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Abstract

We study the boundedness of the maximal operator on the weighted
variable exponent Lebesgue spaces Lg(')(Q). For a given log-Holder con-
tinuous exponent p with 1 < infp < supp < oo we present a necessary
and sufficient condition on the weight w for the boundedness of M. This
condition is a generalization of the classical Muckenhoupt condition.
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1. Introduction

The purpose of this paper is to give a condition for the maximal operator
to be bounded on the weighted variable exponent Lebesgue space Lﬁ(’)(Q).
Below we will recall the precise definition of this space; briefly, we can think
of it as the Banach function space consisting of all measurable functions f
such that

/ | (2)w(2)P® dz < oo,
Q

These are generalizations of the variable exponent Lebesgue spaces which
have been the subject of considerable attention for nearly two decades: see
the survey article by Samko [39] or the monograph [11] for further details
and references.

By the maximal operator we mean the Hardy—Littlewood maximal op-
erator: given a locally integrable function f, define the maximal function
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of f by
Mf(a) = sup { 1) d.
Q3 JQ
where the supremum is taken over all cubes (with sides parallel to the co-
ordinate axes) that contain z and f dy denotes the mean value integral
]Q\_l /. 0 dy. If we replace cubes by balls we get an operator that is point-
wise equivalent with a constant depending only on the dimension.

When w = 1, the question of the boundedness of the maximal operator
on LP1)(Q) has been studied extensively, and we refer to [5, 11] for details
and further references.

In the weighted case the problem has been studied by a number of au-
thors from two different perspectives. Besides the definition given above, we
can also define the weighted variable exponent space LP()(Q, o) consisting
(intuitively) of measurable functions f such that

/ £ (2) Do (2) de < oo,
Q

Clearly these definitions are interchangeable, since we can take o(x) =
w(x)p(’”). However, while equivalent, these approaches are usually treated
separately. We will refer to the approach taken here as treating the weight
as a multiplier; the alternative approach we will refer to as treating the
weight as a measure.

Stefan Samko and his collaborators were the first to investigate vari-
able exponent Sobolev spaces with weights. They started from weighted
inequalities considered in the power weight case: w(z) = |z|%, a € R, or
more generally, weights of the form

m
wi) =[] lz — e,
k=1

or variable power weights of the form w(z) = |2|%®) or w(x) = (1+ |=|)*®).
(Variable power weights arise naturally when considering the Hardy opera-
tor and its variants; see, for instance, [13].) The first results of this kind we
proved by Kokilashvili, Samko and their collaborators [25, 40, 41, 42, 43];
these results were more recently extended to classes of weights who oscil-
late between powers: see [1, 21, 22, 23, 24, 26, 27, 37, 38]. Other results in
this direction have been proved by a number of authors; see, for example,
[4, 3, 15, 20, 32, 33]. More general metric measure spaces have been studied
for instance in [16, 18, 19, 28, 34]; the discrete weighted case was studied in
[36]. In the majority of these papers the weights are treated as multipliers.
Our main result is in terms of weights as multipliers; however, to put our
work in context we will first review some results with weights as measures.
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For the Hardy—Littlewood maximal operator a significant question has
been to extend the Muckenhoupt A, condition from the theory of weighted
norm inequalities to the variable exponent setting. When p is constant, then
it is a classical result (see, for example [14]) that the maximal operator is
bounded on Li,(R™), 1 < p < oo, if and only if w satisfies the A, condition:
for every cube @,

loxallpllw™ xolly < C1Q.

We can rewrite this condition as

IxellzzlIxellrzy < ClQ; (1.1)

where (L)' denotes the associate space (the closed subspace of the dual
generated by measurable functions, see [11, Definition 2.7.1]) of Lf,, which
can be identified with L” L

In the constant exponent case, a necessary condition for the maximal
operator to be bounded on LP()(R") is that p satisfies (see Diening [10] and
Kopaliani [29]):

IxellpoylIxelly o < ClQI. (1.2)

This condition is similar to (1.1), since (L)) = LP'() (see [11, Theorem
3.1.13)).

It has been shown by Kopaliani [29] that condition (1.2) is also sufficient
if p is constant outside of a large ball. However, if p is not constant outside
a large ball, then the condition is not sufficient: counter-examples are given
in [30] and [11, Theorem 5.3.4]. In this case the condition has to be replaced
by a condition on families of disjoint cubes (see class A below) in order to
get a sufficient condition (see [9] and [11, Chapter 5]).

An A, type condition on weights, treating w as a measure, was first
considered in [12] by the latter two authors. Given p € P(R"™), they defined

the class AL(.) to consist of all weights w such that for every cube @,

lwxqllillo™ xolly ) /pe) < CIQPS,

where pg is the harmonic mean of p on @ (pgz1 = fQ p(x)~tdx), and || -
llp(-y/p() is defined using the definition of the norm even when p'(-)/p(:)
is not greater than or equal to 1. With this definition they proved the
following (see Section 2 for the definitions of the other notation).

THEOREM 1.1. Let p € P°8(R") with 1 < p~ < p™ < co. Then the
Hardy-Littlewood maximal operator is bounded on LP") (R, w) if and only
ifwe AL(.).
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An alternative class Ai(.) is the following: given p, the weight w € Ai(_)

if
PO Xl I "Xl ) < ClQ-

The conditions (1.1) and (1.2) can be restated as w € Ai(.) and 1 € Af)(.),
respectively; in [12] it was shown that if w € A;;(.) and p € P°8(R™), then
w € Ai(.). A comparison of Theorem 1.1 and Theorem 1.3 below shows
tmmA&):A&Jbnmpeﬁm%R@WMhl<p*<p+<al

Another approach in terms of weights as measures was developed in-

dependently in [6]. Given p € P(R"™), such that 1 < p~ < p™ < oo and
p(x) = poo as x| — 00, a weight w € A;(.) if:

(a) For every zp € R™ there exists € = e(xg) > 0 such that w satisfies
the A, condition on Q:(zo), the cube centered at o of side-
length e. That is, for every cube Q C Q.(zo),

, p(zo)—1
][ w(z) dz <][ w(z)1P (o) dm) < K < oo.
Q Q

(b) There exists N > 0 such that w satisfies the A, _ condition on
R™\ Qn(0).
Intuitively, we can think of the A;(.) condition as a modular version of the

AP condition.
()

THEOREM 1.2. Letp € PS(R") with1 < p~ < p* < 0o, Ifw € A7,

then the maximal operator is bounded on LPU)(R™, w).

An advantage of this approach is that it makes it much easier to apply
the theory of Muckenhoupt A, weights, since there is an immediate connec-
tion between this class and Az*) 5. A drawback is that the A; . condition is
not necessary except if w is assumed to behave locally like a power weight.
(See [6] for a precise statement.)

REMARK 1.1. The three conditions discussed above—A;(.), Ai(.), and
A;‘)(_)—are all called A,y in the literature. We have introduced this notation
for clarity. Note that A;(.) S A;(.) = Ai(_) for p € Po8(R™) with 1 < p~ <

pt < c0.
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We turn now to our main result, which is a weighted norm inequality for
the maximal operator in which we treat the weight as a multiplier. Given
p € P(R"), we say that w € A, if for every cube @,

lwxallpey llw™ xally ) < ClQI (1.3)
The smallest constant is called the .Ap(_)—constant of w. Note that w € Ap(.)

1
is equivalent to wr(®) € Ai(.). The opposite inequality of (1.3) follows by

Holder’s inequality, so we have [lwxqllp) llo ™ xllpy ) = Q-
We prove the following result.

THEOREM 1.3. Let p € P°8(R") with 1 < p~ < p™ < co. Then the

Hardy—Littlewood maximal operator is bounded on Lﬁ(')(R”) if and only if
w € Ap(.).

The validity of Theorem 1.3 was conjectured in [12, Remark 3.10]. In
the special when p is constant outside of a large cube Theorem 1.3 was
proved in [6]. Our proof below adapts to the variable exponent case tech-
niques used to prove two-weight norm inequalities for a variety of operators;
see [7] for details and further references.

2. Preliminaries

By ¢ we denote a generic constant, whose value may change between
appearances even within a single line. By f = g we mean that there exists
¢ such that %fgggcf.

For a measurable set 2 C R"™ we define P(2) to consist of all measurable
functions (called variable exponents) p : Q — [1,00]. For p € P(Q) we
define p~ := essinfq p and p™ := esssupq p.

We say that a function «: 2 — R is log-Holder continuous on € if there
exists clog(p) = 0 and ao € R such that

Clog (p)

la(z) —a(y)| < CoglP) and |a(z) - ac| < log(e + |z)

~log(e + 1/]z —yl)
for all z,y € ). We can drop the decay condition if {2 is bounded. We define
P8(Q) to consist of those exponents p € P(Q) for which % : Q—0,1] is
log-Holder continuous on € (with the convention = = 0). If p € P(€) is
bounded, then p € P°%(Q) is equivalent to the log-Holder continuity of p.

We use the calligraphic letter A to indicate that we treat the weight as a multiplier.
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A measurable function w : R” — (0,00) is called a weight. For p €
P(R™) we define

Pp()w(T:1) 1= oy (2,10 (@) = Ppa) (tw(2)),
where ¢,,y(,t) is one of the following two choices:

1
Oy (T, t) = — @) or Gpy (T, 1) = P()
pO) (@) = s p() (2:1)
with the convention that ¢*° equals oo for ¢ > 1 and equals 0 for ¢ € [0, 1].
We define the corresponding Musielak—Orlicz space [35] by
LPL)(Q) = Levr (Q).
We refer to Lﬁ(') as a weighted variable exponent space or as a weighted
variable Lebesgue space. Both choices ¢,y and ¢, induce the same space

with equivalent norms. The norm |-, , of Lf,(')(Q) satisfies

||f”p(.),w = ||fw||p(.)- (2.1)

It is for this reason, as we noted above, that we refer to the weight w as a
multiplier.
The conjugate function of ) ,(t) is given by

((Pp(-),w)*(xv t) == sup (St - SOp(~),w(x7 S))
s=0
We have (0p(.),w)* = @p/(),1/w- Unfortunately, for general weights the spaces
Lf,(’) is not a Banach function space, since simple functions need not be

contained in LZ('). However, if w € L () then all characteristic functions

loc ?
of cubes are contained in L%, As a consequence the restriction Lg(')(Q) is
a Banach function space for every cube (). Moreover, the associate space
of Lf,(')(Q) is given by LZE'I)(Q) (see [11, Theorem 2.7.4]). Hence, the

norm conjugate formula holds for Lf,(')(Q) (see [11, Corollary 2.7.5]): more
precisely,

1
S po ) < sup /!f(ﬂf)!lg(x)ldﬂf<2\|f\| O (2:2)
2 Lf) (Q) ”gH ) )<1 Q Lf) (Q)

/.
"

Therefore, by monotone convergence the norm conjugate formula also holds

for Lf)(')(R”) if w e Lfo(é)’ even when Lg(')(R”) is not a Banach function
)

space. By the same argument L /_'1 (R™) is the associate space of Lﬁ(')(R”).
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Given p € P(R") and a weight w, we have that w € A,y is equivalent

chz]é |fldz

for all cubes @ C R™ and all f € Lg(')(]R"), where ¢ is the characteristic
function of . (This follows from the conjugate norm formula (2.2) and
Holder’s inequality; see [11, Theorem 4.5.7, Remark 4.5.8] for details.)

We say that ¢, € A if

'ZXQ]QW

QeQ
for all families @ of disjoint cubes and all f € Lﬁ(')(R"). Clearly ¢y, €
A implies w € A,y. It was shown in [11, Section 4.4] that a necessary
condition for the maximal operator to be bounded on ij(') is that ¢, o €
A, and this condition is sufficient for the maximal operator to be of weak
tyPe ©p()ws 1-€. SUPy 50 ||)\XMf>)\||p(.) < [ fllpq for all f € LPO(R™).

For p € P(R") with 1 < p~ < p* < oo, the condition ¢, € A is
equivalent to the boundedness of M on LP(), see [8] or [11, Theorem 5.7.2].
If p € P(R") is constant outside a large ball and satisfies 1 € A (.), then
©p() € A as was shown in [29] (see also [31]). Based on arguments as in [11,
Section 7.3] this extra requirement can be relaxed to the decay condition
of the log-Holder continuity. However, it was shown in [11, Theorem 5.3.4]
that there exists p € P(R™) with % <p <pt<3andle Ay but o) €
A, so M fails to be bounded on LP() (R™). This shows the importance of A,
although the condition w € A,y is more elegant and easier to verify. The
following concept lets us reduce for certain exponents p the verification that
©p()w € A to showing that w € Ay .).

to

<l (2.3)
p()w

< fllye (2.4)

p(')7w

DEFINITION 2.1. Let p € P(R") and let w be a weight. We say that
Pp()w €9 if

Z HXQpr(),wHXQng’(),w*l g K Hpr()»w
QeQ

|ng’(~)’w*1

for all f € Lf,(')(R”), gelL? k9 (R™), and disjoint families Q of cubes. The
smallest constant K is called the G-constant of ) .-
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The name “G” is derived from the works of Berezhnoi [2] for ideal
Banach spaces. In the notation of Berezhnoi, the fact that ¢, € G is

denoted by (Lf,('), (Lf)('))’) € G(X™), where X" is the set of all cubes in R".

LEMMA 2.1. Let @,y € G and let w be a weight. Then ¢, ., € G.
Furthermore, if w € Ay, then ¢y, € A.

P roof. The property ¢, € G follows immediately from the defi-
nition of G and (2.1). Now let w € A,.y. Then [11, Corollary 7.3.7] implies
SDp(~)7w € A U

DEFINITION 2.2. Let p € P(R™). Then for every cube @ C R" we
define

xesl

M, =
HXQHP(.)

p(')vQ

Moreover, we define the maximal function M) by

My f() := sup My o f-
Qo

LEMMA 2.2. Let 1 € Ay.) and let w be a weight. Then w € A, if
and only if

Mp(-),Q (w)Mp/(_%Q(w*l) ~1

uniformly for all cubes Q C R™.

Proof Since 1 € A, we have HXQHP(.) ||XQ||p/(.) ~ |@]. On the
other hand, by w € Ay we have [|xqull,., ||XQW_1||p/(.) ~ |Q|. If we take
the quotient of these equivalences, we prove the claim. O

If 1 € Ay, then the equivalence HXQHP(.) HXQH,,/(.) ~ |Q| and Holder’s
inequality applied to {, fgdx yields that
Q

Mo(fg) = ]é ol de < ¢ Moy o) My (r.0(9) (2.5)

for all f € Lfo(v.:) (R") and g € L} ;E)(R") The constant only depends on the
A, (y-constant of 1.
Finally, we will need the following result, which is proved in [11, Theo-

rem 7.3.27].
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THEOREM 2.1. Let p,q,s € P°8(R") such that p(z) = q(z)s(x) and
s~ > 1. Then M.y is bounded from LPO(R™) to LPU)(R™). The operator
norm of M.y depends only on ciog(p); Clog(q); Clog(s), and s~

3. The main result

For the proof of Theorem 1.3 we need a version of the classical Calderén—
Zygmund decomposition. This result is implicit in [17]; for an explicit proof,
see [7].

LEMMA 3.1. Let f be a measurable function such that fQ |f(x)|dx — 0

as |Q| — oo. Fix b > 2" and let Dy, := {b**!1 > Mf > V*} for k € Z.
Then R™ = | J,.c;, Di, up to a set of measure zero and there exists a family
{Qf}kez,ieN of cubes such that the following holds.

(a) Dy C U,y 3QF for all k € Z.
(b) for all k, ifi # j, Q¥ ﬂQé? = 0.
(c) For all k,

prtt >][ |f| dz > b,

Q;

(d) Let @ =, Qf, then Qi1 C Q, and if FF = QF \ Qp1, then the family
{FF};  is pairwise disjoint and |QF| < 2|FF|.

If p* < 0o and p(-) € P°8(R™) , we can apply this lemma to functions
f € LPO)(R™): by Holder’s inequality and [11, Corollary 4.5.9],

f1@lde < 1015 1l < i~

and the right-hand term tends to zero as |Q| — oo.

Proof of Theorem 1.3. As was mentioned earlier, it was shown in [11, Sec-
tion 4.4] that ¢p.) ., € A (which implies w € Ay (.)) is a necessary condition
for the maximal operator to be bounded on Lf)('). Therefore, we need to
prove that the A,y condition is sufficient.

Since p € P°8(R"), we have p € GN.A by [11, Theorems 4.4.8 and 7.3.22].
Let w € Ay); then ¢y, € A by Lemma 2.1 and ¢,y 1/, € A by conju-
gation. Since the class A is left open (see [11, Theorem 5.4.15]), there exists
s € (min{1/p~,1/(p")~},1) such that Pop()wl/s Popl (w—1/s € A; here we
have used that @Sp(~),w1/s (t) = @p(_)7w<t3) and Sﬁsp’(-),w*l/s(t) = @p/(-),w(ts)‘
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Define u,v € P'°8(R") by
1 1 q 1 1
=s5— an —— =5—
u' () p(z) v(x) P'(x)

x
for all x € R™. Since s € (min{1/p~,1/(p")"},
are well defined. Moreover, v’ = %(Sp) and v :=

1), the exponents u and v
1(sp') and

pE ; P)l—s)+12 @) (1-s)+1,
u( ; pla)(l—s)+1>p (1—s)+1.

Thus, by Theorem 2.1, M,y is bounded on Lp(')(]R”) and M, .y is bounded
on L' ()(R™).
Let f € LPO(R™) and b, Dy, Qf and Ff be as in Lemma 3.1. Further,

let g € LPO)(R™) and abbreviate Q;“ = BQ? Then by (a) and (c) of the
lemma it follows that

/ Mf|lgldo < S / Vg da
R7 Lk Dy

< Zka/ lg| dx

bzf 7 das/ 9l
<b3" Y |QFIM
jk
We use (2.5) with exponents u and v to get

/ \M||g] da

CZ|Qk|M ).Qk (fw)M ()Qk( _I)Mv/(.)’@?(gw_l)Mv(_)’Qk(w).

J
We now claim that
M) gt (w_l)Mv(.)’Qf (w) ~ 1. (3.1)

This estimate is analogous to the reverse Holder estimate of (classical)

Muckenhoupt weights. By Lemma 2.1, w!/5 Agp(y and wl/s e Agpr (-

Then Lemma 2.2 applied to the exponents sp(-) and sp/(-) and weights w!/*
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and w15, respectively, implies that

M, 05w ()@}

(=l (V)
M ,05 (@™ )M gy gy g (W77 A L.

1/S)M(sp (wil/s) ~ ]-7

It follows at once from the definition of the norm that [|h[|5,y = [[[2]*(| 4

for any h € L*9)(R™). Hence, we can rewrite this as
—1\
My, 05 @) My g (@) # 1,

My().0x (w M

> w0s W) = 1.

This combined with Mp(_%@? (w)Mp,(%

Therefore,

OF (w™!) ~ 1 (Lemma 2.2) implies (3.1).
J

| glde < c 2104121, 1) My g5 07
j?
Since \Qﬂ = 3”|Q§| <2 3"\F;‘3| and the family {ij}]k is pairwise disjoint,
we get

/Rn | Mf]|g| dx < ¢ /Rn > XMy (fw) My (gw™) da
7.k

<c /R Mu()(fw) Mv/(,)(gw_l) dx.

Then by Holder’s inequality with p and p’, the boundedness of My(y on
LPO)(R™) and the boundedness of My .y on L' O)(R™),

/}R Mllgl dx < el 99 ey = €1yl

The desired inequality now follows from the norm conjugate formula for

REMARK 3.1. Note that in Theorem 1.3 we do not require explicitly
Pp()w € Abut only w € A, (although the latter follows automatically by
the theorem). The implication w € A,y = ¢, € A is a consequence of
the log-Holder continuity of p in Theorem 1.3. Based on arguments as in
[11, Section 7.3] it can be shown that the decay condition of the log-Hélder
continuity suffices for this implication.
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