two short sections with complementary results. In
Section 5 we consider modular versions of the claims, and show that they only hold when the exponents are
independent of x. In the final section, we study the Riesz potential and obtain a Sobolev inequality in the
space LPOW (-, L).

Some possible future generalizations include the weighted case and the case of metric measure spaces.
Special classes of weights have been studied by Kokilashvili, N. Samko and S. Samko (e.g., [29,30]) and
general A, .y-weights were recently introduced by Diening and Hésto [17]. The metric measure space case
was studied by the authors and collaborators (in various combinations) in [22,25,27,36] as well as by
Samko et al. [5,31].

Remark 1. If p~ > 1, then we can consider more general functions ¥ which include also negative powers
of logarithms. In this case condition (¥4) is not needed, because ¢ +— tP° ='Wz, t) is increasing uniformly
inze Nforl <py<p.

2. Notation and conventions

In this section we present several basic results, which can be found for instance in [15].

By C we denote a generic constant, i.e. a constant whose value may change from appearance to ap-
pearance. We write f < g if there exists a constant C' such that f < Cg. The notation f ~ g means that
f < g < f. We always assume that £2 C R”™ is an open bounded set. For f € Ll (£2) and A C R™ with
positive finite measure we write

fai=f fw =141 [ fw)dy
A ANQ
By M we denote the centered Hardy-Littlewood maximal operator, that is Mf(x) = sup,~o | f|B(z,r)-
Let p: 2 — [1,00] be a measurable function, called a variable exponent. For A C R" we write
ph = esssup,cannp(z) and p; = essinfrcano p(x), and abbreviate p* = p, and p~ = py,. The
variable exponent modular is defined for measurable functions by

op() (f) = /Q |f(z)|P®) d.

Here we use the convention t>° = 00X (1,00)(t). The variable exponent Lebesgue space LP0)(£2) consists
of those measurable functions f: {2 — R with g, (Af) < oo for some A > 0. We define the Luxemburg
norm on this space by the formula

[ fllLecr 0y = inf {X > 0: 0,y (f/A) < 1}.

Here (2 could of course be replaced by some subset as in || f| »() (45 the abbreviation || f||,,(.) is used for
the norm || f|[ Lo () over all of 2.
The following continuity condition has emerged as central in the theory of variable exponent spaces.
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Definition 1. We say that g € C({2) is log-Holder continuous if there exists a constant ciog > 0 such that

Clog
e+1/[z —yl)

lg(z) — g(y)| < foa(

forall x,y € (2.

Note that the previous definitions suffices for our purposes since we only deal with bounded domains.
It follows easily from the definition that

|B‘—|9(3f)—g(y)| < (26/(271)" Clog

for all balls B C R™ containing  and y when g is log-Holder continuous; here (2,, is the volume of the unit
ball.

Lemma 1. If p is log-Holder continuous, then vy, (t) satisfies conditions (¥'1) — (¥4).

Proof. Properties (W1), (¥3) and (¥4) are clear. To show that v,(,,y(¢) satisfies condition (¥2), it suffices
to note that if y € B(x,r) and t € [1,r~ "], then

11 ‘_‘ 11 ’< c
() )| [pl@) ply)|  logle+1t)
so that
1 1 c___1+C

7 S @) " ogle+0) S Gy (0
which gives
Up(a) (1) < (14 C)'(y).
This is the claim when p’(y) < log(e + |t[). The case p'(y) > log(e + |t]) is trivial, since 9/, (t) <
log(e + [t]).

Assume that ¥ satisfies conditions (¥'1)—(¥4). From these assumptions one easily derives the following
properties:

(¥5) there exist constants Ay, A > 0 such that
U(z,t) 2 Ay and ¥(z,2t) < AW (z,t)

forall z € 2 and t > 0;
(¥6) if r > 1, then there exist constants A, « > 0 such that

U(x,t") < Arov(x,t)

forallz € 2andt > 0;
W2') if ay,a2 > 0, then there exists a constant A(ay,as) > 0 such that ¥(x,t) < A(ay,a2)¥(y,t) when
x € R,y€ B(zx,r)NNandt € a1, azr™"].

3. The embedding theorem

In the proof of Theorem 1 we used a theorem of Nekvinda [39] to combine a sum of norms to a norm of
the sum. This was possible since the exponent tended to 1 (clearly || > fill1 = Y. || fi|l1 for non-negative
functions). This result has thereafter been generalized by Hésto [28] to unbounded domains and exponents
with other limits. However, these results pertain only to variable exponent Lebesgue spaces, not to more
general Musielak—Orlicz spaces.

Surprisingly, the sum and the L'¥ (-, L)-norm “commute” provided the functions satisfy a polynomial
growth condition (with respect to the index):

Lemma 2. Let {2 be a bounded open set, partitioned into measurable sets (2;, and let ¥ satisfy (¥1) and
(W4). Then

?

Y illflwcoe) S 1+ iertu nyen(f)

if there exists € > 0 such that f

o, =15
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), = i°. We prove the claim by exhibiting a sequence \; with the properties

Zi)\i S14 ZiQqu/(-,L)(m)(f)-

i

Il fllLrw(, Ly < Ai and

We define \; = i =3 if || f|| 11 (L) (2) S i~3, and denote the set of indices for which this is the case by
I.Setd=3¢"'41and

Ai —max{ ﬂd OL W (-,L)($2; )(f)}
for i ¢ I, where « is from assumption (1) and § > 1 will be fixed later. Then
Z i\ = Z i\ + Z i\ < Z im2 4+ Bd” Zing(,7L)(Qi)(f).
i=1 icl igl i=1 igl

So the lemma will be proved once we show that our choice of variables \; satisfy also the other condition,
Ilf/XillLrw(.,Ly(2:) < 1. Fori € I this is clear by definition.
Assume then that 1 & I. If ¢; > %, then 3¢; < c;-j. Hence by (¥4) and (¥6) we have

(z,i%c;) SU(x,cd) < dW(z,c).

We apply this estimate to the function f in the domain (2;. Hence

0L w(-,L) .Q)f/)‘ / [z )/)\)

</\i/_0,if( )P (" f (x)) d
a” 1
SN /Q f@¥ (@, f(@)de = 7.

We choose 3 so large as to take care of the implicit constants, and then conclude that the modular is at most
one, as required. O

The proof of Theorem 1 was based on a generalization of Diening’s trick from [13] which says that we
can pull a variable exponent inside the maximal operator, like an application of Holder’s inequality in the
constant exponent case. We need a similar statement for includes ¥.

Lemma 3. Suppose that p is log-Holder continuous, W satisfies (W1)—(¥4), and let € € (0,1]. Then
Mf (@)W (e, Mf(2)) S M[fPOUC, )] (2) + Mxqo< e (@)
for x € £, whenever f € L, .(12) is nonnegative on the open bounded set 2 with ppoyy (. 1y0)(f) < 1.

Proof. Let f be a nonnegative measurable function on £2 with || f||L»¢)w(.,1)(2) < 1; and extend it to R™
by zero. Fix x € £2,r > 0, set B := B(z,r) and define

F :][ F)PWe(y, f(y)) dy
B

Since the modular of f is at most one, we obtain

1 ) —n
< [ 1Ot s g < r

Suppose first that F > 1 and set 1) := F'/P(@)@ (g, F)~/P(*)_Then

F Y@ F)
nP@OW(z,n)  W(z,n) ~

by (¥6) and (¥5). With this and (¥5), the inequality F' > 1 implies that > c. By (¥3), we find that
n S F S ™ Thensince € [&, Cr~"], the log-Hélder continuity of p and condition (¥2') imply that

"W (y,n) & PO (2, n)
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for y € B. The function ¢ — ¥ (x,t) is increasing for every x, hence ¥(y, f(y))/¥(y,n) > ¢ > 0 when
f(y) = n. For the next estimate we first split the integral into the sets where f is smaller or greater than 7,
use the increasing property in the latter, and finally move the n-terms out of the integral by the estimate on
the previous formula line. Thus we obtain

f(y PW=1U (y, f(y))
][f dy\n+|B|/f 7) vy "

n
- <
~ 77 np(f) 1@( ) ~ 7]~

From this estimate and the definitions of 7 it follows that f2") < FW(z, F)~1. Since F > 1, the
inequality

fB < ][ e+ e P fy)PWdy Se+ F (1)
B

implies that F' 2 fp. Hence, by (¥4), ¥(z, fg) S ¥(z, F'), and it follows that

by the previous estimate and the definition of 7 and F'.
Consider next the case F' < 1. Now (1) gives fp < ¢p. Hence

x +_
PR, f5) S ) TP sup W, o) f

S f Xoss<a ) + 16w, £0) dy
< Mxqo<s<ey (@) + MIfPOU(, f)](x).
Thus irrespective of the value of F' we have established that
R0, f5) € Mxqocs<ey(a) + MIFPOUC, ().
The claim follows from this when we take the supremum over B. ad

Corollary 1. Under the assumptions of Lemma 3,

MF ()P0, Mf(2) S [M(F5 000 ) @)+ Mo pany ()]
forr <p~.

Proof. We apply Lemma 3 with the exponent @ and perturbation ¥/ to the function f/C'. The constant

: 1-1/r /7 : :
C is chosen so that QL#!I/(-,L)%(Q)(JC/C) <R 1w py (o) (f/C) < 1, where the first inequality

follows from Holder’s inequality. Note that such a C' can be chosen independent of f. Then Lemma 3 is
applicable, and it implies that

p(=z)
Mf ()5 W (e, Mf(2))F < M| P50, )7 (@) + Myqocp<ce (@):
Choosing € = % and raising this inequality to the power r, we obtain the result. ]

The proof of the following proposition is somewhat similar to that of Proposition 4.2 in [14], although
more technical.

Proposition 1. Let p and ¥ be as in Lemma 3 and let {2 C R™ be a bounded open set. Then
IMfllrorwiny2) S I lLeow Ly, @)@

for every f € LPOW(-, L)ty (L)(82), where the constant depends only on p, §2 and the dimension n.
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Proof. By the homogeneity of the claim, it suffices to consider such non-negative functions f that
[ H@r W, f@) by () d < 1 @

and prove the uniform boundedness of the LP()W(-, L)-modular of Mf. We split f into small and large
parts as follows:

fs = fX{yEQ:f(y)gexp(p/(y))—e} and f:=f— fs.
By Lemma 3 with e = 1,
Mf ()P (2, Mf () S M[fPOW(, f)] () + 1

for 2 € £2. This and the embedding M : Llog L — L' imply that

/ M ()"0 (z, MY (x)) da
@ 3)
< /Q )PPy, o) og (e + fo(y)" Py, fu())) dy + |2

By (¥5) and (¥3), ¥(y, fs(y)) < ADW¥(y,1) < AL, where m € N is the smallest integer with f(y)
2™ Hence f,(y)PWW(y, fs(y)) < 14 f(y)? where ¢ is a constant depending also on p*. Since f(y)
exp(p’(y)) — e, we conclude from this that

log (e + fs(y)P@ W (y, fs(y))) Slogle + fs(y)) < Upiy ().

Thus (3) implies that p e p (., Lyy, ., ) (Mfs) S 1+ (9.
Next we treat f;. Let us define ¢ := oo, and r; := 1 + 1/i and

<
<

Q2 :={z € :px) € [r,ri-1)}

for all ¢ > 1, so that 2 = Uf2;. The sequences (1)°, and (r;)$2, satisfy the criterion of Nekvinda [39,
Theorem 4.1] so we conclude that I* 22 ("), Thus we can fix K > 0 such that

Z x; < K whenever Z z;' <, )

where c is some constant depending only on the dimension.

Denote p;(z) := max{p(z),r:}, fi = fixn, and g; := (r; — 1)fi/||fiHL,,(.W(_’L)(Q). By (2) we obtain
I fill L) w (., )2y < 1 and by definition f;(z) > e?’(¥) —1 > jin £2;, and hence g;(z) & (0,1). Thus there
is no “error term” in Corollary 1 and we conclude that

Mg;(2)P@w (2, Mgi(z)) < [M[g7" "0 (, gi) ] ()]

for x € (2. Integrating this inequality over z € (2, we find by the usual constant exponent r;-maximal
inequality that

/ Mgi(x)pi(z)W(x, Mg;(z)) dx
12,

S M [gr O w90 o)
g, gyt

T4

L7i(£2)

rmtim) )
I fill Lerw, L)) | fill Lerar (. Ly(s2)

=1

Sr—=1)7"

L1(£2) '

It follows that || M g;|| 1r; ) (.,1)(2) S 1 from which we obtain

IMfill o owinyo) S Efill Lrowe, oy

by the definition of g; and the homogeneity of the maximal operator and the norm.
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By the subadditivity of the maximal operator and the triangle inequality we conclude that
IMf il Lrorw Lya) < Z IMf il oorwnyie) S D IMFillirorucny )
S ZZ 1 fillLrorw(,Ly2)-

Then, in view of (4) and ¢"*~* = 1, it suffices to show that

> il

7

Ti—1
LrOw(,L)(2) S C.

We show below that

I1f:
From this, Lemma 2 and i < p'(2) < ¢pa)(f(2)) for 2 € £2;, it follows that

> ills

%

Towenye SN nye)- ®)

Tlelmv( L)(02) ~ S Z’ ||fz HLW( L)(2;)
S 1+ZZQL1J1( Ly (i Py

S1+ QLP<'>W(-,L)¢M,)(L)(.Q)(fl) <C

So it remains only to prove (5), i.e. that

Ti—1

<C.
LrOw(,L)(2)

1/r;
H 177 >||Lémz> -

Let us denote h; = fp(') and ¢; = ||hi|lL1w(.,1)(2)- Since p}; = r;—1 and ¢; < 1 (by (2)) we see that

c;” (@)/riza < ¢; . The norm is bounded if and only if the modular is bounded, so it suffices to bound

1
pr(w("L)(m(C?/ﬁ) S o Tw "\ dr s o G e ¢ da

where we used that ¥ is of log-type and increasing. But the latter expression is bounded by one, since ¢; is
the L'W (-, L)(§2)-norm of h;, so we are done. O

Proof (of Theorem 2). By Proposition 1 we obtain
k—j k—j—1
| M jfHLm-W(.,L)(Q)w;(_)(L) S |l f”LP('W(-,L)wj;i)l(L)(Q)

for j =0,...,k — 1. The claim follows by combining these inequalities. ad

4. Optimality of the embedding results

We next show that the space we constructed is optimal for the boundedness of the maximal operator. First
we have a constant exponent lemma.

Lemma 4. Letp € (1 2] and fix an open bounded set 2 C R™. Assume that f € LY(92) is a non-negative

function with |, f o f(x)dr < 1 which does not take values in the range (() e ) for some K > 1. Then
there exists a constant cn, depending only on the dimension such that

e /Q fla)? de < /ﬁ M ()Pl (M (2)) de

where (2 == {zeR": d(z,2) < cne_(K_l)p//”} is a dilatation of 2.
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Proof. Leta := e(E=1r" We first note that
e f(z)
(p’)’“/ f(@)P dx < —(p’)’“—l/ f(x)/ P2 dNdx
Q e—1 Q a
f(=@)
S | fl@) / AP 2T (N) dA da (6)
2 a

_ / Tk () / F(x) dzd):

{z€R2:f(x)>A}
here we used in the second step that () (t) = p’ when t € (a, f(x)), since f(x) & (O, ek,

Let ¢, € (0,1) be the constant from [45, Chapter 1, 5.2(b)]. Since the support of f lies in {2 and
[o f(@) da < 1, we see that Mf (z) < cpaif d(z, 2) > (anna)_l/n. Since Mf < ¢, \in the set R™ \ 2
for A > a, we obtain
1

{z € Q: Mf(z) > et = [{z € R™ : Mf(2) > cnA}| > =~
2 Sy

f(z)dx

for every non-negative f € L'(§2) and A\ > a, where the inequality is [45, Chapter 1, 5.2(b)]. Continuing
the estimate (6), we thus find that

)k Y f(@)Pdr < /Oop)\pflw;f*l()\) |{a: e 2: Mf(z) > Cn/\}| d\
= /f?/ p/\p_lwg_l()‘)X{]\/If(x)>cn)\} d\dx
< / Mf Jen) ()P0 (M (f fen) (2)) d
0

which yields the claim. a

With the help of the previous lemma, we can prove the following result which generalizes [14, Theo-
rem 4.6] to the case £ > 1. This result together with Theorem 2 implies Theorem 3.

Lemma 5. Let p be bounded and log-Hélder continuous in a ball B C R™. If Mf € L”(')wg(_) (L)(B),
then f € LPC)yk ((L)(B).

Proof. We extend p by reflection in 0B to the dilated ball %B, and then to all of R™ without changing the
log-Holder constant by [16, Proposition 3.6]. The extension can be done so that p is bounded away from
1 in the complement of 2B. Let f € L*(B) be a function with [, Mf(x)”@)?ﬁ’;&%(Mf(x))da: < 0.
As in the proof of [23, Theorem 2.7] we conclude by reflection in 9B that Mf is in fact bounded in
LP(')w;f(f)l(L)(%B). Since f is supported in B, we have M f(z) < ||~ in R™ \ 3 B. Thus we conclude,
that M f € LPOpE H(L)(R™).

We may assume that f is non-negative since otherwise we may estimate function |f|. The claim ob-
viously holds in the set {p > 2} since Mf > f ae. Thus we assume in the rest of the proof that
p < 2. Since we may scale the function f by a constant without affecting the claim, we assume that

QLP(WW;(’_)](L)(Rn)(Mf) < land|[|flly < 1.
We split f into small and large parts as before:

Is = fX{fgep/(-)_e} and  f; := fX{f>eP'(-)_e}'
Then we find that

[ f@r b @)de < [ gt s fe) ot [ pa) i@ dn o)
B B B
Thus it suffices to bound the terms on the right hand side. Since fs(ar:)p(“”)_1 < eP®) < e? we see that

/ fs(x)p(””) logk(e + fs(z)) dx < 62/ fs(x) logk(e + fs(x)) dz.
B B
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Since

[ M@ 108 e+ MF @) do < € [ Mp@PI M @) do
it follows by [45, Chapter 1, 5.2(b)] that the first integral on the right hand side of (7) is finite.

So it remains to estimate
[ @ iy de
B

We divide B into the sets B; := {ri11 < p < ri_1},7; := 1+ 27 and write f; := f;xp,. Let B; be the
dilation of B;, as in Lemma 4, corresponding to exponent r;. Since 7} = 2* 4 1, we get

d(0B;,0B;) < Cpe~K-DEH1)/n,
On the other hand,

d(aBi,j, 0B; ) exp (—clog W) — 6_010g2i+3/‘2j —4|

Ti—j4+1 —Ti—1

for j > 2 by the log-Holder continuity of the exponent. A similar estimate holds for j < —1. Now we have
B; C UjeJ B;4; forevery ¢ € N, where J C Z is finite and depends on n. We can then use Lemma 4 in
the sets B; as follows

/ '(2)* fi(a)P®) dx<Z/ )% ( fi(x)p@) /i 1) N de
<Z/ MO @yl MO (@) da

By Corollary 1,
M(fPO ) @) S (M fil) + 1) e,

Using this and the finite overlap of Bi, we obtain that

[t aer a3 [ M@ o @) e s o
S [, M@ M) e+ 0
<|J|Z/ M ()P 3 (Mf (@) da + C

S [ dpp el @) de+ .

Thus also the integral over the large part of the function is bounded, which concludes the proof. ]
Proof (of Theorem 3). If f € Lp(')w’;(.) (L)(B), then M* f € LP()(B) by Theorem 2. If conversely M* f €

LPO)(B), then M*~1 f € LPU)4p,y(L)(B), by Lemma 5 applied to the function M*~! f; hence M*~2f €
LP(')zZ);(‘)(L)(B) by the same lemma; and so on, until we conconlude that f € Lp(')w]’;(.)(L)(B).

5. Modular inequalities

Lerner [34] has shown that the maximal inequality essentially never holds in a modular form in the variable
exponent Lebesgue space. In this section we show that this claim also holds with logarithmic perturbations
of the scale.

Lemma 6 (Constant exponent case). Let p > land ¢ € R,orp =1and q > 0. If f: R" — [0,00] is
locally integrable and

J = 7@ L J P osle 5y, thenfie) S P lonle+ )
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Proof. For 1) > 0 we have

f(y))”‘1 (log<e+f<y>>>"dy _ cJ

.fB(wW) <N+ C][B(Iyr) f(y) <77 log(e i ,'7) np_l(log(e + n))q .

With the choice n = J/?(log(e 4+ J))~%/? we obtain the claim. O
Theorem 4. The inequality

/ M () (log(e + M f(2)))1® dz < / (@) P (log(e + |f(2)])) @ da ®)
(94 (93

holds for all f on (2 if and only if p and q are constants and p > 1.

Proof. Suppose first that p and ¢ are constants and p > 1. Then (8) follows from Lemma 6 by standard
arguments (we extend f to R™ by zero outside (2), cf. the proof of Corollary 1.

Suppose next that (8) holds and that p is not constant. Then we can find numbers p; and p» such that
1<p; <p2<oo,andboth £y :={z € 2 :p(x) <p1}and Ey := {x € 2: p(x) > p2} have positive
measure. If f = kxg, with & > 1, then

Mf(z) 2 k forx € Ey
so that

/ Mf ()P (log(e + Mf(x)))?®) dx > kP2 (log(e + k) .
(93
On the other hand
/ £ ()@ (log(e + | f(2)])?® da < kP* (log(e + k)7
2

In view of (8) we have

kP2 (log(e + k)1 < kP (log(e + k)T,
which gives a contradiction as £k — oo. Hence p is constant. Once we have established that p is constant,
the same argument can be used to prove that q is constant. O

6. The Riesz potential and Sobolev’s inequality
For a locally integrable function we define the Riesz potential by
(@)1= [ o= 3" ) dy.
0

Lemma 7. Suppose that p is log-Hélder continuous with p™ < =, and ¥ satisfies (W1)~(¥4). Then
[ el dy S 5, 5)
Q\B(z,6)

Jorallz € 2,6 € (0,diam{?) and f > 0 satisfying || f|| Lo o 1)) < L.

Proof. Since the proof is similar to previous ones, we only sketch it. We denote g(y) := f(y)?™ ¥ (y, f(y))
and k. (y) = |z — y|"/P@W(z, |z — y|~)"/P(*). Then

/ o — 5 F(y) dy < / & — 4] "ha () dy
2\B(z,5) 2\ B(z,5)

_la-n F) N ey, f(y)
* /Q\B(m,&) = ol* ) <k‘w(y)) P (y, kx(y)) dy

S 5(x—n/p(w)£p($,5—1)—1/;}(3;)
" / = y|* " gy (y) POy, kay) My
2\B(z,0)
< gamn/p@g (g, §-1)~1/p(a)

+/ gz — y|* PO (2, |z — y| ) POy
2\ B(z,0)

< 5a*n/p(w)¢(x, 5*1)71/10(:1?). O
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Theorem 5. Suppose that p is log-Hélder continuous with pt < n/a, and ¥ satisfies (U1)~(P4). Let
1/p*(z) = 1/p(x) — a/n. Then

Hafl o= owi, Ly oo S U Leow( Ly, L) 2)-

Proof. By a scaling argument, it suffices to show that there exists a constant C' > 0 such that
/ {Lof (@)W (2, I f(2)) /PN @ a4y < €
[0

for all f > 0 with Hf||Lp<,>q,(_’L)%(_)(L)(Q) < 1. For § > 0, we have

Iof(x) =/ [z —yl* " f(y) dy+/ lz —yl* ™" f(y) dy
B(x,5) 2\ B(z,6)

< 6 Mf () + 60/ P@ (g, 571~ /P@)

by Lemma 7. Now, letting § = min{diam2, Mf (z)~?®/?W (x, Mf(x))~'/"}, we obtain
Lo (@) S 14 Mf ()"0 Ow(a, Mf (x) =",
so that
{La @)W (@, 1 f @) POV S 14 Mf @) 0 (@, Mf (@),

Integrating this inequality gives the desired conclusion. O

We immediately obtain the Sobolev inequality for smooth functions with compact support, C§°(2). Of
course, the same result holds in the appropriate Sobolev space by the density of smooth functions, but we
do not here delve into the definition of such spaces.

Corollary 2. Suppose that p is log-Hélder continuous with p™ < n/a, and ¥ satisfies (W1)—(P4). Let
1/p*(z) = 1/p(x) — a/n. Then

ull Lo w iy oo @) S NVUleo v, Ly, (L) 2)
foru e Cg°(£2).
Proof. Ttis shown in [24, Lemma 7.14, p. 154] that |u| < I;|Vu| for u € C§°((2). Therefore

lull Low Ly v (@) S NV Lo gy w0 ) S IV 0w Ly @)

by the previous theorem. ]
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