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Abstract: This cross-national study examined students’ evaluation of strategies for solving
linear equations, as well as the extent to which their evaluation criteria were related to their
use of strategies and/or aligned with experts’ views about which strategy is the best. A total of
792 middle school and high school students from Sweden, Finland, and Spain participated in
the study. Students were asked to solve twelve equations, provide multiple solving strategies
for each equation, and select the best strategy among those they produced for each equation.
Our results indicate that students’ evaluation of strategies was not strongly related to their
initial preferences for using strategies. Instead, many students’ criteria were aligned with the
flexibility goals, in that a strategy that takes advantages of task context was more highly
valued than a standard algorithm. However, cross-national differences in strategy evaluation
indicated that Swedish and Finnish students were more aligned with flexibility goals in terms
of their strategy evaluation criteria, while Spanish students tended to consider standard
algorithms better than other strategies. We also found that high school students showed more
flexibility concerns than middle school students. Different emphases in educational practice
and prior knowledge might explain these cross-national differences as well as the findings of
developmental changes in students’ evaluation criteria.
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Introduction

Algebra is considered a gateway to high-level mathematics and future learning opportunities
such as entrance into college (Impecoven-Lind & Foegen, 2010). For the past decades,
researchers have investigated how to improve students’ algebraic skills, with one stream of
research focused on developing students’ flexibility in algebra problem-solving (Hatisaru,
2021; Rittle-Johnsaon & Star, 2007; Schneider et al., 2011; Star & Newton, 2009; Xu et al.,
2017). Within this literature, flexibility is defined as the ability to generate, use, and evaluate
multiple strategies for a given problem. As such, it has been emphasized in many policy
documents across the world (Australian Education Ministers, 2006; National Mathematics
Advisory Panel, 2008; Singapore Ministry of Education, 2006; Woodward et al., 2012).
Perhaps as a result, in the domain of algebraic problem-solving, studies have focused on
measuring strategy flexibility (Newton et al., 2019; Star & Seifert, 2006; Xu et al., 2017),
understanding important factors that could affect strategy flexibility (DeCaro, 2016; Jiang,
Liu et al., 2021; Keles & Yazgan, 2021; Ramirez et al., 2016; Shaw et al., 2020; Threlfall,
2009; Wang et al., 2019), and how instructional interventions could facilitate strategy



flexibility (De Smedt et al., 2010; Nistal et al., 2014; Star, Pollock et al., 2015; Star & Rittle-
Johnson, 2008).

In most of these studies, one important aspect of flexibility is the ability to evaluate the most
appropriate strategy for a given problem. Determining the relative merits of various strategies
for solving problems is central to the work of doing mathematics (Carroll, 1999; Star &
Madnani, 2004; Verschaffel et al., 2009). The ability to justify the advantages and
disadvantages of problem-solving strategies is crucial for strategy use and selection (Luwel et
al., 2003). Thus, it is important to understand how students justify the appropriateness of a
strategy. Yet it is also the case that what it means for a strategy to be appropriate is often
dependent on the solver’s beliefs and goals as well as the particular tasks to be solved
(Verschaffel et al., 2009). However, few studies have explicitly investigated how students
select and evaluate their strategies and how different factors could affect their evaluation of
strategy appropriateness. Thus, the present study aimed at exploring students’ strategy
evaluation criteria they used when determining which strategies were considered appropriate
in equation solving. In addition, we applied a cross-national design to further understand how
different educational settings may affect students’ strategy use and strategy evaluation.

Evaluating the appropriateness of strategies: The importance of the
task context

Prior studies that emphasized the development of adaptive expertise (Baroody, 2003; Baroody
& Dowker, 2013; Verschaffel et al., 2009) suggested that the ability to solve mathematical
problems efficiently and flexibly with different strategies is crucial for mathematical problem-
solving. In contrast with routine expertise (i.e., solve mathematical problems by applying
algorithms), adaptive expertise allows students to solve problems in meaningful ways and to
select the most appropriate strategy regarding the characteristics of the mathematical task
(Baroody & Dowker, 2013; Verschaffel et al., 2009). These researchers suggested that an
adaptive expert should be able to evaluate different strategies and use the strategy that is
appropriate according to the specific features of the problem at hand. In this literature, the
appropriateness of a strategy is mainly depending on the task contexts.

Evaluating the appropriateness or merits of the strategy based on the task context is also an
important part of a learner’s meta-strategic knowledge (Karlen, 2015; Kuhn & Pearsall, 1998;
Zohar, 2012; Zohar & David, 2008; Zohar & Peled, 2008). Meta-strategic knowledge, which
is a type of explicit higher-order thinking, has two distinct but related components: knowledge
of tasks and knowledge of strategies. Together, these two types of meta-strategic knowledge
allow students to think about the objectives of a given task; the task characteristics that
suggest the use of a specific strategy; when, why, and how a strategy should be used; and the
disadvantages of not using appropriate strategies (Zohar, 2012; Zohar & David, 2008). In
terms of understanding the task, meta-strategic knowledge implies that strategies are applied
in the service of the goals and purposes of particular tasks (Zohar & Peled, 2008). Thus, a
learner needs to have a good understanding of the task — particularly meta-strategic
knowledge about the task - in order to select appropriate strategies. Researchers have found
that meta-strategic knowledge is a key factor that could influence students’ strategy
performance (Luwel et al., 2003) and the evaluation of strategy use (Karlen, 2015).

The appropriateness of a strategy has also been found to be related to the task context in prior
studies that focused on strategic flexibility in equation solving. Students’ knowledge of
appropriate strategies has generally been measured by a two-part process. Students were first
asked to solve several problems and to provide as many strategies as they could. Students
were then asked to select the strategy that they considered to be the best (Liu, Wang, Star,
Zhen, Jiang & Fu, 2018; Star et al., 2015; Wang et al., 2019; Xu et al., 2017). These studies



highlighted innovativeness and efficiency as the defining criteria for selecting appropriate
strategies.

Table 1

Sample equation and solution methods from Xu et al. (2017)

Sample equation Strategy 1 Strategy 2

3(x—1)=27 3x—3=27 x—1=9
3x=30 x=10
x=10

For example, according to Xu et al. (2017), if a student solved the equation in Table 1 using
the two strategies shown and then identified Strategy 2 as the best one, then the student was
recognized as having chosen the appropriate strategy for this problem. Specifically, in Xu et
al. (2017) (see also Star & Seiffert, 2006; Rittle-Johnson & Star, 2007), Strategy 2 is
considered a more appropriate strategy in this particular task context because it reduces
computational steps ( Star & Seiffert, 2006). A flexible problem solver should be able to solve
equations such as the one shown in Table 1 using multiple ways and to identify that Strategy 2
is more appropriate (Liu et al., 2018; Xu et al., 2017). Drawing from this perspective, we refer
to strategies that might be considered more appropriate or better than other strategies based on
task contexts as “situationally appropriate.” The learning of situationally appropriate
strategies is linked in prior research to flexibility considerations (Star & Rittle-Johnson, 2008).

The use of evaluation criteria for strategy appropriateness based on task context is also seen
among mathematics experts. In particular, Star & Newton (2009) interviewed eight experts
including mathematicians, mathematics teachers, and engineers. They asked these experts to
complete a mathematics test which included several linear equations that were similar to the
example presented in Table 1. After the experts completed the test, researchers asked them to
determine which strategy or strategies that they felt were the most appropriate. The results
showed that all experts showed a common preference for situationally appropriate strategies.
Moreover, these experts suggested that the criteria for identifying situationally appropriate
strategies should include factors such as ease of calculation, fewer steps, and the goal of
taking advantages of a problems’ characteristics. The result indicated that mathematics
experts’ strategy evaluation criteria were consistent with previous studies that emphasized
adaptive expertise, meta-strategic knowledge, as well as those on flexibility (Baroody, 2003;
Star & Rittle-Johnson, 2008; Wang et al., 2019; Zohar, 2012).

Evaluating the appropriateness of strategies: A subjective
perspective

Despite the centrality of the task context in the explicit evaluation of strategy appropriateness,
another stream of research has focused on more implicit and subjective variables that are
related to strategy use and strategy evaluation. According to strategy choice models
(Marewski & Schooler, 2011; Shrager & Siegler, 1998; Siegler & Araya, 2005; Siegler &
Shipley, 1995), individuals store information about a strategy’s cost (e.g., the time involved in
adopting the strategy) and benefit (e.g., its accuracy in solving a problem) that is drawn from
their problem-solving experiences. This information helps learners to continually adapt their
strategy choices and eventually to find the best cost-benefit trade-offs — or in our context,
identifying and then using the most appropriate strategies.

During such an adaptive learning process, if a strategy is task-relevant and if it is judged to be
accurate and useful for the task, then this strategy is used. If a strategy is inaccessible or task-
irrelevant, or if it is judged to be inaccurate, then a backup strategy is used to solve the
problem. Over time, repeated exposure to these types of learning experiences will improve
individuals’ strategy efficiency (Shrager & Siegler, 1998). However, strategy choice models



argue that this process of strategy use and evaluation tends to be implicit and unconscious, as
compared to the more explicit meta-strategic perspectives. These models suggest that an
appropriate or adaptive strategy tends to have the strongest association with a problem and
yields the greatest confidence on its utility and accuracy. Since both associative strength and
confidence are mainly based on one’s own experience, the criteria of appropriateness can vary
considerably among different leaners (Geary et al., 1993; Imbo & LeFevre, 2009).

This idea — that there may be substantial individual variation in learners’ identification of the
most appropriate or adaptive strategy — is further supported by studies that used a choice/no-
choice paradigm (Siegler & Lemaire, 1997). Such studies have found that when participants
were allowed to choose different strategies to solve a computational estimation task, their
speed and accuracy were better than when they were asked to use a particular strategy to solve
all the problems (Lemaire & Lecacheur, 2002; Siegler & Lemaire, 1997). The result implies
that people can select the most accuracy and fast strategy to solve a problem based on their
experience. Similar findings have been also reported in other mathematics domains such as
simple addition and subtraction (Fagginger Auer et al., 2016; Torbeyns & Verschaffel, 2013;
Torbeyns et al., 2004), numerosity judgment (Luwel et al., 2005), and cognitive strategy use
(e.g., retrieval and counting strategies) in arithmetic tasks (Imbo et al., 2007; Imbo &
Vandierendonck, 2007). Taken together, these results indicate that people are capable of
(unconsciously) choosing appropriate strategies for solving different problems if they are
given options. However, such appropriateness is mainly based on one’s experience and does
not necessarily align with task goals or take advantage of the task characters.

Strategy selection models help to explain the subjective and diverse evaluation criteria used
by learners in determining the appropriateness of strategies in equation solving (Franke &
Carey, 1997; Star & Madnani, 2004). A previous study found that students’ criteria for
determining the best strategy in equation solving were quite complex. Although many
students did express the belief that the strategy that involved the fewest steps was better
(situationally appropriate), they also considered problem-solving accuracy and their own
confidence in using the strategy when evaluating the merit of a strategy (Star & Madnani,
2004). Furthermore, students have also been found to exhibit idiosyncratic criteria when
asked to select a situationally appropriate strategy for a given problem (Xu et al., 2017). They
found that students usually can provided multiple strategies (which often included the
situationally appropriate ones) to solve an equation, but some students did not indicate a
preference for a situationally appropriate strategy (Star, et al., 2015; Star & Rittle-Johnson,
2008; Wang et al., 2019; Xu et al., 2017).

One possible explanation for students’ lack of flexibility might be related to students’ prior
familiarity with the different strategies used in equation solving. Recent studies have found
that students have a strong tendency to use the standard strategy in their initial problem-
solving attempts, and this tendency might reflect students’ familiarity with, and their
confidence in, using known and accurate strategies (Liu et al., 2018; Wang et al., 2019; Xu et
al., 2017). According to strategy selection models, it might also be the case that, when given a
choice of strategies, students believe that whichever strategy they initially thought of and
chose to use first is more appropriate, even if this strategy is not situationally appropriate.

Furthermore, such a consideration has the added effect of both affirming an individual’s
strategy choice (e.g., ‘the strategy is the best because it is the one that I thought of first’) and
self-reinforcing (e.g., thinking of a strategy first increases the likelihood that it will be
considered first on future problems). Such self-referencing thoughts are usually involved
when people evaluate different options (Brown et al., 1986; Dahl & Hoeffler, 2004; Sood &
Forehand, 2005; West et al., 2004). In particular, the self-referential process refers to the
evaluation of a choice or a decision in conjunction with or in relation to the individual’s prior



thoughts and experiences. Studies have suggested that people tend to show a more positive
attitude toward a choice or a decision that is related to what they have experienced in the past
as compared to the one that is unrelated to their experience (Brown et al., 1986; Sood &
Forehand, 2005). Thus, in the case of equation solving, students might consider their first
strategy as the best because this choice reflects their preference in strategies and their prior
adaptive learning experience.

This subjective perspective on strategy appropriateness provides some insight into individual
differences in strategy practice and evaluation. However, the self-referencing that underlies
this subjective process may not align with task goals related to efficient or situationally
appropriate strategies. The resulting strategy choices might lead to stereotyped and inflexible
perseverance, including perseveration in using strategies that were successful in prior tasks
but are no longer efficient or appropriate in later tasks (Carr & Steele, 2009). Such
inflexibility might hinder the pursuit of more flexible knowledge and the development of
adaptive expertise that is emphasized by educational researchers. Therefore, it is important to
examine the extent to which students use subjective criteria when evaluating strategies.
Furthermore, teachers’ instruction (Jitendra et al., 2007; O'Sullivan & Pressley, 1984; Sawyer
et al., 1992) and textbook design (Foxman, 1999; Horsley & Sikorova, 2015; Tian et al.,
2021) have a major impact on students’ strategy practice and experience that might affect the
self-referencing process. As a result, it is also important to understand how different
educational settings might affect students’ strategy use and evaluation.

Cross-national comparisons on students’ problem-solving strategy

Cross-national studies provide researchers with special opportunities to understand how
different cultures and educational settings affect students’ mathematical achievement. Based
on the results of cross-national research studies, we can design intervention programs to
improve students’ learning (Cai, 2004; Robitaille & Travers, 1992; Jiang et al., 2014). Prior
studies have found that students’ use of strategies varies considerably between countries (Cali,
2004; Jiang et al., 2014; Jiang et al., 2017; Xu et al., 2014; Yeap et al., 2006). In the field of
algebra learning, recent international studies also found that students from different countries
showed some similarities but also great diversity in strategy use when solving algebraic
problems (Kilhamn & Siljo, 2019; Oikarainen, 2013; Reinhardtsen & Givvin, 2019; Roj-
Lindberg & Partanen, 2019). For example, Reinhardtsen and Givvin (2019) investigated the
problem-solving solutions to a match-stick patterning task among students from Finland,
Norway, Sweden, and the USA. They found that students from the four countries used a
similar drawing strategy to solve the task, however, only Swedish students used algebraic
equations to solve the problem. Another study used different types of algebra problems and
found that in the tasks where students were supposed to write arithmetic or algebraic
expressions or equations, Finnish students generally used the typical mathematical procedures
while Norwegian students present more atypical, but correct, solutions (Oikarainen, 2013).
These studies suggest that cross-national comparison studies might be fruitful for illustrating
variation in students’ strategy usage, particularly for algebraic tasks. However, many of these
studies only included a limited number of students for qualitative analysis and did not provide
a detailed analysis of students’ strategy evaluation or strategy flexibility.

With regard to strategic flexibility in equation-solving, previous studies have demonstrated
that learning environments (such as classroom instruction or curriculum use) can have a
considerable impact on students’ flexible use of strategy (Rittle-Johnson & Star, 2007; Yakes
& Star, 2011). Taking a broader perspective, teaching methods, educational systems, or even
culture may also influence students’ strategic flexibility since all these factors shape the
learning environment. Studies that focused on the international comparison of algebra



educational settings showed that the algebra curriculum and textbooks from different
countries (including China, Finland, Norway, Spain, Sweden, and the USA) differ with regard
to mathematics content as well as expected mathematical reasoning and cognitive levels (An
et al., 2012; Givvin et al., 2019; Vicente et al., 2020). Such differences could further influence
students’ strategy evaluation and their flexible mathematical knowledge. However, rarely has
published research investigated strategic flexibility while also considering the educational and
cultural context of the different countries.

According to Verschaffel et al. (2009), sociocultural factors such as educational goals and
classroom learning opportunities have powerful effects on students’ strategy use and strategy
knowledge. Researchers also have emphasized that we should pay more attention to the
influence of students’ educational histories and current instructional settings on their strategy
choices (Baroody & Dowker, 2013; Bisanz, 2003). To further understand how different
educational settings might affect students’ mathematical thinking, the present study aimed at
investigating students’ strategy evaluation in Sweden, Finland, and Spain.

The present study

The present study focused on investigating students’ strategy evaluation in equation solving
from a cross-national perspective. We first examine the extent to which students use
subjective evaluation criteria to identify the best strategy. If students can use the most efficient
and accurate strategies based on an implicit association process (Shrager & Siegler, 1998) and
as a result of a self-referencing process when determining the most appropriate strategy
choice (Sood & Forehand, 2005), they should show a greater tendency to evaluate the strategy
they use first as the most appropriate strategy. Yet at the same time, different educational
settings might affect both students’ strategy practices and their evaluation of different
strategies in equation solving. For example, previous studies showed that the algebra
curriculum and textbooks in Sweden and Finland tend to be diverse and inquiry-based while
Spanish ones were focused more on typical algorithms (Kilhamn & Séljo, 2019; Vicente et al.,
2020; Yang & Sianturi, 2020). Thus, we also examined whether a more varied and flexible
learning environment (e.g., in Sweden) would encourage students to show a more flexible
strategy evaluation pattern as compared to an algorithm-oriented environment would do (e.g.,
in Spain). Finally, the present study included middle school and high school students to allow
for the examination of the impact of prior knowledge on students’ flexibility (Schneider et al.,
2011; Star & Seiffert, 2006). Since high school students tend to have more learning
experience and more practice on algebraic problem solving than middle school students, our
third purpose is to examine whether such additional learning experience would be associated
with increases in flexible knowledge of strategy evaluation.

Method

Participants

There were 792 middle school and high school students who participated in this study,
including 288 Swedish students (87 in 9th grade, 201 in 11th grade), 258 Finnish students (93
in 8th grade, 165 in 11th grade), and 246 Spanish students (164 in 8th grade, 82 in 11th grade).
We refer to 8th and 9th grade students as being in middle school (MS), and 11th grade as
being in high school (HS). Participating students attended seven Swedish schools, eight
Finnish schools, and five Spanish schools. The schools varied in both school size and
geographic location. High school students were selected from both advanced (HS-A) and
basic mathematics (HS-B) tracks; the proportion of the advanced track students in the study as
compared to all participating high school students in the same country was 90% in Sweden,



63% in Finland, 57% in Spain. All the participants provided informed consent (or guardian’s
informed consent) and participated in accordance with national and international norms
governing the use of human research participants.

Measures

The assessment used in this study was very similar to a flexibility assessment from previous
studies (Liu, 2018; Wang et al., 2019; Xu et al., 2017). Our assessment was designed
originally in English and Chinese, and it was subsequently translated into Swedish, Finnish,
and Spanish by research collaborators who were native speakers in each country. The
assessment included twelve equations (see Table 2) and each equation was designed to be
solvable by a standard strategy and a situationally appropriate strategy. For each equation, we
provided empty boxes for students to write several (up to six) strategies.

Table 2

Sample items on the equation test

Sample equation Standard strategy Situationally appropriate strategy
4(x—2)=24 4x—4x2=24 x—2=24+4
4x—8=24 x—2=6
4x=32 x=8
x=8
4(x + 6)+3(x + 6)=21 4x+24+3x+18=21 T(x+6)=21
Tx+42=21 x+6=21+7
Tx=-21 x=3—6
x=-3 x=-3
8(x—5)=3(x—5)+20 8x—40=3x—154+20 8(x—5)—3(x—5)=20
8x—3x=5+40 5(x—5)=20
5x =45 x—5=4
x=9 x=9
5X5+ > 4+ 6"6*6: 6 30 <5X+5) +30x (—6X6+6) =30x6 S(X:D + 6(X6+D:6

x+D+x+1)=6

6x(5x+5)+ 5%(6x+6)=180

30x+30430x+30 =180 2x+2=4
60x =120 x=2

x=2

Data Collection Procedures

The same data collection procedures were applied in all countries. Participants completed the
test individually during a regular math class (45 minutes). To assess students’ strategy use and
strategy evaluation, we applied a Tri-Phase procedure that was found to be valid and reliable
in measuring students’ strategy flexibility (Xu et al., 2017). In Phase 1, students were asked to
solve the twelve equations as quickly and accurately as possible, and to write down their
solution on the first box in the answer sheet. This phase aimed at probing students’ first
strategy attempt. We provided 15 minutes for students to complete this phase. In Phase 2,
students were asked to solve each equation by using as many different strategies as possible
that were written in the provided boxes. Students were provided 20 minutes to complete this
phase. This phase aimed at encouraging students to generate multiple strategies. In Phase 3,
students were asked to review their strategies and select the strategy that they felt was the best
one for each equation (by circling the box for that strategy). Students were given 5 minutes
for this phase. This phase aimed at probing students’ strategy evaluation.



Coding

Students’ strategies were coded into four strategy types. With respect to the reliability of this
strategy coding, for the Swedish sample, 5% of the student cases (the number of equations on
the test (12) x number of students) were coded by two native Swedish speakers; the intercoder
agreement was 98.5%. For the Finnish sample, 5% of the student cases were coded by two
native Finnish speakers, with intercoder agreement at 98.3%. For the Spanish sample, all
student cases were coded by two native Spanish speakers, with intercoder agreement of
98.6%. All disagreements between the two coders were resolved by discussion.

Students’ strategies for each equation were coded into four categories: standard, situationally
appropriate, other, and no/unintelligible strategy. The standard and situationally appropriate
strategies are presented in Table 2. Strategies coded as other were neither standard nor
situationally appropriate but were potentially viable strategies that could be used to solve the
equation correctly (see Table 7, the third box of the iC+uA example). Strategies that involved
unintelligible work (e.g., only rewriting the equation) and empty boxes were coded as no
strategy. Note that accuracy was not considered as part of the strategy coding process.

In addition, the order of students’ strategy use was determined based on which strategy was
written in which box for each problem. For example, if a strategy was written in the first box,
then the strategy was coded as the “first box strategy”. Finally, students’ strategy selections in
Phase 3 were coded based on the number of the box that was circled for each problem. For
example, if a student circled the strategy that was written in the first box for a problem, then
this first box strategy was also identified as the circled box strategy. The coding of the order
in which strategies were used and the strategy that was circled by the student for each
problem were used to determine which strategy students believed to be appropriate, as
detailed below.

Analysis

Given our interest in understanding students’ strategy choices and rationales for evaluating
strategies, our analysis began by identifying our first analytical sample, which included all
cases where (a) a student produced a solution in Phase 1 of the assessment and at least one
solution in Phase 2, and also (b) the student indicated (circled) which solution was best in
Phase 3. To enable our evaluation of students’ strategy choices, it was necessary to analyze
only those cases where students produced multiple strategies and also selected the one
strategy that they perceived to be the best.

Within this first analytical sample of problems, we defined several strategy evaluation types
by determining whether a student’s strategy choices for a problem were consistent (C) or
inconsistent (iC). The concept of “consistency” here is borrowed from the literature of dual-
process theory that focuses on heuristic and analytical cognitive processes’. As suggested by
strategy choice models, people tend to select their first strategy for solving a problem based
on their strategy practice or experience (Shrager & Siegler, 1998). Thus, if students justify
their first strategy as the best strategy, their responses were considered as consistent.
Operationally, if a student circled (in Phase 3) the strategy written in the first box that was
generated in Phase 1, the student was coded as consistent (C) for that problem. In other
words, C indicated the “self-referencing” process as noted above. Otherwise, if a student

! Heuristic processes are based on experience/intuition and are automatic and more implicit (i.e., the rule of thumb), while
analytical processes are based on logic and deliberate thinking. People’s responses or tasks that are aligned with experience
are usually considered as consistent responses or consistent tasks, and responses or tasks that requires deliberate rea-soning to
overcome the heuristic are considered as inconsistent responses or inconsistent tasks (Chaiken & Ledgerwood, 2012; De
Neys, 2006)



circled any other strategy for a problem apart from the one written in the first box, the student
was coded as inconsistent (iC). The C and iC responses reflect students’ prior adaptive
learning experience as well as their initial preference and confidence in strategy use.

Our second aim was to investigate the alignment between students’ strategy choices and that
emphasized in the flexibility literature. For this aim, it was necessary to use a subset of the
first analytic sample, only including cases where (a) the strategies that a student produced for
a given problem (in Phases 1 and 2) included both a standard and a situationally appropriate
solution, and (b) the first strategy generated (for Phase 1) was one of these two strategy types
(i.e., not of type “other”).

Within this second analytic sample, external alignment captured the extent to which a
student’s strategy choices aligned with the flexibility views. Students expressed their
preferences for which strategies were best through their choice of which strategy to use in the
first box in Phase 1 (we view this as an implicit identification of a best strategy) as well as
which strategy to circle as the best in Phase 3 (we view this as an explicit identification of a
best strategy). Thus, for a given problem, a student’s strategies could be aligned with
flexibility goals implicitly (the implicit process that suggested by the strategy choice models),
where the student chose to use a strategy as their first attempt in Phase 1 that is defined as the
best strategy in the flexibility literature (iA), or explicitly, where the student circled a strategy
in Phase 3 that flexibility researchers viewed as the best strategy (eA). Alternatively, students’
indication of which strategy is best for a problem (implicitly or explicitly) might not align
with the goal of flexibility (UA).

These two types of coding — which indicate (a) consistency between students’ first strategy
and the one that was circled as the best strategy, and (b) alignment between students’
identification of best strategy and the goals that flexibility literature emphasized — can be
combined into the matrix described as follows (see Table 3). Note that it was theoretically
possible for a student to be non-internally consistent and not externally aligned (iC+uA). But
in practice, such cases were extremely rare (8 out of 1945, or less than 0.5 %) and as a result
were excluded from our analyses. All the coded data were analyzed by Chi-square analysis
and level-wise comparisons were performed to test differences among age groups or country
groups. Bonferroni correction was used when multiple tests were performed on the same
variables.
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Table 3

Different strategy evaluation types and examples of the students’ responses.

A (Aligned with flexibility goals) uA (Not aligned with flexibility goals)
C+A: CHuA:
4(X+6) +3(X+6) =21 A(X+6) +3(X+6) =21
C (x+6) =21 dx+24+3x-+ 1821 Taet6) =21
(con- 6= Tx+a2=21 h6=2127
A =3 =21 —1—
sistent) — - .
1°! box
1CHA:
4(XCH6) +3(X+6) =21
Tx+6) =21 dx+24+3
x+6-21+7 T+ .
s . 1CtuA:
. — - 4X+6) +3(XH6) =21
1C dx+24+ 3 +18=21 Tx+6)=21
(Incon 1# box Tx+42=21 X H6=2157
Te=-21 =3—6
con- iC+eA: 3 —3
sistent) 4(O6+6) +3(X0+6) =21 1 box
dx+24+ 3+ 18=21 (v +6)=2
Tx+42-21 +6
7x=-21 =3
x=-3 =3
1** box
Results

In this section, we describe our first analytical sample, which included all cases where a
student provided strategies in both Phases 1 and 2 and circled a choice in Phase 3. Within this
analytical sample, we then analyze the frequency of C and iC cases to determine to what
extent students’ responses were in accordance with the predictions of the strategy choice
models. We analyze the four types of strategy evaluation responses (see Table 3) in the second
analytical sample, namely C+A, iC+iA, iC+eA and C+HuA, to examine how students’
evaluation of strategies might relate to their strategy preferences and to what extent their
criteria for strategy evaluation aligned with the goal of flexibility development.

Internal Consistency

We now restrict our attention to the first analytical sample (i.e., those cases that were deemed
either C or iC). The overview of the data and the construction of the first analytical sample
were presented in Table 4.
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Table 4

Rates of multiple strategy use and consistency among all cases in for Spanish, Finnish, and
Swedish students in different tracks.

Percent of cases Percent of cases Percent of cases Percent of cases
where multiple that were included in the
Country Age Group stratesi that were . . f Ivtical
gies were consistent (C) inconsistent irst analytica
used >i0) sample
MS (n = 1968) 16.0 9.3 4.7 14.0
Spain HS-B (n =420) 38.1 22.6 15.2 37.9
HS-A (n = 564) 48.2 26.2 20.4 46.6
MS (n=1116) 14.3 6.7 6.5 13.3
Finland HS-B (n =732) 19.1 10.0 7.0 16.9
HS-A (n = 1236) 53.2 25.0 27.1 52.1
Sweden MS (n = 1044) 24.2 10.5 9.8 20.3
HS-B (n = 240) 40.0 20.4 19.2 39.6
HS-A (n=2172) 53.8 29.6 23.0 52.6

Note. MS: middle school, HS-B: high school basic track, HS-A: high school advanced track, » is the total
number of cases for each group, which is the number of equations on the test (12) X number of students.
Overall levels of internal consistency (C) and inconsistency (iC) responses among our first
analytical sample from each group of students are presented in Table 5. Note that there were
some cases with multiple solutions who were neither C nor iC. In such cases, students have
either presented no solution in Phase 1 or they have not indicated which solution they
consider the best.

Table 5

The internal consistency rate (%) in the first analytical sample for Spanish, Finnish, and
Swedish students in different tracks.

Percent of cases that were internally

Country Age Group consistent (C)
MS (n=276) 66.7
Spain HS-B (n =159) 59.7
HS-A (n =263) 56.3
MS (n = 148) 50.7
Finland HS-B (n = 124) 58.9
HS-A (n = 644) 48.0
MS (n=212) 51.9
Sweden HS-B (1 = 95) 51.6
HS-A (n=1143) 56.3

Note. n is the total number of cases that students proved either a consistent or inconsistent response.

The number of cases in the analytical sample ranges from 14.0 % (MS, Spain) to 52.6 % (HS-
A, Sweden) as showed in Table 4. However, Table 5 indicates that in each group the relative
frequency of C and iC cases are roughly the same, ranging from 48.0 % (HS-A, Finland) to
66.7 % (MS, Spain) with the other groups in the range 50-60 %. Thus, students from all
countries showed a similar percentage of responses of circling the first box strategy as the
best. With regard to age differences pooled over the three countries, there was not a
statistically significant difference in rates of internal consistency X2 (2, 3046) = 4.7, p =.095.
In total there were 1686 cases of internal consistency, for a rate of 55.5 % of cases.

We move now to a comparison of the results from the three different countries, in terms of
rates of internal consistency (i.e., percent of cases where a student circled their first strategy
as the best). Since the composition of the samples from different countries differs, we
compare the countries within track (MS, HS-B or HS-A). We find that there is no difference
for HS-B, )(2 (2, 378)=1.8, p =.41, whereas the other two tracks do feature significant
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between-country differences (MS: »* (2, 636)=15, p =001, and HS-A: »* (2, 2050)=12, p
=.002). Follow-up t-tests with Bonferroni correction show that middle school Spanish
students have higher rates of C cases compared to Finland and Sweden; the latter two are not
different from one another. For HS-A, Finnish students have lower rates of C cases compared
to their Spanish and Swedish peers, who do not differ from one another.

In sum, with regard to the internal consistency of students’ identification of which strategy
was the best, our results suggest that it was not the case that students tended to use the
strategy that they viewed as the best in their first attempt. In only about 55.5 % of all cases
students were internally consistent. Furthermore, this proportion of cases for which students
were internally consistent did not change significantly from middle school to high school.
Spanish middle school students were slightly more internally consistent than their peers in the
other counties, whereas Finnish advanced track high school students were slightly less
internally consistent than their peers. These results indicate that students’ preferred strategy —
the one that they chose to use first on each problem — was not necessarily the one that they
viewed as being the best.

Strategy Evaluation

To further examine students’ evaluation of strategies and to explore the extent to which their
criteria for strategy evaluation aligned with flexibility goals, we analyzed the four types of
strategy evaluation responses, namely C+A, iC+iA, iC+eA and C+uA. The percentages of
each type of strategy evaluation from each group of students are presented in Table 6.

Table 6

Different types of strategy evaluation (%) among all the cases for Swedish, Finnish and
Spanish students in different tracks

Proportion of

all cases
Country Age Group C+A iCHA iC+eA C+uA included in the
2" analytical
sample
MS (n = 1968) 0.2 0.1 2.1 2.5 4.9
Spain HS-B (n =420) 2.6 0.5 11.7 5.5 20.5
HS-A (n = 564) 1.4 0.0 16.0 8.2 25.5
MS (n=1116) 1.3 0.1 3.0 0.5 5.0
Finland HS-B (n=732) 0.1 0.0 2.9 22 5.3
HS-A (n =1236) 12.3 0.8 23.1 6.1 42.3
Sweden MS (n = 1044) 0.4 0.2 5.4 2.5 8.4
HS-B (n = 240) 2.1 0.4 14.2 5.4 22.1
HS-A (n=2172) 18.2 1.2 17.1 2.9 39.5

From the final column, we see that middle school and Finnish high school basic track students
had only 4.9-8.4 % of cases included in the analytical sample, high school students in either
track in Spain and the basic track in Sweden were in the range 20.5-25.5 %, and advanced
track high school students in Finland and Sweden included 42.3 % and 39.5 % of cases. This
pattern is similar to that of the proportion of cases including multiple strategies (see Table 4),
with the exception of Spanish advanced track high school students who are relatively less
represented in the second sample than the above analysis.

Furthermore, we observe that the iC+iA case is extremely rare, with less than 1% of cases in
all countries and age groups. The C+A case is also quite rare, with the exception of advanced
high school track students in Finland. In addition, high school basic track is not well
represented in the second analytical sample for Finnish students, with only 5.3% of the cases
included in the sample. Although other countries had a modest rate of HS-B included in the
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second analytical sample (20.5% and 22.1% for Spain and Sweden, respectively), the original
sample is relatively small. In these circumstances a detailed analysis of the categories can
easily be swayed by individual students, so we omit the HS-B group in what follows.

Table 7

Different types of strategy evaluation (%) among the second analytical sample for Swedish,
Finnish, and Spanish students in different tracks

Country Age Group C-A iC-i1A iC-eA C-uA
Spain MS (n=97) 4.1 1.0 423 51.5
HS-A (n = 144) 5.6 0.0 62.5 31.9

Finland MS (n =56) 26.8 1.8 60.7 10.7
HS-A (n=523) 29.1 1.9% 54.5 14.5

Swiden MS (n = 88) 4.5 2.3 63.6 29.5
HS-A (n = 859) 46.1 2.9 43.2 7.2

Note. n is the total number of cases from the second analytical sample that students proved both a standard
and a situationally appropriate solution and the first solution is of one of these types

Across the three countries there was a significant difference between middle school and high
school advanced track students, »* (3, 1822) = 118, p<.001. A follow-up comparison of groups
within country (with Bonferroni correction coefficient 3) showed significant differences in
Spain, ¥ (3, 243) = 11.3, p<.032, no significant differences in Finland, »* (3, 591) = 1.43,
p>.1, and significant differences in Sweden, % (3,988) = 118, p<.001. Pair-wise comparisons
of groups across countries with a Bonferroni coefficient 15 (equal to the number of pairs
among the six groups) suggested that Spanish HS-A and Swedish MS are very similar. A
comparison of either of these with either the Finnish group shows significant differences, e.g.,
Finnish and Swedish MS comparison gives % (3, 151) = 21.6, p<.002 (with correction). The
difference between Swedish HS-A and the others is even bigger (ps < 0.001).

In summary, Swedish advanced track high school students showed the strongest tendency to
identify the situationally appropriate solution as best: 90 % of cases were aligned with the
flexibility goals. In half of these cases, the situationally appropriate solution was produced in
Phase 1 (C+A), in the other half it was produced in Phase 2 (iC+eA). Most of the remaining
cases are of type C+uA, which typically involved using the standard algorithm in Phase 1 and
selecting it as the best. Finnish students in middle school or the advanced track of high school
also accounted for 84-88 % of the cases that selected the situationally appropriate solution as
best. However, as compared to their Swedish high school peers, only one-third of cases
involving situationally appropriate solutions were produced in Phase 1 (C+A), whereas
production of the situationally appropriate solution in Phase 2 (iC+eA) accounted for two
thirds of cases. Again, most of the remaining cases are of type C+uA.

As compared to Swedish high school students and Finnish students, Spanish and Swedish
middle school students showed a very different pattern when evaluating the best strategy. For
these students, the type C+uA was now present in 30-52 % of the cases. This indicates
Spanish and Swedish middle school students were much less likely (as compared to the other
profiles) to have chosen the situationally appropriate solution as the best when it was not
produced in Phase 1. Indeed, for Spanish middle school students, more than half of all cases
involved starting with the standard solution and choosing it as best, even though these
students were able to produce the situationally appropriate solution in Phase 2. Overall, in
only 46-68% of cases was the situationally appropriate solution chosen as best for this group
of students.

Our results also indicated that each country showed a different pattern of change from middle
school to high school. Finnish middle school students and advanced track high school
students showed no difference in the distribution of cases. In Spain there were indications of a
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shift (p<.032), with more high school students being internally inconsistent in favor of
choosing the situationally appropriate solution produced in Phase 2. Finally, in Sweden there
was a substantial difference between the age groups, with a shift from internally consistent
and non-aligned with flexibility goals (C+uA) to internally consistent and aligned with
flexibility goals (C+A).

Discussion

The present study explored students’ strategy evaluation in three different countries: Sweden,
Finland, and Spain. To our knowledge, this is the first cross-national study that examined the
issue of strategy evaluation in equation solving. Through the development of a new coding
system of students’ responses on flexibility tasks, we accessed both students’ implicit strategy
choices for how to solve equations as well as their explicit evaluation of the appropriateness
of strategies. Specifically, we examined how students’ evaluation of which strategies were
considered the most appropriate might relate to their adaptive learning experience and
strategy selection preferences as suggested by strategy choice models and the self-referencing
account of choice making, to what extent students’ strategy evaluation choices were aligned
with the flexibility literature, and how students’ strategy evaluation choices might differ based
on different national contexts and age levels.

Our results indicated that, first, in cases where students used multiple strategies to solve linear
equations on our assessment, there was no clear indication that students viewed their first
strategy as the best strategy for a given problem. In about half of the cases, students identified
a strategy other than the one that they used first as the best strategy (i.e., iC). This pattern did
not differ significantly across countries or between middle school and high school. This result
is consistent with previous studies’ findings which affirm that students do not always use the
most appropriate strategies even if they demonstrated knowledge of them (Liu et al., 2018; Xu
et al., 2017). Furthermore, these results challenge the strategy selection models’ claim that
students can select the most adaptive/efficient strategy to solve a problem as long as they are
given choices. That is, the strategy that students use in their first attempt might indeed reflect
their familiarity or confidence in using that strategy (as predicted by strategy choice models).
But it is difficult to claim that students’ first used strategy is the one that they considered to be
the best or the most appropriate, given that many students often did not evaluate their first-
used strategy as the best. In addition, in a high percentages of cases in both middle school and
high school, students across all three countries indicated that they did not appear to be self-
referencing by selecting their first strategy as the best regardless of what type of strategy it
was. Our findings suggest that students from all countries evaluated strategies not only based
on their initial preferences or their confidence of using a strategy, but also using other factors
such as the innovativeness or efficiency of the strategy, or perhaps their beliefs about the
teacher’s expectations. Such findings support the idea that students could show explicit meta-
strategic knowledge when evaluating the appropriateness of strategies (especially for higher-
track students) instead of relying on the implicit and automatic associative process (Luwel et
al., 2003).

Second, when considering the alignment between students’ and flexibility goals on the
evaluation of strategies, it appeared that students’ strategy evaluation patterns were quite
varied across countries. We found that Finnish and Swedish students’ strategy evaluation
criteria were more likely to be aligned with researchers’ criteria, as compared to Spanish
students. This was even more pronounced for Swedish advanced track high school students.
This strategy evaluation pattern is also consistent with prior studies that included only
Chinese students (Wang et al., 2019; Xu et al., 2017). Spanish students and Swedish middle
school students, however, tended to use the standard strategy in their first attempt and to
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evaluate the standard strategy as the best. We believe that these cross-national differences in
strategy use and strategy evaluation might be related to the different educational environments
in three countries, particularly in the ways that recent changes in the Finnish and Swedish
mathematics curricula may have moved these countries away from the curricular model used
in Spain. In particular, Spanish researchers have pointed out that many existing Spanish
textbooks continue to include many traditional activities (e.g., pen-and-pencil exercises and
many algorithmic exercises) and do not leverage various contexts or methods that could help
students understand mathematics concepts (Rico, 1995; Socas et al., 2016; Vega-Castro et al.,
2012). Commentators on Spanish mathematics teaching and curriculum note that linear
equation solving consists mostly of routine exercises and mathematical tasks are almost
always closed and with a unique solution, and teachers’ task implementation decisions do not
promote students use of multiple strategies and the explicit comparison of different solutions
to the same problem (e.g., Gonzalez-Astudillo & Sierra-Vazquez, 2004; Lopez & Betancor,
2007). Furthermore, a majority of teachers still rely heavily on quite traditional textbooks and
continue to place great emphasis on using standard algorithms quickly and efficiently (Casas
& Garcia Castellar, 2004; Joglar-Prieto et al., 2018). In particular, the present results suggest
that Spanish students might value standard strategies more than the situationally appropriate
strategies, to the point where they tend to evaluate the standard strategy as the best.

While the traditional approach from Spain is likely also present in Finland and Sweden, it is
also the case that there also have been substantial efforts to encourage teachers to use open-
ended mathematics problems in Finland during the past decades (Halinen et al., 1991;
Pehkonen, 2008). A similar trend of an increasing emphasis on understanding mathematics,
interpreting mathematical situations, and using strategies to solve problems has also been
observed in Sweden (Bréting, 2015). In particular, there is more content that involves
meaning-making, combined with a decrease in “pure” mathematics content (e.g. calculation
practice) (Bréiting, 2015; Hemmi et al., 2013). These efforts in Sweden and Finland have
possibly caused some increase in meaningful contexts and open-ended questions. If students
are given freedom in the problem-solving process to understand and explore different
strategies, students may end up producing multiple and equally correct solutions, depending
on the problem-solving choices made and the emphases placed during their solution processes
(Pehkonen, 2008). This kind of educational environment may encourage students to use
different strategies and think creatively during problem-solving, which in turn may further
impact students’ beliefs about what it means for a strategy to be the best strategy. These cross-
national differences in strategy evaluation further support the idea that students evaluate the
appropriateness of a strategy not only based on task characteristics (e.g., the structural
features of an equation) or their practices (e.g., how familiar and confident they are in using
the strategy), but also on variables related to sociocultural context and classroom teaching and
learning norms (Ellis, 1997; Verschaffel et al., 2009).

Finally, we found that different countries showed different strategy evaluation patterns
regarding age differences (i.e., middle school and high school). In Spain and Sweden, high
school students were more likely to identify the situationally appropriate strategy as the best
as compared to middle school students, as evidenced by an increase in the number of C+A
(Sweden) and iC+eA (Spain) cases from middle school to high school. In contrast, Finnish
students were an exception to this trend with both middle and high school student groups
lying somewhere in between Spanish and Swedish high school students. We conjecture that
the anomalous result of the Finnish middle school group may be explained by the fact that the
group included only 56 cases, so the results may have been swayed by just a few especially
talented students.

In general, high school students have more algebraic knowledge than middle school students;
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they also have more equation-solving experience. According to previous studies, students
with greater prior knowledge were more capable of solving equations in multiple ways and
are more likely to recognize the strategies that fits the task context to be appropriate (Newton
et al., 2019; Schneider et al., 2011; Verschaffel et al., 2011). Such age differences might also
be related to other cognitive factors such as executive function, metacognition or meta-
strategic knowledge because these factors are age sensitive and play important roles in
problem solving (Diamond, 2013; Zohar, 2012). It would be interesting to further investigate
whether students’ evaluation is related to these cognitive factors.

In sum, the present study suggests that how students evaluate a situationally appropriate
strategy as the best strategy may be influenced by their sociocultural and country context and
their prior knowledge and age level. Previous studies that dedicated to understanding,
characterizing, and promoting students’ mathematics flexibility emphasized the ability
identifying the situationally appropriate strategy as the best strategy (Liu et al., 2018; Wang et
al., 2019; Xu et al., 2017). However, when considering an educational context where the use
of the standard strategy appears to be especially emphasized (e.g., in Spain), students might
perceive that fast, accurate implementation of the standard algorithm continues to be a more
important outcome than flexibility.

Furthermore, the cross-national differences in strategy evaluation found here also suggest that
for students from different educational contexts, different types of interventions might be
needed to improve students’ flexibility. For example, for students who evaluate the
situationally appropriate strategy as best but do not use it consistently or spontaneously,
interventions that aim at improving students’ understanding of equation structure and
problem-solving procedures might be appropriate. However, for teaching environments where
the standard strategy is emphasized, teacher professional development workshops that could
help teachers understand the idea of procedural flexibility and the importance of using meta-
strategic knowledge about the situationally appropriateness might be a more effective first
step.

Although we found significant cross-national and developmental differences in strategy
evaluation, there are several limitations to the present study that suggest caution in
generalizing these conclusions. First, our study used convenience sampling instead of other
systematic sampling methods. Thus, the distribution of our data across ages and countries is
quite variable. Thus, our results might be affected by the sample size and quality. Future
studies should use a more systematic sampling method to better control the sample size and
other sample-related variables. Second, we used an age-match design in the present study and
did not control for students’ mathematics performance or ability. This might yield
confounding effects on the cross-national comparison results. Prior studies have suggested
that an ability-match design might be necessary because cross-national differences could be
due to different levels of mathematics ability rather than cultural factors (Muldoon et al.,
2011). Thus, future studies could use mathematic ability assessments or mathematics tasks to
control for students’ mathematics performance. Finally, this is a cross-sectional study which
limits the generalization of our developmental claims. A longitudinal design might be
necessary to better reveal the developmental trends of students’ strategy evaluation.
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