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ABSTRACT. We prove the boundedness of the maximal operator in generalized Or-
licz spaces defined on subsets ofR

n. The proof is based on an extension result for
Φ-functions. We study generalized Sobolev–Orlicz spaces and establish density of
smooth functions and the Poincaré inequality. As applications we establish the exis-
tence of solutions of theϕ-Laplace equation with zero and non-zero right-hand side.
Further, we systematize assumptions forΦ-functions and prove several basic tools
needed for the study of differential equations of generalized Orlicz growth.

1. INTRODUCTION

Generalized Orlicz spacesLϕ(·) have been studied since the 1940’s. A major synthe-
sis of functional analysis in these spaces is given in the 1983-monograph of Musielak
[27] hence the alternative name Musielak–Orlicz spaces. These spaces are similar to
Orlicz spaces, but defined by a more general functionϕ(x, t) which may vary with the
location in space: the norm is defined by means of the integral

ˆ

Rn

ϕ(x, |f(x)|) dx,

whereas in an Orlicz spacesϕ would be independent ofx, ϕ(|f(x)|). Whenϕ(t) = tp

we obtain classical Lebesgue spacesLp.
The special caseϕ(x, t) := tp(x), so-called variable exponent spacesLp(·), and cor-

responding differential equations with non-standard growth have been vigorously stud-
ied in recent years [10, 11, 17]. The reason that variable exponent spaces thrived while
little was done in generalized Orlicz spaces was the belief that many classical results
can be obtained in the former setting but not the latter. However, this belief has been
challenged recently, based on new techniques that were developed and perfected in the
context of variable exponent spaces [12, 15, 19, 20, 23, 24, 25, 28].

In addition to being a natural generalization which covers results from both variable
exponent and Orlicz spaces, the study of generalized Orliczspaces can be motivated
by applications to image processing [2, 6, 16], fluid dynamics [33, 34] and differential
equations.

Regarding regularity theory of differential equations, Giannetti and Passarelli di
Napoli [13] and Ok [29] as well as Baroni, Colombo and Mingione [3, 4, 7, 8, 9]
studied the minimization problems

min
u

ˆ

|∇u|p(x) log(e+ |∇u|) dx and min
u

ˆ

|∇u|p + a(x) |∇u|q dx,
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respectively. They showed that the regularity of the minimizer depends on the regu-
larity of the exponentp and the weighta. Both are special cases of generalized Orlicz
growth.

In the function space setting the first steps fromLp(·) were similarlyΦ-functions of
type tp(·) log(e + t)q(·) like that of Giannetti, Passarelli di Napoli and Ok. SuchΦ-
functions were studied e.g. in [21, 26]. To our mind, a betterapproach is to develop
stronger tools and to move directly to study generalΦ-functions including, among
others, those studied by Colombo and Mingione. Our assumptions (A0)–(A2) have
been shown to correspond to known optimal conditions in these special cases [19].

In this article we systematize assumptions forΦ-functions and prove several basic
tools needed for the study of differential equations of generalized Orlicz growth (Sec-
tion 2–4). In order to use function spaces in subsets ofR

n, we study extensions ofΦ-
functions (Proposition 5.2). We consider generalized Sobolev–Orlicz spaces, including
density of smooth functions (Theorem 6.6) and Poincaré inequality (Theorem 6.11).
With these tools, we are able to establish the existence of solutions of theϕ-Laplace
equation with zero and non-zero right-hand side (Sections 7and 8).

2. Φ-FUNCTIONS

The notationf . g means that there exists a constantC > 0 such thatf 6 Cg. The
notationf ≈ g means thatf . g . f . A functionf is almost increasingif there exists
a constantL > 1 such thatf(s) 6 Lf(t) for all s 6 t. Almost decreasingis defined
similarly.

Let us start with looking at the foundations ofΦ-functions. Different researchers
have used different conditions, which we try to capture in the next definition.

Definition 2.1. We consider increasing functionsϕ : [0,∞) → [0,∞] with ϕ(0) =
limt→0+ ϕ(t) = 0 andlimt→∞ ϕ(t) = ∞. Suchϕ is called aΦ-prefunction. Further-
more,ϕ is called

(1) aweakΦ-functionif, additionally,t 7→ ϕ(t)
t

is almost increasing on(0,∞);
(2) aΦ-functionif, additionally, it is left-continuous and convex;
(3) astrongΦ-functionif, additionally, it is continuous inR and convex.

WhileΦ-functions are most commonly used, the class of weakΦ-functions is good
in the sense that it is invariant under equivalence. StrongΦ-functions, on the other
hand, are nice when it comes to dealing with the inverse, see the end of this section.

If ϕ is aΦ-function we writeϕ ∈ Φ. If ϕ is a convexΦ-prefunction ands < t, then
ϕ(s) = ϕ( s

t
t) 6 s

t
ϕ(t)+ (1− s

t
)ϕ(0) = s

t
ϕ(t) so thatϕ(t)

t
is increasing. Hence we see

that (3)⇒ (2) ⇒ (1) in the previous definition. We will show that, up to equivalence,
(1)⇔ (3) in Definition 2.1.

Two functionsϕ andψ are equivalent, ϕ ≃ ψ, if there existsL > 1 such that
ψ( t

L
) 6 ϕ(t) 6 ψ(Lt) for all t. We shall see that equivalentΦ-functions give rise to

the same space with comparable norms. Ifϕ, ψ ∈ Φ andϕ ≈ ψ, then by convexity
ϕ ≃ ψ. We say thatϕ is doublingif ϕ(2t) 6 Dϕ(t) for everyt > 0. For a doubling
Φ-function≃ and≈ are equivalent.

We introduce two conditions that will be used throughout thepaper. Herep > 1.

(Inc)p s 7→ s−pϕ(s) is increasing.
(aInc)p s 7→ s−pϕ(s) is almost increasing.
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Note that (aInc)p is invariant under equivalence ofΦ-functions, whereas (Inc)p is not.
For this reason, it is better to formulate results with the “almost” assumption when
possible. The next results shows that (aInc)p can be upgraded to (Inc)p.

Lemma 2.2. If theΦ-prefunctionϕ satisfies (aInc)p, p > 1, then there existsψ ∈ Φ
equivalent toϕ such thatψ1/p is convex. In particular,ψ satisfies (Inc)p.

Proof. Assume first thatϕ satisfies (aInc)1. Letψ be the greatest convex minorant ofϕ,
and note that it is increasing. Since0 6 ψ 6 ϕ, it follows thatψ(0) = limt→0+ ψ(t) =
0.

Suppose thatϕ(s) > 0. Thenϕ(t) > β t
s
ϕ(s) for someβ ∈ (0, 1] and allt > s,

sinceϕ satisfies (aInc)1. Thus the functiont 7→ β( t
s
− 1)ϕ(s) is a convex minorant of

ϕ on [0,∞) and sinceψ is the greatest convex minorant we conclude that

ψ(t) > β( t
s
− 1)ϕ(s).

It follows that limt→∞ ψ(t) = ∞. Furthermore, this inequality implies thatψ( 2
β
s) >

(2− β)ϕ(s) > ϕ(s). Since alsoψ 6 ϕ, we see thatϕ ≃ ψ.
Finally, sinceψ is convex, it is continuous except at the (possible) left-most pointt

with ψ(s) = ∞ for s > t. We forceψ to be left-continuous by (re)definingψ(s) =
limt→s− ψ(t). The properties above still hold andψ ∈ Φ.

Assume then thatϕ satisfies (aInc)p, p > 1. Thenϕ(t)1/p satisfies (aInc)1. Hence
by the first part of the proof there existsξ ∈ Φ such thatξ ≃ ϕ1/p. Setψ := ξp. Since
p > 1, ψ ∈ Φ and furtherψ ≃ ϕ, as required.

Let p ∈ [1,∞). Sinceψ1/p is convex,ψ(t)
1/p

t
is increasing. Henceψ(t)

tp
is increasing,

and so (Inc)p holds. �

We next show how to “upgrade” a weakΦ-function to a strongΦ-function. Most
of the work was done in the previous lemma; it remains to show that an equivalent
function is continuous onR. Recall that aΦ-function can be represented as

ϕ(t) =

ˆ t

0

ϕ′(s) ds,

whereϕ′ is the right-continuous right-derivative of the convex functionϕ.

Proposition 2.3. Every weakΦ-function is equivalent to a strongΦ-function.

Proof. Letϕ be a weakΦ-function. Sinceϕ satisfies (aInc)1, it follows from Lemma 2.2
that there existsϕ2 ∈ Φ with ϕ2 ≃ ϕ. The convexity implies thatϕ2 is continuous
on the set{ϕ2 < ∞}. If this set equals[0,∞) we are done. Otherwise, denote
t∞ := inf{t : ϕ2(t) = ∞} ∈ (0,∞). Let us defineϕ3 on (1

2
t∞, t∞] by setting

ϕ3(t) := ϕ2(t0) + t0ϕ
′
2(t0) ξ

(t− t0
t0

)

,

wheret0 := 1
2
t∞ andξ(t) := t

1−t
. Elsewhere, we setϕ3 := ϕ2. Thenϕ3 is continuous

in [0,∞] and convex since the right-derivativeϕ′
3 is increasing. Further,ϕ3(

t
2
) 6

ϕ2(t) 6 ϕ3(2t), soϕ3 ≃ ϕ2 ≃ ϕ. The conditionsϕ3(0) = limt→0+ ϕ3(t) = 0, and
limt→∞ ϕ3(t) = ∞ are clear since they are invariant under equivalence ofΦ-functions.
Thusϕ3 is the required strongΦ-function. �
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The inverse of aΦ-function. By ϕ−1 we denote the left-continuous inverse of a weak
Φ-functionϕ,

ϕ−1(τ) := inf{t > 0 : ϕ(t) > τ}.

It follows directly from this definition thatϕ−1(ϕ(t)) 6 t and equality holds ifϕ is
strictly increasing. Whenϕ ∈ Φ we can be more precise: ift0 := max{t |ϕ(t) = 0}
andt∞ := max{t |ϕ(t) <∞}, then

ϕ−1(ϕ(t)) =











0, t 6 t0,

t, t0 < t 6 t∞,

t∞ t > t∞.

In particular,ϕ−1(ϕ(t)) = t if 0 < ϕ(t) < ∞. In the opposite order things work
better:ϕ(ϕ−1(s)) 6 s and for continuousϕ the equality holds; in particular, for strong
Φ-functions,ϕ(ϕ−1(s)) = s, which is the main reason for introducing this class.

Note that everyΦ-function is strictly increasing onϕ−1(0,∞) and thatϕ ≃ ψ if and
only if ϕ−1 ≈ ψ−1.

The conjugateΦ-function. The conjugateΦ-functionϕ∗ is defined by the formula

ϕ∗(t) := sup
s>0

(st− ϕ(s)).

We say thatϕ satisfies (aDec)p if s 7→ s−pϕ(s) is almost decreasing. Ifs 7→ s−pϕ(s)
is decreasing we say thatϕ satisfies (Dec)p. Note that (aDec)p yields thatϕ is doubling:

L
ϕ(t)

tp
>
ϕ(2t)

(2t)p
⇐⇒ ϕ(2t) 6 L2pϕ(t).

Lemma 2.4. Let p ∈ (1,∞) and letp′ be its Hölder conjugate exponent:1
p
+ 1

p′
= 1.

If ϕ ∈ Φ is doubling and satisfies (aInc)p, thenϕ∗ satisfies (aDec)p′ .

Proof. Assume thatϕ satisfies (aInc)p. By Lemma 2.2, there existsψ ∈ Φ that satisfies
ψ ≃ ϕ and (Inc)p. By [15, Lemma 5.2],ψ∗ satisfies (Dec)p′ . By [11, Lemma 2.6.4],
ϕ∗ ≃ ψ∗ and thusϕ∗ satisfies (aDec)p′ . �

3. GENERALIZED Φ-FUNCTIONS

Throughout the paper we denote byΩ ⊂ R
n an open set. ByL0(Ω) we denote the

set of (Lebesgue) measurable functions onΩ. By Lp(Ω), p ∈ [1,∞] we denote the set
of p-integrable functions onΩ. The (Hardy–Littlewood) maximal operatoris defined
for f ∈ L0(Rn) by

Mf(x) := sup
r>0

 

B(x,r)

|f(y)| dy,

whereB(x, r) is the ball with centerx and radiusr, and
ffl

denotes the integral average.
We recall some definitions pertaining to generalized Orliczspaces.

Definition 3.1. The setΦ(Ω) consists of thoseϕ : Ω× [0,∞) → [0,∞] with

(1) ϕ(y, ·) ∈ Φ for everyy ∈ Ω; and
(2) ϕ(·, t) ∈ L0(Ω) for everyt > 0.

Also the functions inΦ(Ω) will be calledΦ-functions. In sub- and superscripts the
dependence onxwill be emphasized byϕ(·): Lϕ (Orlicz) vsLϕ(·) (generalized Orlicz).
Properties and definitions ofΦ-functions carry over to generalizedΦ-functions point-
wise.
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Some examples of generalizedΦ-functions are:

ϕ1(x, t) = tp(x) log(1 + t), ϕ2(x, t) = tp + a(x)tq, q > p

ϕ3(x, t) = tp(x), ϕ4(x, t) =
1

p(x)
tp(x),

ϕ5(x, t) = ep(x)t − 1, ϕ6(x, t) = ∞χ(1,∞)(t).

The first and secondΦ-functions have been recently studied, as mentioned in the intro-
duction. The second line contains variants of thep(·)-growth; the third line contains
non-doublingΦ-functions corresponding to exponential growth andL∞. With appro-
priate assumptions, the maximal operator is bounded in all these cases [19, 20].

Definition 3.2. Let ϕ ∈ Φ(Ω) and define themodular̺ϕ(·) for f ∈ L0(Ω) by

̺ϕ(·)(f) :=

ˆ

Ω

ϕ(x, |f(x)|) dx.

Thegeneralized Orlicz space, also called Musielak–Orlicz space, is defined as the set

Lϕ(·)(Ω) :=
{

f ∈ L0(Ω) : lim
λ→0

̺ϕ(·)(λf) = 0
}

equipped with the (Luxemburg) norm

‖f‖Lϕ(·)(Ω) := inf
{

λ > 0: ̺ϕ(·)

(f

λ

)

6 1
}

.

If the set is clear from the context we abbreviate‖f‖Lϕ(·)(Ω) by ‖f‖ϕ(·).

The conditions (Inc)p and (aInc)p are applied to generalizedΦ-functionsuniformly
point-wise: for example generalizedΦ-functionϕ satisfies (aInc)p if there existsL > 1
such thats−pϕ(x, s) 6 Lt−pϕ(x, t) for every0 < s < t and everyx ∈ Ω.

Lemma 3.3. If ϕ ∈ Φ(Ω) satisfies (aInc)p, f ∈ L0(Ω) and
´

Ω
ϕ(x, f) dx > 1, then

‖f‖p
Lϕ(·)(Ω)

.

ˆ

Ω

ϕ(x, f) dx.

Proof. Let us writeλ :=
´

Ω
ϕ(x, f(x)) dx. Let L be the almost increasing constant

from (aInc)p. Sinceλ, L > 1, we obtain by (aInc)p that

ϕ
(

x, f(x)

(Lλ)1/p

)

(

f(x)

(Lλ)1/p

)p 6 L
ϕ(x, f(x))

(f(x))p

and thusϕ
(

x, f(x)

(Lλ)1/p

)

6 1
λ
ϕ(x, f(x)). This yields that

ˆ

Ω

ϕ
(

x, f(x)

(Lλ)1/p

)

dx 6 1
λ

ˆ

Ω

ϕ(x, f(x)) dx = 1

so that‖f‖Lϕ(·)(Ω) 6 (Lλ)1/p by the definition of the norm. �

Assumption (A0). The following assumption means that we restrict our attention to
the essentially “unweighted” case:

(A0) ϕ−1(x, 1) ≈ 1.

This simple assumption already allows us to obtain several basic results.

Lemma 3.4. Letϕ ∈ Φ(Ω). Thenϕ satisfies (A0) if and only if there existsβ ∈ (0, 1]
such thatϕ(x, β) 6 1 andϕ(x, 1/β) > 1 for everyx ∈ Ω.
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Proof. Assume first that (A0) holds. Then there existsβ ∈ (0, 1] such thatβ 6
ϕ−1(x, 1) 6 1

β
for all x ∈ Ω. Applyingϕ to both inequalities, we obtain

ϕ
(

x, β
2

)

6 ϕ(x, β) 6 ϕ(x, ϕ−1(x, 1)) 6 1,

and sinceϕ−1(x, 1) 6 1
β
, we obtain by the definition ofϕ−1 thatϕ(x, 2

β
) > 1.

Assume then that the condition holds. By the definition ofϕ−1, the inequality
ϕ(x, 1

β
) > 1 yields ϕ−1(x, 1) 6 1

β
. By convexityϕ(x, β

2
) 6 1

2
ϕ(x, β) < 1 and

thusϕ−1(x, 1) > β
2
. �

4. FUNCTIONAL ANALYSIS IN GENERALIZED ORLICZ SPACES

In this section we have collected results on functional analytical properties of gener-
alized Orlicz spaces. We proceed from properties which holdfor all ϕ ∈ Φ(Ω) to more
restrictive results. The following theorem contains several nice convergence properties
which hold without additional assumption.

Theorem 4.1(Theorems 2.1.17, 2.2.8 and Lemma 2.3.16, [11]). Letϕ ∈ Φ(Ω).

(1) If fk → f almost everywhere, then̺ϕ(·)(f) 6 lim inf
k→∞

̺ϕ(·)(fk). (Fatou’s lemma

for the modular)
(2) If fk ⇀ f weakly inLϕ(·), then̺ϕ(·)(f) 6 lim inf

k→∞
̺ϕ(·)(fk). (Lower semiconti-

nuity)
(3) If |fk| ր |f | almost everywhere, then̺ϕ(·)(f) = lim

k→∞
̺ϕ(·)(fk). (Monotone

convergence)
(4) If fk → f almost everywhere,|fk| 6 |g| almost everywhere, and̺ϕ(·)(λg) <

∞ for everyλ > 0, thenfk → f in Lϕ(·). (Dominated convergence)

For more advanced properties, we need some more assumptionsonϕ.

The spaceEϕ(·) of finite functions. The spaceEϕ(·)(Ω) consists of those functions
f ∈ Lϕ(·)(Ω) with ̺ϕ(·)(λf) < ∞ for everyλ > 0. These functions are calledfi-
nite. The equalityEϕ(·)(Ω) = Lϕ(·)(Ω) holds if and only if̺ϕ(·)(f) < ∞ implies
̺ϕ(·)(2f) <∞ [11, p. 47]. Ifϕ is doubling this surely holds, and in Orlicz spaces also
the converse is true. However, in generalized Orlicz spacesthere existΦ-functions
with Eϕ(·) = Lϕ(·) which are not doubling, as the following example shows.

Example 4.2.Let λ(x) := 1
2
log 1

|x|
, |x| < 1. Defineϕ : B(0, 1)× [0,∞) → [0,∞) by

ϕ(x, t) :=

{

et − 1, if t 6 λ(x),

eλ(x)(t− λ(x)) + eλ(x) − 1, otherwise.

Clearlyϕ is not doubling, since it has exponential growth near the origin. If t > 3λ(x),
then a calculation shows thatϕ(x, 2t) 6 3ϕ(x, t). On the other hand,

̺ϕ(·)(6λ) =

ˆ

B(0,1)

eλ(x)(5λ(x)+1)−1 dx =

ˆ

B(0,1)

|x|−
1
2

(

5
2
log 1

|x|
+1

)

−1 dx <∞.

Suppose that̺ϕ(·)(f) <∞. Then

̺ϕ(·)(2f) 6 ̺ϕ(·)(6λ) + ̺ϕ(·)(2fχ{|f |>3λ}) 6 ̺ϕ(·)(6λ) + 3̺ϕ(·)(f) <∞.

HenceEϕ(·)(B(0, 1)) = Lϕ(·)(B(0, 1)) even thoughϕ is not doubling.
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The spaceEϕ(·) has a number of nice properties. For instance, everyf ∈ Eϕ(·) has
absolutely continuous norm [11, Remark 2.5.8]. AΦ-function is said to belocally
integrableif ̺ϕ(·)(tχE) <∞ for all t > 0 and setsE ⊂ Ω of finite measure. Note that
every doublingϕ satisfying (A0) is locally integrable.

Theorem 4.3.Suppose thatϕ ∈ Φ(Ω) is locally integrable. Then

(1) Simple functions are dense inEϕ(·) [11, Theorem 2.5.9].
(2) Eϕ(·) is separable[11, Theorem 2.5.10].

If ϕ is doubling, then these claims hold also forLϕ(·).

Lemma 4.4. Let Ω ⊂ R
n be bounded. Ifϕ ∈ Φ(Ω) satisfies (A0) and (aInc)p, then

Lϕ(·)(Ω) →֒ Lp(Ω) and the embedding norm depends only on the (A0)-constant, the
(aInc)p-constant and|Ω|.

Proof. By (A0) and Lemma 3.4,ϕ(x, 1
β
) > 1. By (aInc)p,

ϕ(x, 1/β)

(1/β)p
6 L

ϕ(x, t)

tp

for t > 1/β and thustp 6 Lβ−pϕ(x, t) for t > 1/β. LetK := Lβ−p + β−p|Ω| + 1.
Then

( t

K

)p

6
tp

K
6 ϕ(x, t) +

χΩ(x)

|Ω|
,

where‖χΩ(·)
|Ω|

‖L1(Ω) 6 1. Thus by [11, Theorem 2.8.1],‖f‖Lp(Ω) 6 2K‖f‖Lϕ(·)(Ω) for

all f ∈ Lϕ(·)(Ω). �

Theorem 4.5. If ϕ ∈ Φ(Ω) is doubling and satisfies (A0), thenC∞
0 (Ω) is dense in

Lϕ(·)(Ω).

Proof. Since simple functions are dense inLϕ(·) (Theorem 4.3), it suffices to show that
every simple function can be approximated byC∞

0 (Ω)-functions inLϕ(·).
If t ∈ [0, β], whereβ is from Lemma 3.4, then by (aInc)1

ϕ(x, t) = ϕ
(

x, t
β
β
)

. t
β
ϕ(x, β) 6 t

β
.

Assume then thatt > β. Setp := log2D, whereD is the doubling constant ofϕ. By
iterating the doubling inequality we obtain that

ϕ(x, t) 6 c
(

t
β

)p
ϕ(x, β) 6 c

βp
tp

for some constantc depending only the doubling constantD. We conclude that

ϕ(x, t) . max{tp, t},

where the constant depends only on the doubling constant andthe constants in (A0).
ThusL1 ∩ Lp →֒ Lϕ(·). Since every simple function belongs toL1 ∩ Lp, where it can
be approximated by a sequence ofC∞

0 -functions, the claim follows. �

Next, we relate the condition (A0) to previously studied conditions and results. A
Φ-functionϕ ∈ Φ(Ω) is calledproper if ϕ andϕ∗ are locally integrable. Ifϕ is proper
andEϕ(·) = Lϕ(·), then(Lϕ(·))∗ = Lϕ

∗(·) [11, Theorem 2.7.14]. Assumption (A0)
implies that doublingΦ-functions are proper:

Proposition 4.6. If ϕ ∈ Φ(Ω) satisfies (A0) andϕ andϕ∗ are doubling, thenϕ is
proper,ϕ∗ satisfies (A0) andLϕ(·)(Ω) is reflexive.
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Proof. By [11, Corollary 2.7.9],ϕ is proper if and only if every simple function be-
longs toLϕ(·) ∩ Lϕ

∗(·). Since bothϕ andϕ∗ are doubling, it suffices to show that
̺ϕ(·)(βχE) <∞ and̺ϕ∗(·)(βχE) <∞ for someβ and everyE ⊂ Ω of finite measure.
Sinceϕ(x, β) 6 1 (Lemma 3.4),̺ ϕ(·)(βχE) 6 |E| so the first condition holds.

By [11, Corollary 2.7.18],Lϕ(·)(Ω) is reflexive, becauseϕ is proper.
It remains to show that alsoϕ∗ satisfies (A0). For this we note by Lemma 3.4 that

ϕ∗(x, β) = sup
s>0

(βs− ϕ(x, s)) = sup
s∈[0, 1

β
]

(βs− ϕ(x, s)) 6 sup
s∈[0, 1

β
]

βs = 1;

the second equality follows sinceϕ(x, 1
β
) > 1, so fors > 1

β
the expression is negative.

On the other handϕ∗(x, 2
β
) > 2

β
β − ϕ(x, β) > 1. Therefore alsoϕ∗ satisfies (A0) by

Lemma 3.4. �

For more advanced properties, we need to control the variability of ϕ between neigh-
boring points. For this we have two further assumptions from[15].

(A1) There existsβ ∈ (0, 1] such thatβϕ−1(x, t) 6 ϕ−1(y, t) for everyt ∈
[

1, 1
|B|

]

,
everyx, y ∈ B ∩ Ω and every ballB with |B| 6 1.

(A2) Lϕ(·)(Rn) ∩ L∞(Rn) = Lϕ∞(Rn) ∩ L∞(Rn), with ϕ∞(t) := lim sup
|x|→∞

ϕ(x, t).

Note that conditions (A0), (A1) and (A2) are invariant with respect of equivalence
of functions: ifϕ ≃ ψ, thenϕ satisfies (Ai) if and only ifψ satisfies (Ai), i= 0, 1, 2.
Also (aInc)p is invariant with respect of equivalence of functions.

Theorem 4.7. Letϕ be a weakΦ-function onRn and satisfy assumptions (A0)–(A2)
and (aInc)p for somep > 1. Then

M : Lϕ(·)(Rn) → Lϕ(·)(Rn)

is bounded.

Proof. By Lemma 2.2 there existsψ ∈ Φ(Rn) with ψ ≃ ϕ whichψ satisfies (Inc)p.
Since (A0)–(A2) are invariant under the equivalence ofΦ-functions,ψ satisfies (A0)–
(A2). Thus the claim follows by [15, Corollary 3.7]. �

5. ASSUMPTION (A1) IN DOMAINS

Of the assumptions (A0)–(A2) in the previous section, (A0) generalizes easily to the
case of a subdomain ofRn. Assumption (A2) is only relevant to unbounded domains.
However, generalizing (A1) to the domain-case is not entirely straight-forward. We
propose the following assumption, and spend the rest of the section showing that it is
indeed a natural and correct counterpart to (A1) inΩ.

(A1)Ω There exist constantsα, β ∈ (0, 1] such thatαβt
1/n|x−y|ϕ−1(y, t) 6 ϕ−1(x, t)

for all x, y ∈ Ω andt > 1.
A domainΩ ⊂ R

n is quasi-convex, if there exists a constantK > 1 such that
every pairx, y ∈ Ω can be connect by a rectifiable pathγ ⊂ Ω from x to y such that
ℓ(γ) 6 K|x− y|. By ℓ(γ) we denote the length of the pathγ.

Lemma 5.1. If Ω ⊂ R
n is quasi-convex, thenϕ ∈ Φ(Ω) satisfies (A1) if and only if it

satisfies (A1)Ω.

Proof. It is clear that (A1)Ω implies (A1). We proceed to prove the converse.
Let x, y ∈ Ω and t > 1. Let γ ⊂ Ω be a path connectingx andy of length at

mostK |x− y|. Let x0 = x andc(n) be a constant such that|B(x, r)| = c(n)rn. For
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j = 1, 2, . . . , k − 1 choose pointsxj ∈ γ such thatℓ(γ(x, xj)) < ℓ(γ(x, xj+1)) and
|xj−1−xj | =

1
(2c(n)t)1/n

if possible and finally setxk = y. Then|xk−1−xk| 6
1

(2c(n)t)1/n
.

Let B be an open ball such thatxj , xj+1 ∈ B anddiam(B) = 2|xj − xj+1|. Then
1
|B|

= 1
c(n)|xj−xj+1|n

> 2t so that 1
|B|

> t. Thust is in the allowed range and we obtain

by (A1) thatβϕ−1(xj+1, t) 6 ϕ−1(xj , t). With this chain of inequalities, we obtain
thatβkϕ−1(y, t) 6 ϕ−1(x, t). On the other hand, at most

k =
ℓ(γ(x, xk−1))

diam(B)
+ 1 6

K|x− y|

diam(B)
+ 1 6

K|x− y|

2/(2c(n)t)1/n
+ 1 = c′Kt1/n |x− y|+ 1

pointsxj are needed, so thatβc
′Kt1/n|x−y|+1ϕ−1(y, t) 6 ϕ−1(x, t) for all x, y ∈ Ω and

t > 1. �

We say thatψ ∈ Φ(Rn) is anextensionof ϕ ∈ Φ(Ω) if ψ|Ω ≃ ϕ.

Proposition 5.2. Suppose thatΩ ⊂ R
n is bounded andϕ ∈ Φ(Ω) satisfies (A0).

Then there exists an extensionψ ∈ Φ(Rn) ofϕ which satisfies (A0)–(A2) if and only
if ϕ satisfies (A1)Ω.

If ϕ satisfies (aInc)p, then the extension can be taken to satisfy it as well.

Proof. Let t > 1. Suppose first that there exists an extensionψ ∈ Φ(Rn) which
satisfies (A0)–(A2). To compareϕ−1(x, t) andϕ−1(y, t), x, y ∈ Ω, it suffices to use
αβt

1/n|x−y|ψ−1(y, t) 6 ψ−1(x, t) which follows from (A1)Rn for ψ by Lemma 5.1
sinceRn is quasi-convex. So we can move on to the converse implication.

Defineψ : Rn × [0,∞) → [0,∞] by

ψ−1(x, t) := sup
y∈Ω

βt
1/n|x−y|ϕ−1(y, t).

By (A1)Ω, we haveψ−1 6 1
α
ϕ−1 in Ω. Choosingy = x in the supremum, we see that

ψ−1 > ϕ−1. Thusψ−1 ≈ ϕ−1 andψ ≃ ϕ in Ω.
Let B ⊂ R

n be an open ball with|B| 6 1. Let t ∈ [1, 1
|B|

] andx, y ∈ B. Then

t1/n|x− y| 6 c(n). Choosez ∈ Ω such that

ψ−1(x, t) 6 2βt
1/n|x−z|ϕ−1(z, t).

By definition ofψ, β ∈ (0, 1], the triangle inequality andt1/n|x− y| 6 c(n),

ψ−1(y, t) > βt
1/n|y−z|ϕ−1(z, t) > βt

1/n(|x−y|+|x−z|)ϕ−1(z, t) > 1
2
βc(n)ψ−1(x, t).

Henceψ satisfies condition (A1) with constant1
2
βc(n).

Let thenB be a ball containingΩ and letη ∈ C∞
0 (Rn) equal1 in B and0 in (2B)c.

Choosex0 ∈ Ω and defineψ2 : R
n × [0,∞) → [0,∞] by

ψ−1
2 (x, t) := η(x)ψ−1(x, t) + (1− η(x))ψ−1(x0, t).

Clearlyψ2 ≃ ϕ in Ω. By definitionψ2 = ψ(x0, ·) in 2Bc is independent ofx, so (A2)
is clear. Sinceψ andψ(x0, ·) satisfy (A1), the condition also follows forψ2.

Let us consider condition (A0). Ifx ∈ R
n \ 2B, thenψ2(x, t) = ψ(x0, t) ≃ ϕ(x0, t)

and thus for thosex condition (A0) holds. Letr be the diameter of2B. If x ∈ 2B,
then by (A1)

ψ−1
2 (x, 1) > βrϕ−1(x0, 1) & βr.

On the other hand,ψ−1
2 (x, 1) 6 supy∈Ω ϕ

−1(y, 1) . 1. Thus (A0) holds forψ2.
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With s = ϕ−1(x, t), we have

s−pϕ(x, s) = (ϕ−1(x, t))−pt =
(

ϕ−1(x, t)t−
1
p

)−p

.

Sinceϕ satisfies (aInc)p, t 7→ t−
1
pϕ−1(x, t) is almost decreasing. Then for everyy

t 7→ t−
1
pβt

1/n|x−y|ϕ−1(y, t)

is almost decreasing (sinceβ < 1). Therefore the same holds forψ−1 since the supre-
mum of almost decreasing functions is almost decreasing. Thusψ2 satisfies (aInc)p.

Conditions (A0) and (aInc)p imply thatlimt→∞ ψ2(x, t) = ∞ andlimt→0+ ψ2(x, t) =
0 = ψ2(x, 0). Thusψ2(x, ·) is a weakΦ-function for ally ∈ R

n. By Lemma 2.2 there
existsψ3 ∈ Φ(Rn) such thatψ3 ≃ ψ2, and thusψ3 satisfies (A0)–(A2) and (aInc)p. �

In view of the extension result the boundedness of the maximal operator is obtained
also in subdomainsΩ ⊂ R

n.

Theorem 5.3.LetΩ ⊂ R
n be bounded. Letϕ ∈ Φ(Ω) satisfy assumptions (A0), (A1)Ω

and (aInc)p for somep > 1. Then

M : Lϕ(·)(Ω) → Lϕ(·)(Ω)

is bounded.

Proof. Let f ∈ Lϕ(·)(Ω). By Proposition 5.2, there exists an extensionψ ∈ Φ(Rn) of
ϕ which satisfies (A0)–(A2) and (aInc)p. Thenf extended by0 to R

n \ Ω belongs to
Lψ(·)(Rn). By Theorem 4.7,

‖Mf‖Lϕ(·)(Ω) ≈ ‖Mf‖Lψ(·)(Ω) 6 ‖Mf‖Lψ(·)(Rn) . ‖f‖Lψ(·)(Ω) ≈ ‖f‖Lϕ(·)(Ω). �

6. SOBOLEV–ORLICZ SPACES

Definition 6.1. A functionu ∈ Lϕ(·)(Ω) belongs to theSobolev–Orlicz spaceW 1,ϕ(·)(Ω)
if its weak partial derivatives∂1u, . . . , ∂nu exist and belong toLϕ(·)(Ω).

We define a modular onW 1,ϕ(·)(Ω) by

̺W 1,ϕ(·)(Ω)(u) := ̺ϕ(·)(u) +
n

∑

i=1

̺ϕ(·)(∂iu)

=

ˆ

Ω

ϕ(x, |u(x)|) dx+
n

∑

i=1

ˆ

Ω

ϕ(x, |∂iu(x)|) dx

which induces a norm by

‖u‖W 1,ϕ(·)(Ω) = inf
{

λ > 0 : ̺W 1,ϕ(·)(Ω)(u/λ) 6 1
}

.

Let ∇u = (∂1u, . . . , ∂nu). Note that forϕ ∈ Φ(Ω)
n

∑

i=1

ϕ(x, |∂iu(x)|) 6 nϕ(x, |∇u(x)|) 6 ϕ(x, n|∇u(x)|)

and

ϕ(x, 1
n
|∇u(x)|) 6 ϕ

(

x,
1

n

n
∑

i=1

|∂iu(x)|

)

6
1

n

n
∑

i=1

ϕ(x, |∂iu(x)|),

where the convexity has been used in both inequalities. Thus
´

Ω
ϕ(x, |u(x)|) dx +

´

Ω
ϕ(x, |∇u(x)|) dx gives an equivalent modular in the caseϕ ∈ Φ(Ω).
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Next we show that‖u‖W 1,ϕ(·)(Ω) ≈ ‖u‖Lϕ(·)(Ω) + ‖∇u‖Lϕ(·)(Ω) where‖∇u‖Lϕ(·)(Ω) is
an abbreviation of‖ |∇u| ‖Lϕ(·)(Ω). Clearly‖u‖Lϕ(·)(Ω)+‖∇u‖Lϕ(·)(Ω) 6 2‖u‖W 1,ϕ(·)(Ω).
Let λ > ‖u‖Lϕ(·)(Ω) andµ > ‖∇u‖Lϕ(·)(Ω). Then by convexity

ˆ

Ω

ϕ

(

x,
u(x)

2(λ+ µ)

)

+ ϕ

(

u,
|∇u(x)|

2(λ+ µ)

)

dx

6
1

2

ˆ

Ω

ϕ

(

x,
u(x)

λ

)

+ ϕ

(

u,
|∇u(x)|

µ

)

dx 6 1

and thus‖u‖W 1,ϕ(·)(Ω) 6 2‖u‖Lϕ(·)(Ω) + 2‖∇u‖Lϕ(·)(Ω).
Lemma 4.4 gives the following results.

Lemma 6.2. If ϕ ∈ Φ(Ω) satisfies (A0) and (aInc)p, thenW 1,ϕ(·)(Ω) ⊂W 1,p
loc (Ω).

The previous lemma yields thatW 1,ϕ(·)(Ω) is a lattice: if u, v ∈ W 1,ϕ(·)(Ω), then
max{u, v},min{u, v}, |u| ∈ W 1,ϕ(·)(Ω). The proof is as in the variable exponent case,
see [11, Proposition 8.1.9].

The Sobolev–Orlicz spaceW 1,ϕ(·) inherits most properties of the generalized Orlicz
spaceLϕ(·). Since a closed subspace of a reflexive/separable Banach spaces is also
reflexive/separable, we obtain the following result by Theorem 4.3 and Proposition 4.6.

Theorem 6.3. If ϕ andϕ∗ are doubling and (A0) holds, thenW 1,ϕ(·)(Ω) is a reflexive
and separable Banach space.

Theorem 6.4. Let ϕ ∈ Φ(Rn) be such that̺ ϕ(·)(fk) → 0 implies̺ϕ(·)(2fk) → 0.
Then Sobolev functions with compact support inR

n are dense inW 1,ϕ(·)(Rn).

Proof. Let us denoteBt := B(0, t), t > 1. Let ψr ∈ C∞
0 (Rn) be a cut-off function

with ψr = 1 onBr, ψr = 0 onR
n \ Br+1, 0 6 ψr(x) 6 1 and|∇ψr| 6 2. We show

thatuψr → u in W 1,ϕ(·)(Rn) asr → ∞. Note first that

‖u− uψr‖W 1,ϕ(·)(Rn) 6 ‖u‖W 1,ϕ(·)(Rn\Br+1) + ‖u− uψr‖W 1,ϕ(·)(Br+1\Br).

SinceEϕ(·)(Rn) = Lϕ(·)(Rn) (by ̺ϕ(·)(fk) → 0 ⇒ ̺ϕ(·)(2fk) → 0), the absolute
continuity of the norm implies that‖u‖W 1,ϕ(·)(Rn\Br+1) → 0 asr → ∞. To handle the
second term in the above inequality we observe that

|∇u−∇(uψr)| 6 (1− ψr)|∇u|+ |∇ψr| |u| 6 |∇u|+ 2|u|.

Thus‖u− uψr‖W 1,ϕ(·)(Br+1\Br) 6 ‖|∇u|+ 2|u|‖W 1,ϕ(·)(Rn\Br). By absolute continuity
of the norm, this converges to0 asr → ∞. �

Theorem 6.5. Let ϕ ∈ Φ(Rn) be doubling and satisfy (A0). Moreover assume that
M : Lϕ(·)(Rn) → Lϕ(·)(Rn) is bounded. ThenC∞

0 (Rn) is dense inW 1,ϕ(·)(Rn).

Proof. Let u ∈ W 1,ϕ(·)(Rn) and letε > 0 be arbitrary. By Theorem 6.4 we may
assume thatu has compact support inRn. Letψε be the standard mollifier. Thenu∗ψε
belongs toC∞

0 (Rn) and

∇(u ∗ ψε)−∇u = (∇u) ∗ ψε −∇u.

The claim follows once we show that‖f ∗ ψε − f‖ϕ(·) → 0 as ε → 0 for every
f ∈ Lϕ(·)(Rn).

Let δ > 0. Note that by doubling and (A0),ϕ is locally integrable. Then by the
density of simple functions inLϕ(·)(Rn), Theorem 4.3, we can find a simple function
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g with ‖f − g‖ϕ(·) 6 δ. This implies that

‖f ∗ ψε − f‖ϕ(·)6 ‖g ∗ ψε − g‖ϕ(·)+‖(f − g) ∗ ψε − (f − g)‖ϕ(·)=: (I) + (II).

Sinceg is a simple function,g ∈ L1(Rn)∩Lp(Rn), wherep is as in Theorem 4.5. The
classical theorem on mollification implies thatg ∗ ψε → g in L1(Rn) ∩ Lp(Rn). Thus
g ∗ ψε → g in Lϕ(·)(Rn) as in Theorem 4.5. This proves(I) → 0 for ε → 0.

Let us study the term(II). By Lemma 4.4 withp = 1, f ∈ L1
loc(R

n) so that
|f ∗ ψε| 6 2Mf by [11, Lemma 4.6.3]. We obtain

(II) = ‖(f − g) ∗ ψε − (f − g)‖ϕ(·) 6 ‖(f − g) ∗ ψε‖ϕ(·) + ‖f − g‖ϕ(·)

6 2‖M(f − g)‖ϕ(·) + ‖f − g‖ϕ(·) 6 c‖f − g‖ϕ(·) 6 cδ

where the boundedness ofM has been used in the second to last inequality. This
implies

lim sup
ε→0

‖f ∗ ψε − f‖ϕ(·) 6 cδ.

Sinceδ > 0 was arbitrary, this yields‖f ∗ ψε − f‖ϕ(·) → 0 asε→ 0. �

Theorem 6.6. LetΩ ⊂ R
n be bounded. Letϕ ∈ Φ(Ω) be doubling and satisfy (A0),

(A1)Ω and (aInc)p for somep > 1. ThenC∞(Ω) ∩W 1,ϕ(·)(Ω) is dense inW 1,ϕ(·)(Ω).

Proof. By Proposition 5.2, we extendϕ to R
n. Let u ∈ W 1,ϕ(·)(Ω). Fix ε > 0 and

defineΩ0 := ∅,

Ωm =
{

x ∈ Ω : dist(x, ∂Ω) > 1
m

}

and Um := Ωm+1 \ Ωm−1

for m = 1, 2, . . . Let (ξm) be a partition of unity subordinate to the covering(Um),
i.e. ξm ∈ C∞

0 (Um) and
∑∞

m=1 ξm(x) = 1 for everyx ∈ Ω. Let ψδ be the standard
mollifier. For everym there existsδm such that

spt
(

(ξmu) ∗ ψδm
)

⊂ Um ⊂ Ω

and as in the proof of Theorem 6.5 we conclude by choosing a smaller δm if necessary,
that

‖(ξmu)− (ξmu) ∗ ψδm‖W 1,ϕ(·)(Ω) 6 ε 2−m.

We define

uε :=
∞
∑

m=1

(ξmu) ∗ ψδm .

Every pointx ∈ Ω has a neighborhood such that the above sum has only finitely many
non-zero terms and thusuε ∈ C∞(Ω). Furthermore, this is an approximating sequence,
since

‖u− uε‖W 1,ϕ(·)(Ω) 6

∞
∑

m=1

‖ξmu− (ξmu) ∗ ψδm‖W 1,ϕ(·)(Ω) 6 ε. �

Definition 6.7. W 1,ϕ(·)
0 (Ω) is the closure ofC∞

0 (Ω) in the spaceW 1,ϕ(·)(Ω).

SinceW 1,ϕ(·)
0 (Ω) is a closed subspace ofW 1,ϕ(·)(Ω), we obtain the following result.

Theorem 6.8. If ϕ andϕ∗ are doubling and (A0) holds, thenW 1,ϕ(·)
0 (Ω) is a reflexive

and separable Banach space.

Lemma 6.9. Let Ω be a bounded open set. Letϕ ∈ Φ(Ω) satisfy (A0) and (aInc)p.

ThenW 1,ϕ(·)
0 (Ω) →֒ W 1,p

0 (Ω) and the embedding norm is bounded by a constant de-
pending on the (A0)-constant, the (aInc)p-constant and|Ω|.
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Proof. By Lemma 4.4, we obtain

‖u‖W 1,p(Ω) . ‖u‖Lp(Ω) + ‖∇u‖Lp(Ω)

. ‖u‖Lϕ(·)(Ω) + ‖∇u‖Lϕ(·)(Ω) . ‖u‖W 1,ϕ(·)(Ω)

for all u ∈ W 1,ϕ(·)(Ω).
Let u ∈ W

1,ϕ(·)
0 (Ω). Let (ξj) be a sequence ofC∞

0 (Ω)-functions converging tou in
W 1,ϕ(·)(Ω). Thenξj → u also inW 1,p(Ω) and the claim follows. �

The proof of the following theorem is as in the variable exponent case, see [11,
Proposition 8.1.14].

Theorem 6.10.Letϕ ∈ Φ(Rn) andu ∈ W
1,ϕ(·)
0 (Ω). Thenu extend by zero toRn \ Ω

belongs toW 1,ϕ(·)(Rn).

Let Ω ⊂ R
n be bounded. Ifu ∈ W 1,1

0 (Ω), then

|u(x)| . diam(Ω)M |∇u|(x) a.e.

by [5, Chap. 6]. In the same source it is also shown that in a John domain, we have

|u(x)− uΩ| . diam(Ω)M |∇u|(x) a.e.

From this and the boundedness ofM , we directly get:

Theorem 6.11(Poincaré inequality). Let Ω ⊂ R
n be bounded. Supposeϕ ∈ Φ(Ω)

satisfies (A0), (A1)Ω and (aInc)p for somep > 1. Then

‖u‖Lϕ(·)(Ω) . diam(Ω)‖∇u‖Lϕ(·)(Ω),

for everyu ∈ W
1,ϕ(·)
0 (Ω). If Ω ⊂ R

n is a John domain, then

‖u− uΩ‖Lϕ(·)(Ω) . diam(Ω)‖∇u‖Lϕ(·)(Ω),

for everyu ∈ W 1,ϕ(·)(Ω).

Note that a bounded convex domain is a John domain.

7. DIRICHLET ENERGY INTEGRAL MINIMIZERS

Let Ω ⊂ R
n be an open bounded set and letw ∈ W 1,ϕ(·)(Ω). We consider the

minimization of the energy

(7.1) Iϕ(·)(u) := ̺ϕ(·)(∇u) =

ˆ

Ω

ϕ (x,∇u(x)) dx

on the affine setw +W
1,ϕ(·)
0 (Ω) := {w + u : u ∈ W

1,ϕ(·)
0 (Ω)}. Here we use the same

methods as in [32] to prove that a minimizer exists.
Let V be a reflexive Banach space andI : V → R. The operatorI is said to be

convexif I(tu + (1 − t)v) 6 tI(u) + (1 − t)I(v) for all t ∈ [0, 1] andu, v ∈ V .
It is lower semicontinuousif I(u) 6 lim inf i→∞ I(ui) wheneverui → u in V , and
coerciveif I(ui) → ∞ whenever‖ui‖V → ∞. The following is a well known lemma
in functional analysis, see for example [22, Theorem 2.1].

Lemma 7.2. Let V be a reflexive Banach space. IfI : V → R is a convex, lower
semicontinuous and coercive operator, then there is an element inV that minimizesI.
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Theorem 7.3. LetΩ ⊂ R
n be a bounded domain. Assume thatϕ ∈ Φ(Ω) is doubling

and satisfies (A0), (A1)Ω and (aInc)p for somep > 1. Letw ∈ W 1,ϕ(·)(Ω). Then there

exists a functionu ∈ w +W
1,ϕ(·)
0 (Ω) such that

(7.4) Iϕ(·)(u) = inf
v∈w+W

1,ϕ(·)
0 (Ω)

Iϕ(·)(v).

Proof. Let J(u) := Iϕ(·)(u + w), whereu ∈ W
1,ϕ(·)
0 (Ω). By Lemma 2.4, (aInc)p

yields thatϕ∗ satisfies (aDec)p′ and thusϕ∗ is doubling. Hence by Theorem 6.8, the
generalized Orlicz–Sobolev spaceW 1,ϕ(·)

0 (Ω) is a reflexive Banach space. We show
thatJ is convex, lower semicontinuous and coercive. Then the assertion follows from
Lemma 7.2.

The operatorJ is convex, sinceϕ is convex. By Theorem 4.1,J is lower semicon-
tinuous. Let(ui) be a sequence of functions inW 1,ϕ(·)

0 (Ω). If ‖ui‖W 1,ϕ(·)(Ω) → ∞,
then by the Poincaré inequality (Theorem 6.11) we have‖∇ui‖W 1,ϕ(·)(Ω) → ∞. Thus
J(ui) = ̺ϕ(∇ui +∇w) → ∞ asi→ ∞ and the operatorJ is coercive. �

The operatorI is strictly convex ifI(tu+(1t)v) < tI(u)+ (1− t)I(v) whenu 6= v
andt ∈ (0, 1).

Theorem 7.5. LetΩ ⊂ R
n be a bounded domain. Assume thatϕ ∈ Φ(Ω) is strictly

convex and satisfies (A0). Then the possible minimizing function u is unique up to set
of measure zero.

Proof. Assume thatu1 andu2 are two minimizers of (7.4) with
∣

∣{∇u1 6= ∇u2}
∣

∣ > 0.
When∇u1(x) 6= ∇u2(x), we obtain by strict convexity that

ϕ
(

x, 1
2
∇u1(x) +

1
2
∇u2(x)

)

< 1
2
ϕ(x,∇u1(x)) +

1
2
ϕ(x,∇u2(x)).

We setv = 1
2
(u1 + u2). The previous inequality implies that

Iϕ(·)(v) <
1
2
Iϕ(·)(u1) +

1
2
Iϕ(·)(u2) = inf

u∈w+W
1,ϕ(·)
0 (Ω)

Iϕ(·)(u),

which is a contradiction. Therefore∇u1 = ∇u2 almost everywhere.
Sinceu1 − u2 ∈ W

1,ϕ(·)
0 (Ω) →֒ W 1,1

0 (Ω) by Lemma 6.9, we obtain by the Poincaré
inequality inW 1,1

0 (Ω) [14, 7.44, p. 164] that

‖u1 − u2‖L1(Ω) . ‖∇u1 −∇u2‖L1(Ω) = 0,

and henceu1 = u2 for a.e.x ∈ Ω. �

If ϕ is a generalizedΦ-function, we abbreviateϕ ∈ C1(R+) if t 7→ ϕ(x, t) is
continuously differentiable inR+ := [0,∞) for everyx ∈ Ω.

Theorem 7.6.Letϕ ∈ Φ(Ω)∩C1(R+) be doubling andw ∈ W 1,ϕ(·)(Ω). The following
three conditions are equivalent:

(i) The functionu ∈ w +W
1,ϕ(·)
0 (Ω) minimizesIϕ(·).

(ii) The functionu ∈ w +W
1,ϕ(·)
0 (Ω) satisfies

ˆ

Ω

ϕ′(x, |∇u|)

|∇u|
∇u · ∇v dx > 0

for everyv ∈ W
1,p(·)
0 (Ω).
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(iii) The functionu ∈ w +W
1,ϕ(·)
0 (Ω) satisfies

ˆ

Ω

ϕ′(x, |∇u|)

|∇u|
∇u · ∇v dx = 0

for everyv ∈ W
1,p(·)
0 (Ω).

Proof. This proof is a modification of [18, Theorem 5.13]. It is clearthat (iii) implies
(ii). By considering in (ii) the functionsv and−v, we see that it implies (iii). So it
remains to prove the equivalence of (i) and (ii).

First we prove that (i) implies (ii). We fixv ∈ w +W
1,ϕ(·)
0 (Ω) and setλ = v − u.

Thenλ ∈ W
1,ϕ(·)
0 (Ω). Let 0 < ε 6 1. Sinceu+ ελ ∈ w +W

1,ϕ(·)
0 (Ω), we obtain

Iϕ(·)(u) 6 Iϕ(·)(u+ ελ),

and therefore

(7.7)
ˆ

Ω

1

ε

(

ϕ(x, |∇u+ ε∇λ|)− ϕ(x, |∇u|)
)

dx > 0.

By l’Hôpital’s rule,

ϕ(x, |∇u+ ε∇λ|)− ϕ(x, |∇u|)

ε
→ ϕ′(x, |∇u|)

∇u

|∇u|
· ∇λ

asε → 0+ for almost everyx ∈ Ω. Then condition (ii) follows by dominated con-
vergence provided that we find anL1-majorant independent ofε for the integrand in
(7.7).

By the mean value theorem there existsε′ ∈ (0, ε) such that

ϕ(x, |∇u+ ε∇λ|)− ϕ(x, |∇u|)

ε
= ϕ′(x, |∇u+ ε′∇λ|)

∇u+ ε′∇λ

|∇u+ ε′∇λ|
· ∇λ.

Furthermore,
∣

∣

∣
ϕ′(x, |∇u+ ε′∇λ|)

∇u+ ε′∇λ

|∇u+ ε′∇λ|
· ∇λ

∣

∣

∣
6 ϕ′(x, |∇u+ ε′∇λ|) |∇λ|.

Sinceϕ is convex we obtainϕ(2s) > ϕ(s) + ϕ′(s)(2s− s) and by doublingsϕ′(s) .
ϕ(s). Thus

ϕ′(x, |∇u+ ε′∇λ|) |∇λ| 6 ϕ′(x, |∇u|+ |∇λ|)
(

|∇u|+ |∇λ|
)

. ϕ(x, |∇u|+ |∇λ|).

The upper bound is integrable and independent ofε, so it provides the required majo-
rant.

Then we prove that (ii) implies (i). By convexity,

ϕ(x, ξ2 + ε(ξ1 − ξ2)) = ϕ(x, (1− ε)ξ2 + εξ1) 6 (1− ε)ϕ(x, ξ2) + εϕ(x, ξ1)

for 0 < ε < 1. Then we obtain by settingξ = ξ1 − ξ2 that

ϕ(x, ξ2 + εξ)− ϕ(x, ξ2) 6 ε
(

ϕ(x, ξ + ξ2)− ϕ(x, ξ2)
)

.

With the choiceξ = ∇v andξ2 = ∇u, we find that

ϕ(x,∇u+ ε∇v)− ϕ(x,∇u)

ε
6 ϕ(x,∇u+∇v)− ϕ(x,∇u).

Lettingε→ 0+, we find by l’Hôpital’s rule that

ϕ′(x, |∇u|)
∇u

|∇u|
· ∇v 6 ϕ(x,∇u+∇v)− ϕ(x,∇u)
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FIGURE 1. Variablesη andξ in the proof of Lemma 8.2.

and henceIϕ(·)(u) 6 Iϕ(·)(u+ v) for everyv ∈ W
1,ϕ(·)
0 (Ω). �

8. NON-ZERO RIGHT HAND SIDE

We continue the study of the energyIϕ(·) defined in (7.1). In Theorem 7.6 we saw
that the minimizing problem corresponds to a weak solution of the equationA(u) = 0,
where the operatorA : W

1,ϕ(·)
0 (Ω) → (W

1,ϕ(·)
0 )∗(Ω) is defined by

〈A(u), v〉 :=

ˆ

Ω

ϕ′(x, |∇u|)

|∇u|
∇u · ∇v dx for all v ∈ W

1,ϕ(·)
0 ,

and〈·, ·〉 denotes the inner product〈f, g〉 =
´

Ω
f(x)g(x) dx. In this section we use a

different approach to study existence of weak solutions of the equationA(u) = f .
We recall some definitions (cf., e.g., [31, Definition 2.3]).

Definition 8.1. LetA : V → V ∗ be an operator on a separable, reflexive Banach space
V . The operator is:

(1) monotone, if 〈A(u)− A(v), u− v〉 > 0 for all u, v ∈ V .
(2) hemicontinuous, if the mappingt 7→ 〈A(u+ tv), w〉 is continuous for all fixed

u, v, w ∈ V .
(3) radially continuous, if the mappingt 7→ 〈A(u + tv), v〉 is continuous for all

fixedu, v ∈ V .
(4) coercive, if

lim
‖u‖→∞

〈A(u), u〉

‖u‖
= ∞.

Clearly a hemicontinuous operator is radially continuous.By the Minty–Browder
Theorem, any radially continuous, monotone and coercive operatorA is surjective; i.e.
for anyf ∈ V ∗, there is at least one solution to the equationA(u) = f , see, e.g., [31,
Theorem 2.18].

Lemma 8.2. If h : [0,∞) → [0,∞) is increasing, thenh(|x|) x
|x|

is monotone onRn.

Proof. Let x, y ∈ R
n, with angleθ ∈ [0, π] between them at the origin and denote

ξ := x− y andη := h(|x|) x
|x|

− h(|y|) y
|y|

, see Figure 1. The claim is thatξ · η > 0.
Let l be the line through the origin andx. Without loss of generality, we assume

that|y| 6 |x|; thenh(|y|) 6 h(|x|). Hence the angleα betweenξ andl lies in [0, π−θ
2
],

as does the angleβ betweenη and l. Consequently, the angle betweenξ andη lies
between±π−θ

2
. Henceξ · η > 0. �
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Corollary 8.3. If ϕ ∈ Φ(Ω), then the operatorA is monotone.

Proof. Sinceϕ is convex,ϕ′ is increasing and so Lemma 8.2 implies that

〈A(u)−A(v), u−v〉 =

ˆ

Rn

(

ϕ′(x, |∇u|)
∇u

|∇u|
−ϕ′(x, |∇v|)

∇v

|∇v|

)

·(∇u−∇v) dx > 0.

�

Proposition 8.4. If ϕ ∈ Φ(Ω) ∩ C1(R+) is doubling andϕ′(x, 0) ≡ 0, then the oper-
atorA is hemicontinuous.

Proof. Sinceϕ is convex and doubling we obtain, fors ∈ (t, 2t], that

ϕ(x, s)− ϕ(x, t)

s− t
6
ϕ(x, 2t)− ϕ(x, t)

2t− t
6 (K − 1)

ϕ(x, t)

t

and thusϕ′(x, t) 6 (K − 1)ϕ(x,t)
t

. Hence
∣

∣

∣

ϕ′(x, ξ)

|ξ|
ξ · ζ

∣

∣

∣
6 ϕ′(x, ξ) |ζ | .

ϕ(x, ξ)

|ξ|
|ζ |.

Furthermore, we recall thatϕ(x,t)
t

is increasing.
Fix u, v, w ∈ W 1,ϕ(·)(Rn). Let t0 > 0 andg := (1 + t0)max{|∇u|, |∇v|, |∇w|}.

Then, fort ∈ [0, t0], |∇u+ t∇v|, |∇w| 6 g and it follows that
∣

∣

∣

ϕ′(x, |∇(u+ tv)|)

|∇(u+ tv)|
∇(u+tv)·∇w

∣

∣

∣
.
ϕ(x, |∇(u+ tv)|)

|∇(u+ tv)|
|∇w| 6

ϕ(x, g)

g
g = ϕ(x, g).

By the definition ofg and the doubling condition,ϕ(x, g) . ϕ(x,∇u) + ϕ(x,∇v) +
ϕ(x,∇w). Thereforeϕ(x, g) is integrable. Also, ift→ t1 ∈ [0, t0), then

∣

∣

∣

ϕ′(x, |∇(u+ tv)|)

|∇(u+ tv)|
∇(u+ tv) · ∇w

∣

∣

∣
→

∣

∣

∣

ϕ′(x, |∇(u+ t1v)|)

|∇(u+ t1v)|
∇(u+ t1v) · ∇w

∣

∣

∣
;

here the assumptionϕ′(x, 0) ≡ 0 is used to ensure the continuity ofϕ′(ξ) ξ
|ξ|

at the
origin. Sinceϕ(x, g) is a majorant of the expression for allt ∈ [0, t0], the continuity of
t 7→ 〈A(u+ tv), w〉 in [0, t0] follows by dominated convergence. Sincet0 is arbitrary,
the continuity holds in all ofR+. �

Theorem 8.5. Let Ω be a bounded domain. Ifϕ ∈ Φ(Ω) ∩ C1(R+) is doubling and
satisfies (A0), (A1)Ω, (aInc)p for somep > 1 andf ∈ (W

1,ϕ(·)
0 )∗(Ω), then there exists

a solutionu ∈ W
1,ϕ(·)
0 (Ω) ofA(u) = f .

Proof. By Corollary 8.3,A is monotone. By (aInc)p, p > 1, ϕ(x,t)
t

→ 0 as t → 0.
Thereforeϕ′(x, 0) ≡ 0 and soA is radially continuous by Proposition 8.4. Further-
more, ifA is coercive, then the claim follows by the Minty–Browder Theorem [31,
Theorem 2.18].

So we show thatA is coersive. By convexity,ϕ′(x, t) > ϕ(x,t)
t

, so that

〈A(u), u〉 =

ˆ

Ω

ϕ′(x, |∇u|)

|∇u|
∇u·∇u dx =

ˆ

Ω

ϕ′(x, |∇u|)|∇u| dx >

ˆ

Ω

ϕ(x, |∇u|) dx.

By the Poincaré inequality, Theorem 6.11,

‖u‖
W

1,ϕ(·)
0 (Ω)

. ‖∇u‖Lϕ(·)(Ω).
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Thus, by Lemma 3.3,

〈A(u), u〉

‖u‖
W

1,ϕ(·)
0 (Ω)

&

´

Ω
ϕ(x, |∇u|) dx

‖∇u‖Lϕ(·)(Ω)

&
‖∇u‖p

Lϕ(·)(Ω)

‖∇u‖Lϕ(·)(Ω)

→ ∞

as‖u‖
W

1,ϕ(·)
0 (Ω)

→ ∞ sincep > 1. �

Remark8.6. SinceW 1,ϕ(·)
0 ⊂ L

ϕ(·)
0 , it follows thatLϕ

∗(·) ⊂ (L
ϕ(·)
0 )∗ ⊂ (W

1,ϕ(·)
0 )∗,

so the previous theorem hold in particular whenf ∈ Lϕ
∗(·)(Ω). With the Sobolev

embedding (cf. [15]) we may conclude that the larger generalized Orlicz spaceL(ϕ#)∗(·)

belongs to(W 1,ϕ(·)
0 )∗ which leads to the existence of solutions in this case also.
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[33] A. Świerczewska-Gwiazda: Nonlinear parabolic problems in Musielak–Orlicz spaces, Nonlinear

Anal. 98 (2014), 48–65.
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