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In this article we investigate the Gromov hyperbolicity of Denjoy domains equipped with
the hyperbolic or the quasihyperbolic metric. The focus are on comparative or decomposition
results, which allow us to reduce the question of whether a given domain is Gromov hyperbolic
to a series of questions concerning simpler domains. We also give several concrete examples
of applications of the results.
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1. Introduction

In the 1980s M. Gromov, cf. [15], introduced a notion of abstract hyperbolic
spaces, which have thereafter been studied and developed by many authors,
e.g. [9, 10, 22, 31]. Initially, the research was mainly centered on hyperbolic
group theory; lately researchers have shown an increasing interest in more di-
rect studies of spaces endowed with metrics used in geometric function theory, e.g.
[4, 6, 8, 16, 20, 21]. One of the primary questions is naturally whether a particu-
lar metric space is hyperbolic in the sense of Gromov or not. A classical example
of a Gromov hyperbolic space is a Riemannian manifold with sectional curvature
K< -k <.

Gromov hyperbolicity of the quasihyperbolic metric was studied in M. Bonk, J.
Heinonen and P. Koskela [8] and a geometric characterization in terms of a slice
condition was given by Z. Balogh and S. Buckley in [4]. The Gromov hyperbolicity
of the Poincaré hyperbolic metric is not as well understood, although several in-
trinsic results were obtained in [3] and [23]-[30], in particular in the case of Denjoy
domains. The reason for studying Denjoy domains is that, on the one hand, they
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are a very general type of Riemann surfaces, and, on the other hand, their sym-
metry simplifies their study. This kind of surfaces are becoming more and more
important in geometric function theory (see e.g. [1, 2, 11, 13]).

One way to approach the Gromov hyperbolicity with the hyperbolic metric is
from the quasihyperbolic metric. For instance, one may ask whether there exists a
domain such that one of these metrics is Gromov hyperbolic and the other is not.
Since ho and ko are not in general quasi-isometric, it is natural to expect that
this be the case. In [18] we studied this question in Denjoy domains and came to
the surprising conclusion that in fact hq is Gromov hyperbolic if and only if kq is.
Whether or not this is true in general domains remains an open question. A more
precise description of these results is given in Section 3.

In this paper we give several results of a comparative type: suppose that C\ E
and C \ F are Gromov hyperbolic. Does it follow that C\ (E U F') is? We also
obtain the following comparative result with a very simple statement: if 2 is a
non-Gromov hyperbolic Denjoy domain and £ C RN Q is closed, then Q \ E
is not Gromov hyperbolic. We will also show how such results are useful when
determining whether a particular domain is Gromov hyperbolic. To get started we
review some notation and definitions in the next section and some useful tools in
the following section.

In [19] we pursue similar questions from a different point of view and prove for
general domains with the quasihyperbolic metric results which were proved in [14]
for the hyperbolic metric.

2. Definitions and notation

By H we denote the upper half plane, {z € C: Imz > 0}, and by D the unit disk
{z €C: |z| < 1}. For D C C we denote by 0D and D its boundary and closure,
respectively. For z € D C C we denote by dp(z) the distance to the boundary,
mingesp |2 — al. We denote by ¢ and C generic constants which can change their
value from line to line and even in the same line. We say that an inequality holds
quantitatively, if it holds with a constant depending only on the constants in the
assumptions.

Recall that a domain Q C C is said to be of hyperbolic type if it has at least
two finite boundary points. The universal cover of such domain is the unit disk D.
In © we can define the Poincaré or hyperbolic metric, i.e. the metric obtained by
pulling back the density ds = 2|dz|/(1 — |z|?) of the unit disk. The quasihyperbolic
metric is the distance induced by the density 1/dq(z). By kq and hg we denote
the quasihyperbolic and hyperbolic distance in 2, respectively.

Length (of a curve) will be denoted by the symbol 44, where d is the metric
with respect to which length is measured. The subscript “Eucl” is used to denote
the length with respect to the Euclidean metric. Also, as most of the proofs apply
to both the quasihyperbolic and the Poincaré metrics, we use the symbol k as a
“dummy metric” symbol, which stands for either & or h.

A geodesic metric space (X, d) is said to be Gromov §-hyperbolic, if

d(w,[z,z]U[z,y]) <6

for every z,y,z € X, corresponding geodesic segments [z,y], [y, 2] and [z, 2], and
some w € [z,y|. If this inequality holds, we also say that the geodesic triangle is
d-thin, so Gromov hyperbolicity can be reformulated as requiring that all geodesic
triangles are thin.

A Denjoy domain € C C is a domain whose boundary is contained in the real
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axis. Hence, it satisfies Q@ N R = Upea(an,brn), where A is a countable index set,
{(an,bn)}nen are pair-wise disjoint, and ap,b, € R U {—00,00}. When studying
Gromov hyperbolicity, we may restrict ourselves to the case where A is countably
infinite, since if A is finite then hg and kq are easily seen to be Gromov hyperbolic
by [17, Proposition 3.5].

Let © be a Denjoy domain. Then we have QNR = Uy, >0(ay, b,) for some suitable
disjoint intervals. We say that a curve in €2 is a fundamental geodesic if it is
a geodesic joining (ag,bp) and (an,by), n > 0, which is contained in the closed
halfplane H = {z € C: Im 2z > 0}.

A function between two metric spaces f : X — Y is an (a, b)-quasi-isometry,
a>1,b2>0,if

édx(m,fvz) —b < dy(f(z1), f(22)) < adx(z1,72) + b,

for every z1,z9 € X. If there exists a constant ¢ such that dy (f(X),y) < ¢ for
every y € Y, we say that X and Y are quasi-isometric.

3. Summary of previous results

In this section we recall the main results from [17, 18] which are needed in this
paper.

We start with the following intrinsic characterization of Gromov hyperbolicity
of Denjoy domains. It turns out that for comparative results, this characterization
is often more useful than the extrinsic one that follows.

Theorem 3.1 [18, Theorem 4.3]: Let Q be a Denjoy domain with Q N R =
U2 o(an,by), and denote by ko the Poincaré or quasihyperbolic metric in Q. Let
us fix x,, € (an,by,) for each n > 0. Then kg is Gromov hyperbolic if and only if

sup sup ko(z, +iy,R) < oo,
n20ye(0,R)

quantitatively, where R := sup |z, — Tp|.

Note that if Q in the previous theorem is such that limsup,,_,, |an| = 0o, then
R = oo and the supremum is taken over all y € (0, 00).

Then we move to the extrinsic characterization of Gromov hyperbolicity of Den-
joy domains. We use the convention that min{b,, —z,z —ap, } = z —an, if by, = oo,
similarly for a,, = —o0.

Theorem 3.2 [18, Theorem 5.2]:  With the notation of Theorem 3.1, kq is
Gromov hyperbolic (quantitatively) if and only if there exists L > 1 such that for
n > 0 and every y € (0, R) there ezists m > 0 and x € (am, b)) such that

1|2y — 7| < y < Lmin{by, — 2,7 — ap}.

The following is the main theorem of [18]. It is well-known that if two geodesic
metric spaces are quasi-isometric, then either both are Gromov hyperbolic or nei-
ther is. Beardon’s and Pommerenke’s well-known result (see [5]), implies that there
is not in general a constant such that ko < chq, whereas the upper bound hg < 2kq
always holds. Therefore it is quite surprising that hq is Gromov hyperbolic if and
only if kg is when 2 is Denjoy domain, which we now proceed to show. It remains
an open question whether this type of equivalence holds in more general domains.
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Theorem 3.3 [18, Theorem 4.6]: Let Q be a Denjoy domain. Then kg is Gromov
hyperbolic if and only if hq is, quantitatively.

Using the previously mentioned results as well as the results of [17] we were able
to obtain the following very concrete description of Gromov hyperbolicity which
covers many cases.

Theorem 3.4 [18, Theorem 5.5]: Let Q be a Denjoy domain with Q N R =
U2 o(@n,bp), b >0, by, < an41 for every n, and liminf,_, by /a, > 1.

(1) If ag = —o0, then hq and kq are Gromouv hyperbolic.
(2) If ag > —o0, then hq and kq are Gromouv hyperbolic if and only if

Qp41

lim sup < o0.

n—00 n

4. Comparative results

In this section we consider the problem of joining the boundaries of two domains.
If each of the original boundaries gave rise to a Gromov hyperbolic space, what
about their union?

As an application of Theorem 3.1 result we easily derive our first comparative
result:

Corollary 4.1: Let Q2 be a Denjoy domain, and denote by ko the Poincaré or
quasihyperbolic metric in Q. Let E be a closed set in the real line. If E C Q and
kq 18 not Gromov hyperbolic, then kq\g is not Gromov hyperbolic.

Proof: If QNR = U y(an, by), fix z, € (an,by) \ E for each n > 0 and let R be
as in Theorem 3.1. As kq is not Gromov hyperbolic, Theorem 3.1 gives that

sup sup ko(z, + 1y, R) = oo.
n20ye(0,R)

Since kg < ko\g and z, € Q\ E for every n > 0, the corresponding supremum for
ko\g 18 also infinity. Consequently, Theorem 3.1 gives that sq\p is not Gromov
hyperbolic. O

For the more sophisticated results we rely on the following types of decomposi-
tions.

Definition 4.2: Let (X, d) be a metric space, and let {X, }, C X be a family
of geodesic metric spaces such that n,, = X, N X,, are compact sets. Further,
assume that for any n and m the set X \ 7,,,,, is not connected, and that a and b
are in different components of X \ 7, for any a € X, \ 7ym, b € X, \ 7m, with
m # n. If there exists positive constants ¢; and ¢z such that diamx,, (7,m) < ¢1 for
every n,m, and dx, (Dnm,nk) = c2 for every n and m # k, we say that {X,,}, is
a (c1, c2)-tree decomposition of X.

Theorem 4.3 [Theorem 2.4, [28] and Theorem 2.9, [23]]: Let us consider a
metric space X and a family of geodesic metric spaces {Xp}n, C X which is a
(c1,c2)-tree decomposition of X. Then X is §-hyperbolic quantitatively if and only
if there exists a constant &' such that X,, is 0'-hyperbolic for every n.

Let us start by looking at the effects on Gromov hyperbolicity of joining bound-
ary components of Gromov hyperbolic spaces which are uniformly separated. The
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Figure 1. The setup of Theorem 4.4: the segments [8;_1, @] are shown in red, the sets E with black
think lines

setup of the following theorem is shown in Figure 1. If D is a closed subset of (2,
we denote by kg p the inner metric in D defined by dq, that is

koip (2, w) := inf {£; () : ¥ C D is a curve joining z and w}.

It is clear that £y o p(7y) = Lk,o(7) for every curve y C D and kg p(z, w) = ka(z, w).

Theorem 4.4: Consider a Denjoy domain Q and suppose that US> (o, Brn) C
Q, with B, < apy1 and ay, B, € 0Q. Let By, be the ball with (Bn—1,a,) as di-
ametrical chord. Assume that § € (0,1) is such that the dilated balls (1 + §)B,
are disjoint. Define Ey, := [Bp—1,0n] N OQ for n > 1. Then (Q,kq) is §-Gromov
hyperbolic quantitatively if and only if (C\ En, kc\g,) is 6'-Gromov hyperbolic for
every n > 1 and (C\ Un[Bn—1, o, Ke\U, B, _1,a,]) 18 Gromov hyperbolic.

Proof: By Theorem 3.3 it suffices to consider the quasihyperbolic metric, and we
assume that kg = kq. For simplicity we set € = %5.

Let Q, := (1 +2€)B, N Q and Qy := C\ Upy(1 + 2€)B,, and define !, :=
(14 3¢)B, NQ and Q. := C\ Up(1 + €)By,. We denote by X,, the metric space
(Qn’kQ’nmn)’ forn e NU {OO}

Suppose that z € Q, for n < co. Since Q) C C\ E,, it is clear that do, (z) <
dc\g, (T). Suppose that a strict inequality holds. Then o, (z) = 614368, (z) >
e diamgye By /2. On the other hand, de\E, (z) < (1 + 2¢) diam B,,. Hence we con-
clude that

€/2

T+ % dc\E, (z) < dqr, (7) < de\, (2)-

Since the densities in C \ E,, and ], are equivalent in Q,,, we conclude that X,
is Gromov hyperbolic if and only if (2, kc\z,|o,) is.- Note that ¥, = (C\ (1 +
2¢)B,,, kc\En\c\(HQe)B_n) is Gromov hyperbolic, since if ¢ > 1 + 2¢ then

|dz\ i diamEucl Bn

£ 0(tBy)) < / S :
k:C\En( ( )) 8(tB.) dEucl (Z, Bn) (t — 1)% diamgye Bp

2t w(1 + 2¢)
< :
t—1 €

and Y, thus is quasi-isometric to a cylinder. Since X,,Y,, constitute a (mw(1 +
2¢) /€, 1)-tree decomposition of C \ E,, Theorem 4.3 gives that (Qn,ke\g, o,) is
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Gromov hyperbolic if and only if (C \ E,, k¢\g,) is. Consequently, X, is Gromov
hyperbolic if and only if (C\ En, ke\g, ) is.

A similar argument shows that X, is quasi-isometric to (oo, kc\u, [8,_1,0.])>
which is also assumed to be Gromov hyperbolic.

The intersections 7,,,, corresponding to the tree decomposition {Xn}nE[NU{oo} of
(1, are empty, except when m = oo, in which case 7, o = 8((1 + Ze)Bn). These
sets have bounded quasihyperbolic diameter, and are separated from each other.
Hence the claim follows from Theorem 4.3. O

Next we want to combine boundary components which are not uniformly sepa-
rated. This is a more subtle question. For instance, let {2 be the Denjoy domain
with ayg = —o0, by = 0 and

an+1

.. ob .
liminf = >1 and limsup
n—=00 Qp n—00 n

= 0.

Let Q' = C\ (—o0,—1]. Then © and ' are Gromov hyperbolic, but 2 N Q' is not,
by Theorem 3.4.

Definition 4.5: A closed set E C R is said to be permeable at +oo if RT \ E is
unbounded and there exists a € R such that (—oo,a) N E = () and K¢\ (—c0,qJur) 18
Gromov hyperbolic. Permeable at —oo is defined similarly.

The reason for the terminology of the previous definition is the following. Suppose
that E C R is permeable at +00. Choose zg € R\ ((—00,a] U E). Since RT \ E
is unbounded, R = oo in Theorem 3.1. Therefore there exist intervals (am, bm) C
R\ ((—o0,a]UE) of arbitrarily large length by Theorem 3.2, since y in the theorem
can be chosen as large as we wish. Further, these intervals accumulate at +00, so the
boundary has many holes near infinite, and hence is reasonably called permeable.

Theorem 4.6: Let E C [1,00) and F C (—o0,—1] be closed subsets. Then

(1) C\ (E UF) is Gromov hyperbolic quantitatively if C\ E and C\ F are
Gromov hyperbolic and at least one of E and F is permeable.

(2) C\ E and C\ F are Gromov hyperbolic quantitatively if C\ (E U F) is
Gromov hyperbolic.

Proof: As before it suffices to consider the quasihyperbolic metric, by Theo-
rem 3.3. Using an auxiliary dilation and translation, we may assume that —1 € F
and 1 € E. We denote Q' := C\ ((—oc, —1]U E). Assume first that C\ E and C\ F
are Gromov hyperbolic and that E is permeable. It follows from permeability that
kq: is Gromov hyperbolic. Hence there exist constants such that

sup  kao(z +1y,R) < cgp and sup ke\r(z + iy, R) < cp,
y>0,2€RNQY y€(0,|z]),2€R\F

by Theorem 3.1. Let zy be some point in R\ (E U F). The first claim follows by
Theorem 3.1 once we show that sup,- o kc\(gur)(To+1iy, R) is bounded independent
of Q-

If zo > 0, then we simply use the inequality kc\(gur)(zo + iy,R) < kor(zo +
iy,R) < cg. If zyg < 0 and y > |z, then we use

ke\(eur)(zo + iy, R) < ky(zo + iy, iy) + ko (iy, R) <1+ cg.

So it remains to consider zyg < 0 with y < |z9|. Let v be a geodesic joining
To + iy and R in C\ F with £, c\r(y) < cp. If 7y lies in the left half-plane, then
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lk,C\F('y) = lp,c\(BUF) (7), and hence k@\p(z, R) = k@\(EUF)(Z, R) < cp. Otherwise
let +' denote the part of y in the left half-plane and let 2z’ be the endpoint of 4" on
the imaginary axis. Then

ke\(rur) (2, R) < g o\(sum (7)) + Ee\(sur) (2, R)

<
<re\r (1) + Ee\(—o0,-1)uE) (25 R)
<

so this quantity is bounded in all cases, and hence C\ (EUF) is Gromov hyperbolic,
by Theorem 3.1.

Assume now that C\ (FUF') is Gromov hyperbolic. Applying Corollary 4.1 with
2 = C\ F implies that C \ F' is Gromov hyperbolic. Similarly, C \ E is Gromov
hyperbolic. O

Proposition 4.7: Let us consider a Denjoy domain Q such that Q "R =
U (an, by), with ag =0, by, < ant+1 and ap1—by < Lmin {bn+1 —anpt1, by —an}
for a positive constant L and for all n > 0. Suppose that there exists a subsequence
{an,} withni < N, ng1 —ng < N and ay,,, > Kay,, for a fized K > 1 and every
k. Then (2, hq) and (2, kq) are 6-Gromov hyperbolic, where § only depends on L,
K and N.

Proof: Consider n = ng,ng + 1,...,ng1 — 1. It is clear that
nk+171
Z (bn - a'n) + (an—|—1 - bn) = Qnyyq — Ony 2 (1 - %)ank+1 .
— —_——
N=Ng
=M

Ifapyr — by > % for some n with ny < n < ngyq1 — 1, then the assumptions of
the theorem imply that b, — a, > %, and we define n) to be this n. Otherwise
Gn+1 — bp < % for all such n, and hence b, — a, > % for some n, which we take
as nj.

Therefore in any case we have n}, such that n; < nj < ngq1 —1 and by, — ap; 2
Can,,, > Cay, . We define oy, := ay, and B := by and consider C\ Ug[Br—1, ).
Since B > (1 + C)ay, the first part of Theorem 3.4 implies that the hyperbolic
and quasihyperbolic metrics on this set are Gromov hyperbolic.

Set Ey := [Bk_1, ] N O so that Q@ = C\ UgEy. Each set Ej consists of at most
2N closed intervals; the condition a1 —b, < L min {bn+1 —Gnt1, bn— an} implies
that ko ((an,bn), (@n+1,bn+1)) is bounded by a constant which just depends on L.
Therefore C \ Ej is Gromov hyperbolic with constant depending only on N and
L by [17, Proposition 3.5]. Thus the conditions of Theorem 4.4 are satisfied, so
C\ UgEr = QU (—00,0) is Gromov hyperbolic. Moreover, this set is permeable at
+o00, hence Theorem 4.6 implies the claim. O

Taking a,, = b,—1 for every n > 0, we obtain the following result.

Corollary 4.8: Let us consider an increasing sequence of positive numbers {an}
and the Denjoy domain

Q:=C\ ((—oo,O] Un[:jl{an}).

Suppose that there exists a subsequence {an, } with ny < N, ngr1 —ng < N and
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anyyy = Kap, for a fized K > 1 and every k. Then (Q,hq) and (Q,kq) are 6-
Gromov hyperbolic, where & depends only on K and N.

The following example shows that the condition in Corollary 4.8 is not necessary.

Example 4.9 Let Q:=C\ ((—o00,0]UUS>,{as}) be a Denjoy domain, with {a, }
the increasing sequence such that

o0 (e e]
U{en} = [J{2m 2 +27m2m 4 27m 4 27md L om 27 m pe 27 )

n=1 m=1

The subsequence {2™} satisfies 2™*! > 2 - 2™, but there are m points between
2™ and 2™*! ie. that there is not a uniform bound for the number of points
between two consecutive points in the subsequence {2}, so that the conditions of
Corollary 4.8 are not satisfied.

However, 2 is hyperbolic: we choose G, 1 = 2™ and oy, = 2™ + 1 — 27", Then
Epm = 000N [Bn_1,am] = {2™,2™ + 27m 2m 4 27m 4 p=m+l  om 4 9=m 4
.-+ 4271}, Tt is clear that these intervals satisfy the conditions of Theorem 4.4 and
by Theorem 3.4 C \ Uy, [Bm—1,@m] is Gromov hyperbolic. Then it remains only to
check the Gromov hyperbolicity of C \ E,,. This follows easily from Theorem 3.2.
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