GENERALIZED ORLICZ SPACES AND RELATED PDE
PETTERI HARJULEHTO, PETER HASTO AND RIKU KLEN

ABSTRACT. We prove the boundedness of the maximal operator in geéredaDr-

licz spaces defined on subsetsisf. The proof is based on an extension result for
d-functions. We study generalized Sobolev-Orlicz spacesemtablish density of
smooth functions and the Poincaré inequality. As applicetive establish the exis-
tence of solutions of the-Laplace equation with zero and non-zero right-hand side.
Further, we systematize assumptions defunctions and prove several basic tools
needed for the study of differential equations of geneeali@rlicz growth.

1. INTRODUCTION

Generalized Orlicz spacds’) have been studied since the 1940's. A major synthe-
sis of functional analysis in these spaces is given in th&4f8nograph of Musielak
[27] hence the alternative name Musielak—Orlicz space®sélspaces are similar to
Orlicz spaces, but defined by a more general function ¢) which may vary with the
location in space: the norm is defined by means of the integral

| etalf@Ds

whereas in an Orlicz spaceswould be independent af, (| f(z)|). Whenp(t) = t?
we obtain classical Lebesgue spaéés

The special case(z, t) := t*(*), so-called variable exponent spadé$’, and cor-
responding differential equations with non-standard gindvave been vigorously stud-
ied inrecent years [10, 11, 17]. The reason that variablemsmpt spaces thrived while
little was done in generalized Orlicz spaces was the béi@f many classical results
can be obtained in the former setting but not the latter. Hewehis belief has been
challenged recently, based on new techniques that werdog@eeand perfected in the
context of variable exponent spaces [12, 15, 19, 20, 23,228.

In addition to being a natural generalization which covesiits from both variable
exponent and Orlicz spaces, the study of generalized Gspezes can be motivated
by applications to image processing [2, 6, 16], fluid dynai83, 34] and differential
equations.

Regarding regularity theory of differential equationsametti and Passarelli di
Napoli [13] and Ok [29] as well as Baroni, Colombo and Mingd3, 4, 7, 8, 9]
studied the minimization problems

min/\Vu|p(‘”) log(e + |Vu|)dz and min/\Vu|p+a(x) |Vu|?dz,
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respectively. They showed that the regularity of the miaenidepends on the regu-
larity of the exponenp and the weight.. Both are special cases of generalized Orlicz
growth.

In the function space setting the first steps froff) were similarly®-functions of
type ) log(e + t)?0) like that of Giannetti, Passarelli di Napoli and Ok. Sugh
functions were studied e.g. in [21, 26]. To our mind, a bedjgproach is to develop
stronger tools and to move directly to study gendpdunctions including, among
others, those studied by Colombo and Mingione. Our assompi{{A0)—(A2) have
been shown to correspond to known optimal conditions inetlsgecial cases [19].

In this article we systematize assumptions defunctions and prove several basic
tools needed for the study of differential equations of geliwed Orlicz growth (Sec-
tion 2—4). In order to use function spaces in subsei®gfwe study extensions @#-
functions (Proposition 5.2). We consider generalized 8b®rlicz spaces, including
density of smooth functions (Theorem 6.6) and Poincaréualty (Theorem 6.11).
With these tools, we are able to establish the existencelofiaos of thep-Laplace
eqguation with zero and non-zero right-hand side (Secticarsdr8).

2. ®-FUNCTIONS

The notationf < g means that there exists a constant- 0 such thatf < Cg. The
notationf ~ g meansthaf < g < f. Afunction f is almost increasingf there exists
a constant. > 1 such thatf(s) < Lf(t) for all s < ¢t. AlImost decreasing defined
similarly.

Let us start with looking at the foundations éffunctions. Different researchers
have used different conditions, which we try to capture erbxt definition.

Definition 2.1. We consider increasing functiogs: [0, c0) — [0, co] with ¢(0) =
lim; o+ ¢(t) = 0 andlim,;_,, ¢(t) = co. Suchy is called ad-prefunction Further-
more,y is called

(1) aweak®-functionif, additionally,t — @ is almost increasing oft), co);
(2) a®-functionif, additionally, it is left-continuous and convex;
(3) astrong®-functionif, additionally, it is continuous ifR and convex.

While ®-functions are most commonly used, the class of wedknctions is good
in the sense that it is invariant under equivalence. Strdsfgnctions, on the other
hand, are nice when it comes to dealing with the inverse teeerid of this section.

If pis ad-function we writep € . If ¢ is a convexb-prefunction and < ¢, then
p(s) = @(3t) < Jo(t) + (1= 3)p(0) = Fp(t) so that@ is increasing. Hence we see
that (3)= (2) = (1) in the previous definition. We will show that, up to equérece,
(1) < (3) in Definition 2.1.

Two functionsy and ) are equivalent ¢ ~ 1, if there existsL > 1 such that
Y(£) < o(t) < »(Lt) for all t. We shall see that equivaledtfunctions give rise to
the same space with comparable normsp l{) € ¢ andy ~ 1, then by convexity
v ~ 1. We say thaty is doublingif ¢(2t) < Dp(t) for everyt > 0. For a doubling
d-function~ and~ are equivalent.

We introduce two conditions that will be used throughoutpgbper. Herey > 1.

(Inc), s — s Pip(s) is increasing.
(alnc), s — s7Pyp(s) is almost increasing.
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Note that (alng) is invariant under equivalence @functions, whereas (Ing)s not.
For this reason, it is better to formulate results with then@st” assumption when
possible. The next results shows that (alregn be upgraded to (Ing)

Lemma 2.2. If the ¢-prefunctiony satisfies (alng), p > 1, then there existg € ¢
equivalent tap such that)!/? is convex. In particular) satisfies (Inc).

Proof. Assume first thap satisfies (alng) Let be the greatest convex minorantgf
and note that it is increasing. Singe< v < ¢, it follows that(0) = lim;_,¢+ ¥ (t) =
0.

Suppose thap(s) > 0. Theny(t) > BLp(s) for somes € (0,1] and allt > s,
sinceyp satisfies (alng) Thus the functiont — (£ — 1)¢(s) is a convex minorant of
¢ on |0, 00) and since) is the greatest convex minorant we conclude that

h(t) = B(5 = Dp(s).

It follows thatlim, ... ¥ (t) = co. Furthermore, this inequality implies tha(%s) >
(2 —PB)p(s) = ¢(s). Since alsa) < ¢, we see thap ~ 1.

Finally, sincey is convex, it is continuous except at the (possible) lefstipmintt
with ¢(s) = oo for s > t. We force) to be left-continuous by (re)defining(s) =
lim, , - ¢ (t). The properties above still hold ande .

Assume then thap satisfies (alng) p > 1. Theny(t)'/? satisfies (alng) Hence
by the first part of the proof there existss ® such that ~ /P, Sety) := £P. Since
p > 1,7 € ® and furthern) ~ ¢, as required.

Letp € [1,00). Sincey!/? is convex,%”p is increasing. Hencé‘t(,f—) is increasing,
and so (Inc) holds. O

We next show how to “upgrade” a wedkfunction to a strongb-function. Most
of the work was done in the previous lemma; it remains to shwav &n equivalent
function is continuous oiR. Recall that ab-function can be represented as

wherey’ is the right-continuous right-derivative of the convexdtian ¢.
Proposition 2.3. Every weakd-function is equivalent to a stron®-function.

Proof. Letp be a weakb-function. Sincep satisfies (alng) it follows from Lemma 2.2
that there existg, € ® with v, ~ ¢. The convexity implies thap, is continuous
on the set{yy < oo}. If this set equalg0,c0) we are done. Otherwise, denote
too :=1Inf{t : o(t) = 0o} € (0,00). Let us definep; on (3¢, ¢ by setting

ealt) = palto) + ta(t0) € ().
wheret, := %too and{(t) := ;5. Elsewhere, we set; := ¢,. Theny; is continuous
in [0,00] and convex since the right-derivatiyg is increasing. Furtherp;(%) <
©a(t) < w3(2t), SOps ~ s >~ . The conditionsp;(0) = lim, o+ ¢3(t) = 0, and
lim, ., p3(t) = oo are clear since they are invariant under equivalendefainctions.
Thusys is the required strong-function. OJ
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The inverse of a®-function. By ¢! we denote the left-continuous inverse of a weak
d-function,

e M) i=inf{t >0 : p(t) > 1}
It follows directly from this definition that—!(x(¢)) < ¢ and equality holds ify is
strictly increasing. Wherp € ® we can be more precise: 4 := max{t | p(t) = 0}
andt,, := max{t|¢(t) < oo}, then

07 tg t07
e o) =<t to<t<tu,
too t 2t

In particular,p=!(p(t)) = tif 0 < ¢(t) < oco. In the opposite order things work
better:¢o(¢~1(s)) < s and for continuous the equality holds; in particular, for strong
d-functions,p(p~1(s)) = s, which is the main reason for introducing this class.

Note that everyp-function is strictly increasing op—'(0, co) and thatp ~ v if and
only if =1 ~ ¢~ 1,

The conjugate ®-function. The conjugat@-function¢* is defined by the formula
©*(t) == Sug(st —¢(s))-

5=
We say thatp satisfies (aDeg)if s — s Pp(s) is almost decreasing. ¥f— s Py(s)
is decreasing we say thatsatisfies (Deg) Note that (aDeg)yields thaty is doubling:
p(t) o2t
tr 7 (2t)p

< p(2t) < L2P(t).

Lemma 2.4. Letp € (1,00) and letp’ be its Holder conjugate exponer}};t:+ pl = 1.
If p € @ is doubling and satisfies (alng)theny* satisfies (aDeg).

Proof. Assume thap satisfies (alng) By Lemma 2.2, there exists € ¢ that satisfies
1 ~ ¢ and (Inc). By [15, Lemma 5.2]y* satisfies (Deg). By [11, Lemma 2.6.4],
©* ~1* and thusy* satisfies (aDeg). OJ

3. GENERALIZED $-FUNCTIONS

Throughout the paper we denote ilyc R™ an open set. By.°(Q2) we denote the
set of (Lebesgue) measurable functiondbrBy L?(Q2), p € [1, co] we denote the set
of p-integrable functions ofR. The Hardy—Littlewood maximal operatois defined
for f € L°(R™) by

R LIL

whereB(z, r) is the ball with center and radius:, andf denotes the integral average.
We recall some definitions pertaining to generalized Odjoaces.

Definition 3.1. The set®(Q2) consists of those: Q2 x [0, 00) — [0, o] with

1) ¢(y,-) € @ for everyy € Q; and
(2) (-, t) € L°(Q) for everyt > 0.

Also the functions ind(€2) will be called ®-functions. In sub- and superscripts the
dependence anwill be emphasized by(-): L¥ (Orlicz) vs L") (generalized Orlicz).
Properties and definitions df-functions carry over to generalizd@gfunctions point-
wise.
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Some examples of generalizédfunctions are:

o1 (z,t) = tP@ log(1 + 1), wo(x,t) =P + a(x)t?, ¢ > p
QOg(l’, t) _ tp(x)7 S04(x7 t) — ﬁtp(x)7
os(z,t) = eP(@)t _ 1, e(x,t) = 00X (1,00) (1)

The first and secondl-functions have been recently studied, as mentioned imthe-i
duction. The second line contains variants of pig-growth; the third line contains
non-doubling®-functions corresponding to exponential growth did. With appro-
priate assumptions, the maximal operator is bounded ihedle cases [19, 20].

Definition 3.2. Let € ®(02) and define thenodularg, for f € L°(Q2) by

o0 (1) = [ elalfa)]) da
Thegeneralized Orlicz spa¢@lso called Musielak—Orlicz space, is defined as the set
LEO(Q) = {f € L°(Q): lim 0,)(Af) = 0}

equipped with the (Luxemburg) norm

||fHL<P(‘)(Q) := inf {)\ > 0: Op(-) <§) < 1}.

If the set is clear from the context we abbrevigfd| ;..o by || f{l4()-

The conditions (Ing) and (alnc) are applied to generalizeb-functionsuniformly
point-wise: for example generalizédfunctiony satisfies (alng)if there exists > 1
such thats—Pp(z, s) < Lt Pp(x,t) for every0 < s < t and everyr € Q.

Lemma 3.3.If € () satisfies (alng), f € L°(Q) and [, ¢(x, f) dz > 1, then

|W&w@54w@ﬂm.

Proof. Let us writeX := [, ¢(, f(x))dz. Let L be the almost increasing constant
from (alnc),. Since)\, L > 1, we obtain by (alng)that

f(z)
e, i) el f(@)
ey <L Uy
and thusp(z, %) < Lo(a, f(2)). This yields that
[ ole ) do < 4 [ ot sl do =1
so that|| f|| o)) < (LA)Y/? by the definition of the norm. O

Assumption (A0). The following assumption means that we restrict our atbento
the essentially “unweighted” case:

(A0) o' (x,1) =~ 1.
This simple assumption already allows us to obtain seversitlresults.

Lemma 3.4. Lety € ®(Q2). Theny satisfies (AO) if and only if there existse (0, 1]
such thatp(z, 5) < 1andp(z,1/3) > 1 for everyz € Q.
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Proof. Assume first that (AO) holds. Then there existse (0, 1] such thats <
o Nz, 1) < % for all x € Q. Applying ¢ to both inequalities, we obtain

o (2,5) <o, B) < gl (1) <1,
and sincep ™' (z, 1) < 3, we obtain by the definition gp~" thatp(z, 5) > 1.
Assume then that the condition holds. By the definitiongof', the inequality
1

¢(z,3) = 1 yields e (x,1) < % By convexitygp(x,g) < 2o(z,f) < 1 and

thusp=(z,1) > g O

4. FUNCTIONAL ANALYSIS IN GENERALIZED ORLICZ SPACES

In this section we have collected results on functionalyicall properties of gener-
alized Orlicz spaces. We proceed from properties which favldll ¢ € (Q2) to more
restrictive results. The following theorem contains saleite convergence properties
which hold without additional assumption.

Theorem 4.1(Theorems 2.1.17, 2.2.8 and Lemma 2.3.16, [10Bty € O(Q).

(1) If fr, — f almosteverywhere, then(f) < lign inf o,y (fx). (Fatou’s lemma
—00

for the modular)
(2) If fr, = f weakly inL¢"), theno,((f) < lim inf o,y (fx). (Lower semiconti-

nuity)
(3) If |fi| | f| almost everywhere, them,.\(f) = klim 9,0y (fx). (Monotone
—00
convergence)

(4) If fr, — f almost everywherdf,| < |g| almost everywhere, angl.)(\g) <
oo for every\ > 0, thenf, — fin L*"). (Dominated convergence)

For more advanced properties, we need some more assumtions

The spaceE*") of finite functions. The spaceZ#)(2) consists of those functions
f € L#U(Q) with g, (A f) < oo for everyX > 0. These functions are callefi
nite. The equalityE*0)(Q) = L#0(Q) holds if and only ifo,\(f) < oo implies
0,(7(2f) < o0 [11, p. 47]. Ifp is doubling this surely holds, and in Orlicz spaces also
the converse is true. However, in generalized Orlicz sptoe® existb-functions
with E¥() = L#() which are not doubling, as the following example shows.

Example 4.2.Let \(z) := 3 log 1,

— 2

(2.) = el —1, if t < \(x),
AT o) (t — \z)) +e*® — 1, otherwise

x| < 1. Definey : B(0,1) x [0,00) — [0, 00) by

Clearlyy is not doubling, since it has exponential growth near thgiorilf t > 3\ (z),
then a calculation shows thatz, 2t) < 3¢(z,t). On the other hand,

gw(.)(6)\):/ e)‘(:”)(B)\(x)le)—ld:c:/ |x\_%(glog|?1|+1)—ldx<oo.
B(0,1) B(0,1)

Suppose that,)(f) < co. Then

05()(2f) < 051 (6A) + 000 (21X 11537)) < 0p() (6A) + 30, (f) < o0
HenceE*")(B(0,1)) = L*Y)(B(0,1)) even thoughy is not doubling.
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The spaceZ#(") has a number of nice properties. For instance, eyeeyE*") has
absolutely continuous norm [11, Remark 2.5.8]. PAfunction is said to bdocally
integrableif o,.\(txg) < oo forall £ > 0 and setsv C 2 of finite measure. Note that
every doublingp satisfying (AO) is locally integrable.

Theorem 4.3. Suppose thap € ®(12) is locally integrable. Then

(1) Simple functions are dense F¥() [11, Theorem 2.5.9]
(2) E¥") is separablg11, Theorem 2.5.10]

If ¢ is doubling, then these claims hold also fof(").

Lemma 4.4. LetQ2 C R" be bounded. Ifp € ¢(Q2) satisfies (A0) and (alng) then
L0 (Q) — LP(Q) and the embedding norm depends only on the (A0)-constant, th
(alnc),-constant and<2|.

Proof. By (A0) and Lemma 3.4(z, 5) > 1. By (alnc),
e(x,1/8) _  o(z,t)
<
@By Stw
fort > 1/p and thust? < LB Pp(x,t) fort > 1/p. Let K := L5~P + 7P|Q| + 1.

Then @)
t\» P Xalz
T < T < 7t 9
() < g <o+ 0]
where|| X¢|| 1) < 1. Thus by [11, Theorem 2.8.1].f|r(0) < 2K f ]| o)) Tor
all f e L#O(Q). O

Theorem 4.5.1f ¢ € ®(12) is doubling and satisfies (A0), therf°(2) is dense in
L#O(Q).

Proof. Since simple functions are denselifi”) (Theorem 4.3), it suffices to show that
every simple function can be approximateddsy (Q2)-functions inL#().
If t € [0, 5], whereg is from Lemma 3.4, then by (alnc)

p(x,t) = p(2, 58) S §ol=.8) < 4.

Assume then that > . Setp := log, D, whereD is the doubling constant @f. By
iterating the doubling inequality we obtain that

p(a,t) < c(§) ez, B) < Ht°
for some constantdepending only the doubling constant We conclude that
oz, t) < max{t?, t},

where the constant depends only on the doubling constanthencbnstants in (A0O).
ThusL' N LP — L#0). Since every simple function belongstd N L7, where it can
be approximated by a sequencegf-functions, the claim follows. O

Next, we relate the condition (AO) to previously studied @ibions and results. A
d-functionp € ®() is calledproperif ¢ andy* are locally integrable. 1§ is proper
and E*0) = L#0) then(L*0)* = L¥"() [11, Theorem 2.7.14]. Assumption (A0)
implies that doublingb-functions are proper:

Proposition 4.6. If ¢ € ®(Q) satisfies (AO) and> and ¢* are doubling, thenp is
proper,¢* satisfies (A0) and. ") () is reflexive.
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Proof. By [11, Corollary 2.7.9],» is proper if and only if every simple function be-
longs to L*) N L"), Since bothy and ¢* are doubling, it suffices to show that
0,1 (BxE) < ooandg,-()(Bxe) < oo for somes and everyE' C () of finite measure.
Sincep(r, 8) < 1 (Lemma 3.4)0,.)(Bxr) < |E| so the first condition holds.

By [11, Corollary 2.7.18]L#")(Q) is reflexive, becauseg is proper.

It remains to show that alsg* satisfies (AO). For this we note by Lemma 3.4 that

©*(z, B) = sup(Bs — ¢(,s)) = sup (Bs —p(z,8)) < sup Bs=1;
>0 86[0,%] 56[0,%}

the second equality follows singg, 3) > 1, so fors > ; the expression is negative.

On the other hang*(z, %) > %ﬁ — o(x, ) = 1. Therefore alsg* satisfies (A0) by
Lemma 3.4. O]

For more advanced properties, we need to control the vétyadii o between neigh-
boring points. For this we have two further assumptions ffb&j.

(A1) There exists} € (0, 1] such thatdy~!(z,t) < ¢ *(y,t) for everyt € [1, ‘—;‘]

everyz,y € BN and every balB with | B| < 1.
(A2) LFO(R™) N L®(R") = L#=(R™) N L®(R™), with o () := lim sup ¢(z, t).
|x|—o00

Note that conditions (AO), (Al) and (A2) are invariant wi#spect of equivalence
of functions: ify ~ 1, theny satisfies (Ai) if and only if) satisfies (Ai), + 0, 1, 2.
Also (alnc), is invariant with respect of equivalence of functions.

Theorem 4.7.Let ¢ be a weakd-function onR™ and satisfy assumptions (A0)—(A2)
and (alnc), for somep > 1. Then

M : LPOR™) — LFO(R™)
is bounded.

Proof. By Lemma 2.2 there exists € ®(R") with ¢» ~ ¢ which « satisfies (Ing).
Since (A0)—(A2) are invariant under the equivalenc@dtinctions,y satisfies (A0)—
(A2). Thus the claim follows by [15, Corollary 3.7]. 0J

5. ASSUMPTION(AL) IN DOMAINS

Of the assumptions (A0)—(A2) in the previous section, (A@)eralizes easily to the
case of a subdomain @&". Assumption (A2) is only relevant to unbounded domains.
However, generalizing (Al) to the domain-case is not elytiseraight-forward. We
propose the following assumption, and spend the rest ofdbtos showing that it is
indeed a natural and correct counterpart to (AIQin

(A1), There exist constants, 5 € (0, 1] such thatw8!"" =¥l (y, 1) < (. 1)
forall x,y € Q andt > 1.
A domainQ2 C R” is quasi-convexif there exists a constarit’ > 1 such that

every pairz,y € () can be connect by a rectifiable pathc 2 from x to y such that
() < K|z — y|. By £(y) we denote the length of the path

Lemma 5.1. If  C R™ is quasi-convex, thep € &(12) satisfies (A1) if and only if it
satisfies (AL).

Proof. Itis clear that (Al implies (Al). We proceed to prove the converse.
Letz,y € Qandt > 1. Lety C () be a path connecting andy of length at
mostK |z — y|. Letxy = x andc¢(n) be a constant such thg8(x, )| = ¢(n)r™. For
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j =1,2,...,k — 1 choose points;; € v such that/(y(z,z;)) < ¢(v(z,z,41)) and
|21 —;] = W if possible and finally set;, = 3. Then|z;_; —x;| < W
LetB be an open ball such that, z;., € B anddiam(B) = 2|z; — z;+1|. Then
|B| W > 2t SO that|j§2| > t. Thust is in the allowed range and we obtain
by (A1) thatBy ! (z;41,t) < ¢ (z;,t). With this chain of inequalities, we obtain

that3*p~1(y,t) < ¢~ *(x,t). On the other hand, at most

0w o) | Ele—yl o Klo—yl

b= diam(B) S dam(B) T 2/(2e(n)t)/n

+1=CdKt"" |z —y|+1
pointsz; are needed, so that X"/ l==vl+1,-1(y +) < o= !(x,t) for all z,y € Q and
t > 1. ]

We say that) € ®(R") is anextensiorof ¢ € ®(Q) if Y|q ~ ¢

Proposition 5.2. Suppose tha® C R" is bounded ang € ®(£2) satisfies (A0).

Then there exists an extensiore ®(R") of ¢ which satisfies (A0)—-(A2) if and only
if ¢ satisfies (AL).

If © satisfies (alng), then the extension can be taken to satisfy it as well.

Proof. Let ¢ > 1. Suppose first that there exists an extensioe ®(R™) which
satisfies (A0)—(A2). To compare!(z,t) andp=t(y,t), z,y € Q, it suffices to use
aft el =1(y, t) < ¢~ (z,t) which follows from (Alk. for ¢ by Lemma 5.1
sinceR" is quasi-convex. So we can move on to the converse implicatio

Definey : R™ x [0, 00) — [0, oco] by

Y (a, 1) = sup BT (g 1),
yeQ

By (Al)q, we havey ! < Lp71in Q. Choosingy = « in the supremum, we see that
Pt > 7l Thusy ! ~ o=t andy ~ ¢ in Q.

Let B C R” be an open ball withB| < 1. Lett € 1, ] andz,y € B. Then
t/"x — y| < ¢(n). Chooser € Q such that

vl (1) < 28" (2 1),
By definition of, 3 € (0, 1], the triangle inequality antt/" |z — y| < c(n),

by, t) = BT (2 1) > g e vl Tl () > Lgetmy Tt (g g,

Hencey satisfies condition (A1) with constaélﬁ‘:(” .
Let thenB be a ball containing and lety € C§°(R™) equall in B and0 in (2B)°.
Chooser, € 2 and defing), : R™ x [0, 00) — [0, co] by

vy (w,) = ()™ (2, 1) + (1= (@)™ (20, 1).
Clearly vy, ~ ¢ in Q. By definitionys = ¥(xo, -) in 2B° is independent of, so (A2)
is clear. Since) andy (z, -) satisfy (A1), the condition also follows fafs.
Let us consider condition (A0). if € R" \ 2B, thenys(x, t) = ¥ (xg,t) =~ @(xo,t)
and thus for those condition (AO) holds. Let be the diameter ai2B. If z € 2B,
then by (A1)

Uy (2, 1) = BT (w0, 1) Z BT
On the other hand}; ' (z,1) < sup,cq ¢~ '(y, 1) < 1. Thus (A0) holds forp,.
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With s = o~!(z,t), we have
_ -1 _ 1 _I\TP
(e, s) = (¢ @) Pt = (7 (@)
Sincey satisfies (alng) ¢ — t‘%ap‘l(x t) is almost decreasing. Then for every

ts £ 5B el (y )

is almost decreasing (singe< 1). Therefore the same holds for! since the supre-
mum of almost decreasing functions is almost decreasings hsatisfies (alng)
Conditions (AO) and (alng)mply thatlim; ., 1 (2, t) = oo andlimy_,¢+ o (z,t) =
0 = 1Yo(x,0). Thusyy(z, -) is a weakd-function for ally € R". By Lemma 2.2 there
existsys € ®(R") such that); ~ v, and thus); satisfies (A0)—-(A2) and (alng) O

In view of the extension result the boundedness of the ma>aperator is obtained
also in subdomainQ C R".

Theorem 5.3.Let{) C R™ be bounded. Lep € (1) satisfy assumptions (A0), (Aidl)
and (alnc), for somep > 1. Then

M : LPY(Q) — LPO(Q)
is bounded.

Proof. Let f € L*)(Q). By Proposition 5.2, there exists an extensjor ®(R") of
¢ which satisfies (A0)—-(A2) and (alng) Then f extended by to R™ \ €2 belongs to
L¥O)(R™). By Theorem 4.7,

| Mf ooy = | Mfll vo @) < IMSlleo@ny S I fllvo@ 2 1 flleo@. O
6. SOBOLEV-ORLICZ SPACES

Definition 6.1. A functionu € L#")(Q) belongs to th&obolev—Orlicz spadd '+ ()
if its weak partial derivatived, u, . . ., 9,u exist and belong td.*)(Q).

We define a modular o) (Q) by

ooy () (W) 1= 0 (1) + Z Op() (Diw)

/( u(z dx+Z/ x, |Ou(z

which induces a norm by
Let Vu = (Oyu, ..., d,u). Note that forp € ®(Q)

Zw Ou(2)]) < e, [Vu(z)]) < p(, n[Vu(z)])

and
o(z, 1| Vu(z) <x—2\au ) ng |0

where the convexity has been used in both mequalltles. Thusz, [u(z)]) do +
Jo v(z, [Vu(zx)|) dz gives an equivalent modular in the case ®(£2).
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Next we show thaﬂuHWl,v(.)(Q) ~ ||u||L‘P(')(Q) + ||VU||L¢(')(Q) WhereHVUHL(p(.)(Q) is
an abbreviation of [Vu| || o0 o). Clearly|[ul[ oo o)+ [Vull poo @) < 2llullwieo )
Let A > |lull o)) @ndu > [[Vul| o) ). Then by convexity

Jelomri) o vang) o

L) o) e

and thusl|u|| w10 ) < 2[|ull oo ) + 2|Vl Leo @) -
Lemma 4.4 gives the following results.

Lemma 6.2. If ¢ € ®(Q) satisfies (A0) and (alng)then () (Q) ¢ W27 ().

The previous lemma yields that»#)(Q) is alattice: if u,v € W*0)(Q), then
max{u, v}, min{u, v}, |u| € WH¥0)(Q). The proof is as in the variable exponent case,
see [11, Proposition 8.1.9].

The Sobolev—Orlicz spad& ¢ inherits most properties of the generalized Orlicz
spaceL?"). Since a closed subspace of a reflexive/separable Banachssigaalso
reflexive/separable, we obtain the following result by Tie@o4.3 and Proposition 4.6.

Theorem 6.3.If ¢ and * are doubling and (A0) holds, theéi'#()(Q) is a reflexive
and separable Banach space.

Theorem 6.4. Let p € ®(R") be such thab,.\(fi) — 0 implieso,)(2fz) — 0.
Then Sobolev functions with compact suppoiRinare dense i/ 1:#)(R").

Proof. Let us denoteB, := B(0,t),t > 1. Lety, € C5°(R™) be a cut-off function
with ¢, = 1on B, ¥, = 00nR"\ B,;1,0 < ¢.(z) < 1 and|Vi,| < 2. We show
thatus), — u in W#0)(R") asr — oo. Note first that

Ju — U¢T"le¢(‘)(R") < HUHWL%D(‘)(R"\BT.H) + [lu — uqvbTHWL%O(‘)(BTH\BT)-

Since E¥O(R™) = LYO(R™) (BY 0p()(fx) — 0 = 0,()(2fx) — 0), the absolute
continuity of the norm implies thau||y1..¢) g 5,,,) — 0 asr — oco. To handle the
second term in the above inequality we observe that

Vu =V (uh)| < (1= 0)|[Vul + [Vibr| [u] < |Vul +2Jul.

Thuslju — ut, lwreo) s, \5,) < IIVul + 2Jull[wrec)@m p,)- By absolute continuity
of the norm, this converges toasr — oc. OJ

Theorem 6.5.Let p € ®(R™) be doubling and satisfy (A0). Moreover assume that
M : L¥O(R™) — L#O)(R™) is bounded. The's®(R™) is dense il 10 (R™).

Proof. Let v € W'*0)(R") and lete > 0 be arbitrary. By Theorem 6.4 we may
assume that has compact support iR". Let). be the standard mollifier. Thenx .
belongs taCs°(R™) and

V(ux*e) — Vu= (Vu) x ). — Vu.
The claim follows once we show thdtf = . — f||,, — 0 ase — 0 for every
f € L¥O(R™).
Lety > 0. Note that by doubling and (AQ), is locally integrable. Then by the
density of simple functions id¥)(R"), Theorem 4.3, we can find a simple function
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g with || f — g||o) < 0. This implies that

1f * e = flloey < g * ¥e = gl +1(f — 9) * ¥e = (f = Doy =2 (1) + (11).
Sinceg is a simple functiong € L'(R") N LP(R"), wherep is as in Theorem 4.5. The
classical theorem on mollification implies that ). — ¢ in L}*(R™) N LP(R"). Thus
g * . — gin L¥O(R") as in Theorem 4.5. This provés) — 0 for e — 0.

Let us study the ternf/7). By Lemma 4.4 withp = 1, f € LL.(R") so that
|f * 1| <2Mf by [11, Lemma 4.6.3]. We obtain

(D) = [I(f = 9) * ¥ = (f = Doy < N = 9) *Velloey + 1F = gl
S2AM(f =Pl + I1f = glloey < ellf = gllpr) < €6
where the boundedness 6f has been used in the second to last inequality. This
implies
limsup || ¢ — fllo0) < 0.
e—0

Sinced > 0 was arbitrary, this yield$ f * ¢, — f||,.) — 0 ase — 0. O

Theorem 6.6.Let2 C R™ be bounded. Lep € ®(Q2) be doubling and satisfy (A0),
(Al), and (alnc), for somep > 1. ThenC>=(Q) N W11 (Q) is dense id¥ 1¢0)(Q).

Proof. By Proposition 5.2, we extend to R”. Letu € W) (Q). Fixe > 0 and
defineQ) := 0,

Q,, = {x € Q : dist(x,00Q) > i} and U, = Qi1 \ Q1

m

form = 1,2,... Let (§,) be a partition of unity subordinate to the coverifig, ),
ie.&n € C°(Uy,) andd "> &,(x) = 1 for everyz € Q. Lets be the standard
mollifier. For everym there exist9,,, such that

spt ((fmu) * wgm) cU,CQ

and as in the proof of Theorem 6.5 we conclude by choosing #esmg if necessary,
that

H(gmu} - (gmu) * ,l7b(57n

oo

Ue = Z(gmu> * %m .

m=1

Wie()(Q) L<e2™.
We define

Every pointz € 2 has a neighborhood such that the above sum has only finitely ma
non-zero terms and thus € C*°(Q2). Furthermore, this is an approximating sequence,
since

Wlﬂp(')(Q) § E. ]

= el < 3 6w — (Ene) % s,

m=1
Definition 6.7. W, *")(Q2) is the closure of’s°(€2) in the spacaV’ () ().
SinceW, *" () is a closed subspace Bf () (), we obtain the following result.

Theorem 6.8. If x andy* are doubling and (A0) holds, thdiiry *" () is a reflexive
and separable Banach space.
Lemma 6.9. Let 2 be a bounded open set. Lete ®(Q2) satisfy (AO) and (alng)

ThenW ?" () — W P(Q) and the embedding norm is bounded by a constant de-
pending on the (A0)-constant, the (alpcpnstant and<?|.
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Proof. By Lemma 4.4, we obtain
lullwre) S llullre@) + [Vl e
S lull oo @) + VUl ooy S llullwreo @

for all u € Wi#0(Q).

Letu € W(}’*”(')(Q). Let (¢;) be a sequence @f5°(€2)-functions converging ta in
Wet)(Q). Then¢; — v also inWP(Q) and the claim follows. O

The proof of the following theorem is as in the variable exgruncase, see [11,
Proposition 8.1.14].

Theorem 6.10.Lety € ®(R"™) andu € W&’“O(')(Q). Thenu extend by zero t&" \ 2
belongs tdV1#) (R™).

LetQ ¢ R" be bounded. If, € W, (Q2), then
lu(z)| £ diam(Q)M|Vu|(z) a.e.
by [5, Chap. 6]. In the same source it is also shown that in a domain, we have
lu(z) — ug| < diam(Q)M|Vu|(z) a.e.
From this and the boundednessidgf we directly get:

Theorem 6.11(Poincaré inequality)Let 2 C R"™ be bounded. Supposec ®(0Q)
satisfies (A0), (AL)and (alnc), for somep > 1. Then

[ull Letr (@) S diam(Q)[|Vul[ o) ),
for everyu € W&’“ﬁ(')(Q). If @ C R™is a John domain, then
lu— uall oo o < diam ()| Vul| oo g,
for everyu € W0 (Q).

Note that a bounded convex domain is a John domain.

7. DIRICHLET ENERGY INTEGRAL MINIMIZERS

Let @ C R™ be an open bounded set and detc W'*()(Q2). We consider the
minimization of the energy

(7.2) I,y (u) == 0p()(Vu) = /Qap(x, Vu(z)) dx
on the affine sety + Wy ?"(Q) := {w + u: u € Wy*"(Q)}. Here we use the same
methods as in [32] to prove that a minimizer exists.

Let V' be a reflexive Banach space ahd V' — R. The operator is said to be
convexif I(tu + (1 — t)v) < tl(u) + (1 —t)I(v) forall ¢t € [0,1] andu,v € V.
It is lower semicontinuous I(u) < liminf; ,. I(u;) wheneveru; — w in V, and
coerciveif I(u;) — oo whenevet|u, ||,y — oo. The following is a well known lemma
in functional analysis, see for example [22, Theorem 2.1].

Lemma 7.2. Let V' be a reflexive Banach space. /If: V' — R is a convex, lower
semicontinuous and coercive operator, then there is an@aimV that minimized.
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Theorem 7.3.Let2 C R" be a bounded domain. Assume that ®((2) is doubling
and satisfies (A0), (Ag)and (alnc), for somep > 1. Letw € W1#()(Q). Then there

exists a functiomn € w + W(}’“”(')(Q) such that
(74) I¢(.)(u) = inf ]w(,)(’l}).

vew+W#0 ()

Proof. Let J(u) := I . (u + w), whereu € WS’“”(')(Q). By Lemma 2.4, (alng)
yields thaty* satisfies (aDeg) and thusy* is doubling. Hence by Theorem 6.8, the

generalized Orlicz—Sobolev spaﬁé}’“ﬁ(')(Q) is a reflexive Banach space. We show
that.J is convex, lower semicontinuous and coercive. Then thetssdollows from
Lemma 7.2.

The operatot/ is convex, since is convex. By Theorem 4.1 is lower semicon-
tinuous. Let(u;) be a sequence of functions Wol’“”(')(Q). If [|willwreor ) — oo,
then by the Poincaré inequality (Theorem 6.11) we Hgve,||yy1.()(q) — oo. Thus
J(u;) = 0,(Vu; + Vw) — 0o asi — oo and the operatoy is coercive. O

The operatof is strictly convex ifl (tu + (1t)v) < tI(u) + (1 —t)I(v) whenu # v
andt € (0,1).

Theorem 7.5.LetQ2 C R™ be a bounded domain. Assume that () is strictly
convex and satisfies (A0). Then the possible minimizingiame is unique up to set
of measure zero.

Proof. Assume that;; andu, are two minimizers of (7.4) wit}t{Vul =+ VUQH > 0.
WhenVu,(z) # Vus(z), we obtain by strict convexity that

(2, 5Vur(z) + 5Vua(x)) < 39(z, Vui(2)) + g0(2, Vus(2)).
We setv = %(ul + ug). The previous inequality implies that

Loy (v) < 3loey () + 3lo)(u) = inf — To(u),
uew+ Wy (Q)

which is a contradiction. Therefoféu; = Vuy almost everywhere.
Sinceu, — uy € WY (Q) — W' (€2) by Lemma 6.9, we obtain by the Poincaré
inequality inW,"' (Q) [14, 7.44, p. 164] that

|ur — uallpi) S (|Vur — Vus|| i) =0,
and hence:; = u, for a.e.x € Q. O

If ¢ is a generalizedp-function, we abbreviate € C*(RT) if ¢t — ¢(x,t) is
continuously differentiable iR := [0, co) for everyx € Q.

Theorem 7.6.Lety € ®(Q)NC' (R) be doubling andy € WH¢)(Q). The following
three conditions are equivalent:

(i) The function: € w + W, ") (Q) minimizesl,, ..
(i) The functionu € w + W, *(Q) satisfies

/ Mvu Vodz >0
Q |Vl

for everyv € W, V().
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(i) The function: € w + W, *")(Q) satisfies

/ Y@ VUl o oy de — 0
Q |VU|

for everyv € W,V (Q).

Proof. This proof is a modification of [18, Theorem 5.13]. It is clélat (iii) implies
(ii). By considering in (ii) the functions and —v, we see that it implies (iii). So it
remains to prove the equivalence of (i) and (ii).

First we prove that (i) implies (ii). We fix € w + W, " (Q) and set\ = v — u.
Then\ € WS’“O(')(Q) Let0 < e < 1. Sinceu + e\ € w+ Wy ) (©2), we obtain

Iﬂ.)(’d) < Iﬂ.)(’d + 5)\),
and therefore
1
(7.7) / g(gp(x, [Vu+eVA|) — o(z,|Vul)) dz > 0.
Q
By I'Hépital’s rule,
ol [Vt V) = oo lVul) oy 10 ¥ RCBE

ase — 0" for almost everyr € Q. Then condition (ii) follows by dominated con-
vergence provided that we find drit-majorant independent affor the integrand in
(7.7).
By the mean value theorem there exists (0, ¢) such that
o(z, |Vu+eVA|) — oz, |[Vul) Vu+¢e'VA

= 'VA)=———=—-VA.
. o' (z,|Vu+ €'V D|Vu+5’V)\| \%

Furthermore,
Vu+¢e'VA
|Vu + €'V
Sincey is convex we obtaip(2s) > ¢(s) + ¢'(s)(2s — s) and by doublings¢'(s) <
©(s). Thus
(@, |Vu+ VA VA < ¢ (@, [Vul + [VA]) ([Vul + [VA]) S ¢l [Vul + [VA]).
The upper bound is integrable and independent gb it provides the required majo-
rant.
Then we prove that (ii) implies (i). By convexity,
(& +e(& — &) = vz, (1 —e)ée+ &) < (1 —g)p(x, &) +ep(z, &1)
for 0 < e < 1. Then we obtain by setting= &, — & that
oz, & +e6) — p(x, &) <e(p(x, &+ &) — p(z,&)).
With the choic& = Vv and§, = Vu, we find that

o(z, Vu + EV;) — ¢(x,Vu) < oz, Vu + Vo) — o(z, Va).

Lettinge — 0%, we find by I’Hﬁpital’s rule that

o (2, |[Vu+ £'VA|) -w) < (a, [Vu+ VA VA

o' (z, |Vu|)ﬁ Vo < o(x, Vu+ Vu) — ¢(z, Vu)
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FIGURE 1. Variables) and¢ in the proof of Lemma 8.2.

and hencd,,(u) < I, (u + v) for everyv € W, (Q). O
8. NON-ZERO RIGHT HAND SIDE

We continue the study of the enerdy,., defined in (7.1). In Theorem 7.6 we saw
that the minimizing problem corresponds to a weak solutidh@equatiom(u) = 0,

where the operatod : W, (Q) — (Wy?")*(Q) is defined by

(A(u),v) == / MVu -Vudr forall ve Wol’“p('),
o [Vul

and(-, -) denotes the inner produ¢f, g) = [, f(z)g(x) dz. In this section we use a
different approach to study existence of weak solutionsefquatiom (u) = f.
We recall some definitions (cf., e.g., [31, Definition 2.3]).

Definition 8.1. Let A : V — V* be an operator on a separable, reflexive Banach space
V. The operator is:

(1) monotoneif (A(u) — A(v),u —v) > 0forallu,v € V.

(2) hemicontinuougf the mapping — (A(u + tv), w) is continuous for all fixed

u,v,w e V.
(3) radially continuous if the mappingt — (A(u + tv),v) is continuous for all
fixedu,v € V.
(4) coercive if
lim 7(A(u),u> = 0.
lul—o0 [l

Clearly a hemicontinuous operator is radially continuoBg.the Minty—Browder
Theorem, any radially continuous, monotone and coerciegaiprA is surjective; i.e.
for any f € V*, there is at least one solution to the equatitin) = f, see, e.g., [31,
Theorem 2.18].

Lemma 8.2.1f 4 : [0, 00) — [0, c0) is increasing, therh(|x|)ﬁ IS monotone ofR™.

Proof. Let z,y € R™, with angled € [0, 7| between them at the origin and denote

£:=x—yandn = h(|x|)% — h(|y|)%, see Figure 1. The claimis that n > 0.
Let [ be the line through the origin and Without loss of generality, we assume

that|y| < |z|; thenh(]y|) < h(|z|). Hence the angle betweer¢ and! liesin |0, ”T‘a],

as does the anglé betweenn and/. Consequently, the angle betwegmndn lies
betweent™>?. Henceg - n > 0. O
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Corollary 8.3. If p € (Q2), then the operator! is monotone.
Proof. Sincey is convex,y' is increasing and so Lemma 8.2 implies that
Vu
A(u)—AW),u—v) = "(z,|V \Y Vu—Vv)dz > 0.
(A=A =) = [ (¢ V) o= 0 Vo) ) (Tu=T0) do "

Proposition 8.4. If ¢ € ®(Q2) N C'(R™) is doubling andy’(z,0) = 0, then the oper-
ator A is hemicontinuous.

Proof. Sincey is convex and doubling we obtain, ferc (¢, 2t], that

90(1'7 5) _ QO({L',t) < QO({L', Qt) B @(xat) < (K o 1)90(1'>t)
s—t = 2t — t = t

and thusy’(z,t) < (K — 1)M. Hence

£)

i el

Ppx
e (| < gl £ 28
N
Furthermore, we recall thé\‘i(f—’t) is increasing.
Fix u,v,w € WHO(R"). Lett, > 0andg := (1 + to) max{|Vu|,|Vv|, |Vwl|}.
Then, fort € [0, %], |Vu + tVuv|,|Vw| < g and it follows that

@' (z, |V (u+tv)]) p(z, [V(u+tv)]) e(z,9)
‘ IV (u + tv)] W“”“)‘V“"S Nty Vels

By the definition ofg and the doubling conditions(z, g) < ¢(x, Vu) + ¢o(x, Vo) +
o(x, Vw). Thereforep(z, g) is integrable. Also, it — t; € [0, 0) then

¢ (z,|V(u+tv)|) @' (z,[V(u+tiv)])
|V (u + tv)] |V (u+ t1v)]
£ at the

here the assumptiop/(z,0) = 0 is used to ensure the continuity of(¢)-> H
origin. Sincep(z, g) is @ majorant of the expression for &k [0, ¢, the continuity of
t — (A(u + tv),w) in [0, ty] follows by dominated convergence. Singes arbitrary,
the continuity holds in all oR*. O

g =v(z,9).

V(u+ tiv) - Vwl;

V(u+tv) - Vw)

Theorem 8.5. Let ) be a bounded domain. ¢f € ®(Q2) N C*(R*) is doubling and
satisfies (A0), (Al;) (alnc)p for somep > 1 and f € (W, 1“”()) (), then there exists
a solutionu € W, (Q) of A(u) = f.

Proof. By Corollary 8.3,4 is monotone. By (alng) p > 1, #%Y — 0 ast — 0.
Thereforey’(x,0) = 0 and soA is radially continuous by Proposition 8.4. Further-
more, if A is coercive, then the claim follows by the Minty—Browder ©hem [31,
Theorem 2.18].

So we show that! is coersive. By convexityy' (z,t) > ”(“ , SO that

(A(u),u>:/MVu-Vudx:/gp’(x,|Vu|)|Vu|dx>/ap(x,|Vu|)dx
o |Vul Q Q

By the Poincaré inequality, Theorem 6.11,

lellyr.e000y < 1Vl



18 PETTERI HARJULEHTO, PETER HASTO AND RIKU KLEN

Thus, by Lemma 3.3,

(A(u),u) ngp x,|Vul) dz ||VUHL<P()(Q
||U||WOW<»>(Q)N IVull oo ) ||Vu||m<)(9)

aslull, — oo sincep > 1. O

1 (e )(Q)

Remark8.6. SinceW, ") < L2V it follows that L&) ¢ (LEY)* c (W #),
so the previous theorem hold in particular whgne L¢"()(Q). With the Sobolev
embedding (cf. [15]) we may conclude that the larger geimrdiOrlicz spacd (¥ ()
belongs to(Wol’“”('))* which leads to the existence of solutions in this case also.
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