HOMOGENEOUS VARIABLE EXPONENT BESOV AND
TRIEBEL-LIZORKIN SPACES

ALEXANDRE ALMEIDA', LARS DIENING, AND PETER HASTO*

ABSTRACT. We introduce homogeneous Besov and Triebel-Lizorkin spaces with variable
indexes. We show that their study reduces to the study of inhomogeneous variable
exponent spaces and homogeneous constant exponent spaces. Corollaries include trace
space characterizations and Sobolev embeddings.

1. INTRODUCTION

In this paper we deal with homogeneous Besov and Triebel-Lizorkin spaces with vari-
able indexes. To contextualize the study we start with a review of previous results.

Spaces of variable integrability, also known as variable exponent function spaces, can be
traced back to 1931 and Orlicz [44], but the modern development started with the paper
[35] of Kovacik and Rékosnik in 1991. Corresponding PDE with non-standard growth
have been studied since the same time. For an overview we refer to the monographs [15]
17] and the survey [27]. Apart from interesting theoretical considerations, the motivation
to study such function spaces comes from applications to fluid dynamics [46], image
processing [13] 26], 38], PDE and the calculus of variations [1, 2l 8 @] [12].

Some ten years ago, Sobolev spaces were extended to variable exponent Bessel potential
spaces L) o € R constant, by Almeida and Samko [7] and Gurka, Harjulehto and
Nekvinda [25]. As in the classical case, this space coincides with the Sobolev space for
integer a > 0. Then Xu [52, 53], considered Besov By, and Triebel-Lizorkin Fy,
spaces with variable p, but fixed ¢ and «a.

Along a different line of inquiry, Leopold [36], 37| considered a generalization of Besov
spaces with smoothness index determined by certain symbols of hypoelliptic pseudo-
differential operators. In particular, for symbols of the form (1 + |£]|?)™(®)/2 the related
spaces coincide with By, ,§'). Function spaces of variable smoothness have been studied by
Besov [11]: he generalized Leopold’s work by considering both Triebel-Lizorkin spaces
Fy g) and Besov spaces Bp, (é) in R". By way of application, Schneider, Reichmann and
Schwab [48] used By é')(R) in the analysis of certain Black-Scholes equations. More
recently, Tyulenev [50] showed that such spaces appear as traces of (classical) Sobolev
spaces with Muckenhoupt weights.

Integrating the above mentioned spaces into the full Besov and Triebel-Lizorkin scales
simplifies the theory as one result then applies in all special cases; however, this requires all
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the indexes to be variable. This three-index generalization was done by Diening, H&sto

and Roudenko [19] for Triebel-Lizorkin spaces F;S?q(-)’ and by Almeida and Hésto [5]

for Besov spaces B;“((f))’q(.). Additional results, including Sobolev embeddings and atomic
decompositions, have subsequently been proven by Vybiral and Kempka [30], 311, 32], 33,
51], and others [3] 4, 20, 2], 23, 29|, 42, [55]; see also the papers [6], 24] 40] for the study
of traces.

Recently, results from variable exponent spaces have been derived in the more general
Musielak-Orlicz setting, see, e.g., [14], 28, 139, [43]. Yang, Yuan and Zhou [54] considered
versions of Besov and Triebel-Lizorkin spaces in this setting.

All the papers mentioned so far dealt only with inhomogeneous spaces. Homogeneous
variable exponent spaces have been studied in only a few papers: Hardy spaces by Nakai
and Sawano [41], 47] and by Cruz-Uribe and Wang [16], and interpolation between BMO
and LP0) by Kopaliani [34].

Our main result shows that the study of homogeneous Besov and Triebel-Lizorkin
spaces reduces to the study of homogeneous spaces with constant exponent and inho-
mogeneous spaces with variable exponent when the smoothness does not vary greatly.
Therefore, we obtain as immediate corollaries for instance Sobolev embeddings and trace
theorems in Sections [{ and [6l

We use a Fourier analytical approach to the Besov and Triebel-Lizorkin spaces. For
this we need some general definitions, well-known from the constant exponent case. For
the notation see Section [2|

Definition 1.1. Let ¢ be a function in S satisfying
o suppp C {{ €R™: 5 < ¢| <2} and [$(&)] > ¢ > 0 when £ < [¢] <
° > ez@u(§) =1 VEeR"\ {0},
where ¢, (x) := 2""¢(2"z) for v € Z. The system {p,} is called admissible. Also we
define ®_ € S by

wlot

Y

0

O_(&) =) 4277 if £#£0, and O_(0):=1.

Definition 1.2. Let ¢, be as in Definition [I.1. For v : R* — R and p,q € Pg, the
homogeneous Besov space B )) a0) and the homogeneous Triebel-Lizorkin space F
consist respectively of all dlstrlbutlons f € 8 such that

)
)sa()

||f||g;:((-‘)),q(‘) = ||(2VCY oy * f)l/”g%(')(Lp(')) < o0,
My, = 1 Pl <
ION'TQ

The main result of this paper is that the previous “norms” (cf. Remark are equiv-
alent to the sum of a variable exponent part with positive v which is identical to the
previously considered inhomogeneous spaces’ (quasi)norms [5, [19], and to a constant in-
dex part with negative v. See also Theorem [£.4] for the equality of norms without the
independence from the basis functions under more general assumptions.

Theorem 1.3. For f € S’ we set f' := f+®_ and f" = f — f'. Let p,q € Py® and
a € L>®(R™) be log-Holder continuous. Suppose that p € L¥(R"), and for the Triebel-
Lizorkin case also ¢ € L*(R™). Assume that a™ — a~ < oF - Then the B- and F'-spaces
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are well-defined, i.e. they are independent of the choice (¢,), and

h l
Ho(- ~ o + s
HfHBp(<»>>,q<-> 7 ||Bp<§>), a0 I e .o
h
S ~ e + .
Hfllpp((){q(_) 1 ”Fpéﬁ » [

In particular, if « is constant we have the following consequence.

Corollary 1.4. For f € 8" we set fl := f+«®_ and f" = f — f'. Let p,q € P and
a € R. Suppose that p € L>*(R™), and for the Triebel-Lizorkin case also ¢ € L>®(R™).
Then the B- and F'-spaces are well-defined and

o T el AR
h L .
HfHF;f((j),q(q 1 HF;((A'))’q(A) HfHFﬁoo,qoo

The results state that there are no essential differences between the homogeneous and
inhomogeneous spaces when we deal with high frequencies. On the other hand, the low
frequency part behaves like in the constant exponent case. Note that any f € S’ can be
decomposed as

f=®_xf+ Z ¢, * f  (convergence in §’).

Remark 1.5. For f € &', we have || f|| 5o0 =0 =/ f][ar if and only if supp f = {0},
ONTe P, a()
i.e. if and only if f is a polynomial. This means that | - ||sec) and || - || e)  are not
(), a() PC)sal)

exactly (quasi)norms. The way of remedying this would be considering the B and F
spaces as subspaces of &’/ P, where P stands for the set of all polynomials in R™. We
refer to the monographs [10], [45] and [49] for further details.

Remark 1.6. We can show by example that the result does not necessarily hold, even when
p=q =2, in the case at — a~ > n. It is unclear what happens when o™ —a~ € [%, n).
The results also raise the question of whether this definition of the homogeneous space
is good when the variability in « is large. Perhaps 2 should be replaced by 2v*5(2)
for some average ap(, o) at the appropriate scale, which would guarantee that the low
frequencies are affected only by a.,. This question is left for future research.

2. BACKGROUND MATERIAL

As usual, we denote by R" the n-dimensional real Euclidean space, N the set of all
natural numbers and Ng = NU {0}. We write B(z,r) for the open ball in R™ centered
at r € R" with radius » > 0. We use ¢ as a generic positive constant, i.e. a constant
whose value may change from appearance to appearance. The expression f < ¢g means
that f < cg for some suitably independent constant ¢, and f ~ ¢g means f < g < f.

The notation X <— Y stands for a continuous embedding from X to Y, where X
and Y are quasi-normed spaces. If F C R" is a measurable set, then |F| stands for its
(Lebesgue) measure and xg denotes its characteristic function. By supp f we denote the
support of the function f, i.e. the closure of its zero set.

The symbol S denotes the Schwartz class of infinitely differentiable rapidly decreasing
complex-valued functions and S’ denotes the dual space of tempered distributions. The
Fourier transform of a tempered distribution f is denoted by f or Ff.

We denote the sequence spaces over Z, Ny and —Ny by ¢4, ¢2 and (2, respectively.
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2.1. Variable exponents. We present some basic background on variable exponent
spaces. For more information and proofs see, e.g., [I7]. We denote by Py the set of
measurable functions p : R" — (0,00] (called wvariable exponents) which are bounded
away from zero. The subset of variable exponents with range [1, co] is denoted by P. For
A C R" and p € Py we denote p}y = esssup, p(z) and p,; = essinfs p(z); we abbreviate
pt = pi. and p~ = pg..
Let
P ifp e (0,00),
wp(t) =40 ifp=occandt <1,
oo ifp=occandt > 1.

The convention 1*° = 0 is adopted in order that ¢, be left-continuous. In what follows we
write ¢ instead of ¢, (), with this convention implied. The variable exponent modular is
defined by

oy ([f) = /n Op@) (| f(x)]) da.

The variable exponent Lebesque space LPC) is the class of all measurable functions f on
R™ such that g,.)(Af) < oo for some A > 0. This is a quasi-Banach space when equipped
with the quasi-norm

1fllpe) = inf{A >0 Qp(~)<§f> < 1}.

If p(x) = p is constant, then LP() = LP is the classical Lebesgue space.
Let U C R™. We say that g : U — R satisfies the local log-Hdélder continuity condition
if

C
g(x) —g(y)| <
9(@) =9 S e T e =)
forall z,y € U. If
C/
— 0o <—
19(%) — gool ogle + 2]

for some g, € R, ¢ > 0 and all x € U, then we say ¢ satisfies the log-Hdlder decay
condition (at infinity). If both conditions are satisfied, we simply speak of log-Hdlder
continuity. By the log-Hoélder constant we mean cj,4(g) := max{c,c'}. The subset of P,
and P with % log-Hoélder continuous is denoted by P8 and P8, respectively.
We say that a function g : R” — R satisfies the loglog-Holder decay condition if
c

log(e + log(e + [x]))
for all z € R™. A sequence (a,), satisfies the log-Holder decay condition if

|9(2) = goo| <

c
- ST—F——~
@, = acc| log(e + v)
for all v € N.
As in [19], we define a class of n-functions on R™ by
27’111
N (T) = ESER

with v € Z and m > 0. Note that 7,,, € L' when m > n and that ||, m|1 = ¢ is
independent of v.
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The next lemma often allows us to deal with exponents which are smaller than 1.
Although the statement in the reference is only for v > 0, the same proof works for
negative v as well.

Lemma 2.1 (“The r-trick”, [19]). Let r > 0, v € Z and m > n. Then
r 1/r n
9@ S (e * 19 (@), @ € R
for all g € 8" with supp g C {€ : || < 2v*}. The implicit constant is independent of v.

2.2. Mixed spaces. The mized Lebesque-sequence space LPC)(£90)) is easy to define: for
each point = we just use the constant exponent sequence space 4(*). Thus

1 )ull ooy aery == 1) ot

This space was studied in [I9]. The opposite case is more complicated; the following
definition is from [5].

Lp()

Definition 2.2. Let p,q € Py. The mized sequence-Lebesque space Eq(')(LP(')) is defined
on sequences of LPO)-functions by the semimodular

000 Loy (o)) = Zinf {)\V >0

VEZL

() (fy/M(l") < 1}.

Here we use the convention A'/> = 1. The (quasi)norm is defined from this as usual:
H(fu)u||£t1(~)(Lp(~)) = inf {N >0 ’ qu(ﬁ(Lp(-))(/%(fy)z/) < 1}-

Note that inf {)\ >0

%0 (f/Aﬁ) < 1} = H|f|q(')H% when ¢* < oco.

2.3. Inhomogeneous Besov and Triebel-Lizorkin spaces with variable indexes.
Besov and Triebel-Lizorkin spaces (B and F' spaces for short) with variable smoothness
and integrability were introduced in [5] and [19], respectively. Let ¢, be as in Defini-
tion [1.1]for v > 1 and set for this paragraph ¢g(z) ;= ®_(z). For measurable oo : R — R
and p,q € Py, the (inhomogeneous) Besov space B;‘((.'))Vq(.) is defined as the class of all
distributions f € &’ such that

||f||ga(-) = ||(2Va(')90u * f)V“le")(Lp(-)) < 00.

p(-),a()

The (inhomogeneous) Triebel-Lizorkin space Fpa(g?q(.) consists of all f € &’ such that
||f‘|§:z(()) ) = H(2ya(‘)§0u * f)l/”Lp(.)(etJIr(-)) < Q.

As in the constant exponent case, they are quasi-normed spaces and they coincide
when p = ¢, ie., B;‘((f))’p(.) = F;S?p(.) (with @ and p bounded). These spaces are in most
cases well-defined in the sense that different admissible systems (¢,) produce the same
spaces (up to equivalence of quasinorms). For Besov spaces this is the case at least
when p,q € P and « is locally log-Hélder continuous [5, Theorem 5.5|. For Triebel -
Lizorkin spaces it holds when p,q € Péog are bounded and « has a limit at infinity [19]
Theorem 3.10].

As regards the independence of the spaces from the admissible system, we also refer to
the recent paper [3, Section 3] for further details on this topic, even in the more general
setting of 2-microlocal spaces with variable integrability.
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The scale Fg‘(% o) includes Bessel potential spaces and Sobolev spaces with variable
integrability as special cases: For a € [0,00) and p € P8 with 1 < p~ < pt < oo, it
was proved in [I8, Theorem 4.5] that Ele = LP0) are the variable exponent Bessel
potential spaces introduced in [7, 25]. In particular, £¥P() = WW*P() are Sobolev spaces
for k € Ny, under the same assumptions on p [7, Corollary 6.2].

The Besov scale includes variable order Holder-Zygmund spaces as special cases [5],
Theorem 7.2]. For « locally log-Hélder continuous with = > 0, we have

Bg;(go =C*0 (o™ <1) and Ba =0 (ot <1).

3. EQUIVALENCE OF (QUASI)NORMS

We now start constructing the proof of the main theorem. First we deal with just the
iterated norms of sequences of functions.

Lemma 3.1. Let ¢, ¢ € (0,00]. If|a,| < B, B> 1, v €Ny, then

1 1

a1 q2

@)l 5 o e+ @)l

Proof. If g1 > ga, then {4 — (%', so the claim is trivial; thus we assume that ¢; < ¢o. Let
v € Nand z := “(a”)HffIf' We assume that z > 0, since z = 0 is also trivial. Let s > 0

be such that 1/q; = 1/¢2 + 1/s. By Holder’s inequality

1
s

|l(ai, ..., ay,,0,0,.. .)Heil < |I(1,...,1,0,0,.. .)ng_”((ll, ey, 0,0, .)sz_zf <5z
For the terms a1, Gyy12, - .. We use the estimate |a,| < f7%. Thus
||(au)||zq1 B\
(3.2) — (21/ < B~ ”> ql) -|— ( ) "
[rREAL> 5o

With the choice vy := g [%1 we find that

1 1
= <
zle+1/z) 1+ez

gﬁ_£ <

1
On the other hand, 5 > 1, so that

1) L 1 1 1 1
i+ 2 (5g)" < BT < - )T,
and so the claim follows from ((3.2)). O

Lemma 3.3. Let p € P,. ]f% satisfies the loglog-Hdlder decay condition and |f,
B_V”<fu>HLp(~)(gioo), then

| ~Y

N sy 2 Nz ety

Proof. We prove that || (f)ll ) g0y S [1(fo)l| o) g ; the other inequality is analogous.
+
We assume first that H(f,,)HLp(.)(ngO) = 1. I [[(fo(2))lle=e > no,m(2), for some fixed
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m > 2n/p~, then by Lemma [3.1]

.
1CFo (@)l

Fomr
) (£ ) e~

o
Il o 5 o (e + ) T I e

< log <e +
1o,m ()
< () e

where the last inequality follows from the decay condition on ¢.
There exists a constant such that

log (e—l—%)qis <cVit
for 0 <'s <t < 1. Now if [|(fu(2))[lee < 10,m(2), then

1

FoRt=1
m) 1 (@)

1

()l

Il o S T (e +

< log (e+ m)

5 No,m ('T)l/Q‘

Combining these two estimates, we conclude that

1/2 1/2
1M ooy S M= + 0l aer < N zotr sy + lalmllzoer < e

Now we proceed from this by a scaling argument: for a sequence of functions g, satisfying
the assumptions of the lemma we consider f, := g, /|[(gy )|l zro g2y Then f,, satisfies the
assumption of the proof, so that

1
1(g.) ||Lp<->(£i°°)

||(9V)”Lp<<>(zi(‘)) = ”(fl/)”Lp«)(zi(‘)) S L

from which the claim follows. O

Remark 3.4. The proof also works with the scaling |f,| < ﬁ*”||(fy)||Lp(,)(€q(.)), i.e. with
+

q(+) in place of ¢ In this case we first consider the normalization ||(f,) =1

HL"(‘)(@?J'))

We now move on to the mixed spaces used in Besov spaces. Note that ¢(%) is the
variable exponent sequence space defined on the set N with the counting measure, cf. [17,
p. 82].

Lemma 3.5. Let p,q € Py and 8 > 1. Suppose that |f,| S B7"I|(fo)ll 40 ppery- Then
+
there exists € > 0 such that
1Mooy S MMy @ I i) S 100 s
for B, := B(0,e2?) and ¢F := qﬁfﬂ\By.
Proof. We start with the second claim. By the triangle inequality
<
H(fl/)Hgfi)(LpM) ~ H(fVXBy)Hgig;r)(Lp(')) + H(fVXRn\B”)‘|£S?”+)(LP<'>)'
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In R"\ B,, ¢ < ¢/, and so

1)l ey < NCXEAB g0y < N e oy

K(‘lu Lp( )

For the other part, we use the estimate on |f,|:

1550y S It 200y 1B X5 i

All that remains is to bound the latter norm by a constant. To this end we estimate the
corresponding semimodular:

((B7x8.)) S € g (Bx5,)) = D (B B)" < o9

v>0

O .+
A (Lr0))

provided 577 2" < 1 (usual modifications when p~ = oo and/or ¢~ = o).
By a similar reasoning in the first claim, we conclude that

H(fu)”gz() Lr0)) (”(fV>||g‘1(> Lr()) H(ﬂ XBU)HZ‘I() Lr() + H(fVXR"\Bu)HZ(qV Lp(A)))’

where A is the constant from the quasi-triangle inequality. If € is chosen so small that
[ (ﬂ*”XBV)Hg‘i(')(LP(-)) < 2A, then the first term on the right hand side can be absorbed into

the left hand side, and so we get the claim. U

Lemma 3.6. Let p € Py and let % satisfy the loglog-Hdélder decay condition. If |f,| <
B_V”(fV)Heq(‘) Lp()Y)? then
+ (L)

H(fV)Hggr(')(Lp(-)) ~ ”(fl/)”éi"o(LP('))'
Proof. Let B, and ¢ be as in Lemma Then

1 1 c N C

< ~ 9
g, " log(e+log(e+v)) log(e +v)

so the sequences (¢F), satisfy the decay condition. Hence fgfj) o~ ng; ) ~ 0% according
to [17, Corollary 4.1.9]. By this and Lemma we obtain that

4. PROOF OF THEOREM

We first consider moving the smoothness parameter inside a convolution. This will
incur an error term, which we later have to control.

271/0(-"_

Lemma 4.1. Suppose that p € P8, « is log-Holder continuous and || f||,.) < or

I fllp < 2777, For arbitrarily small € > 0 and all v < 0, we have
2 (1 % ) (&) S M (27| f]) () + 2007 7020F x (),

2% (N % f) (@) S Mm% (270 f1) ) + 27725 x5, (a),
where B, := B(0,27%").
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Proof. Let € € (0,1). Outside B,, 2@ a 2¥@~ by the decay property of o.. Hence

24 (5 ) (@) S o+ (27 ) (@) xre\B, + 27 (M * f) ()X,
The other inequality holds with the same error term by the same token. We need to

control the error term. If || f|[,) < 27" we find by Holder’s inequality that
(4.2)

et F@) < 2l s 1200 S 27 Wl oy = 2557 ol v S 25777
k) s L \ L ’ L

here we used that LF'¢) ¢ L) U L¥")" to estimate the norm of 7,,,. The case || f||,.. <
272" ig handled in the same way. U

Lemma 4.3. Suppose that || f, ||,y < 27" for every v (alternatively, || f,||p.. < 277"),
a is log-Hélder continuous, ¢ € P and that p € P is bounded. If ot —a~ < p%, then

|| (21/&(.) Nv,m * fl/)VHZ‘i(')(LP(-)) 5 H (an * (2VaoofV>)V||€q,(')(Lp(')) T 17
1t # Fo), ooy S Ot = (27 ), || oo a0y + 1

Proof. Let us denote § := —at + a~. We consider first the Eq_(')(Lp(')) spaces. Taking the
the iterated norm of the first inequality in Lemma [£.1], we get

1270 13 % fV)yHe‘i“(Lp(-)) S | (v = (QV%OfV))V||z‘i">(Lp<->) + H (2(“1’%)”)@”)”

with B, defined as in Lemma [£.1] (A similar result holds for the second inequal-
ity in Lemma ) For the latter term we then use the inequality ||(ay)l,||eq<.>(Lp(A)) <

1O (Lr0))

[(av)uller (zeery- Since |Ixs, |00 S 2 v [I7, Corollary 4.5.9] and & + - > 0, we obtain
for sufficiently small ¢ that

[CHERETY

Combining the estimates, we conclude the proof of the first inequality.

) S HQ(Mﬁi%)VHzl St

00 (Le(:

For the L”(')(Eq_('))—space we again start with the point-wise estimate of Lemma |4.1| and
take the mixed norm. This time we need to control

e

min{O,% logo ﬁ}

LrO (e

For this we calculate

noy, ny, . _1 n_ .
@) [ = X 2T s minfu ey e 00
for small enough €. Therefore the error term can be bounded by a constant also in the
this case, so we are done with the proof of the second inequality. U

Theorem 4.4. For f € ' we set f' := fx®_ and " := f— f'. Suppose that ¢ € Py with
é log log-Hélder continuous, o € L* 1s log-Hélder continuous, and p € Péog 15 bounded.
Ifat —a < -, then
h !
ol ~ al- + Qoo 5
e e 1 P

h l
ol ~ ol + nle]
Il gecr AW lpaer 1 g

Poos doo
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Remark 4.5. The previous statement should be interpreted in the following sense: if the
(quasi)norm on the left is defined by a certain admissible system {¢,}, then the sum of
the (quasi)norms on the right are equivalent when calculated with the same system.

Proof. We give the proof for Besov spaces. The proof for the spaces F;S)q(,) is similar:

we need only use Lemma [3.3| instead of Lemma [3.6,
We first observe that

||f||BZ((.')),q(.) ~ H(2ya()(py * f)nyi(.)(LP(')) + H(zyawsDV * f)VHKi(')(LP(‘))'
Therefore it suffices to show that
||(2”0“(')ng * f)l’“e‘i(')(Lp(-)) ~ H(?jaw@u * f)VHﬁw(Lpoo)'

Observe that [|2°CO g, * |, < || 1] goe

Pog, O

< Nsges,., 50 that ool < 2771l g
Let m > n. By the r-trick (Lemma [2.1)) we obtain that

Poo; 9oo

[0 * fI S Mom * (‘Sﬁu*ﬂ)
It follows as in (4.2)) that

oo+
|§0V * f| 5 |77V,m * (|90V * f|)| < Hnl/,meﬁ,Q”QOV * f||poo 5 2Po0 2 .

Hence 2v“0)|¢p, * f| satisfies the decay condition, and so it follows from Lemma that

120 00 1), s gy = || @ Olpu 711, ~ (@Ol = 1)),

£9%°(Lp()) 230 (Lpoo)

where we used in the second step that LP() N L[> = LP= N L™ with equivalent norms [17,
Lemma 3.3.12] and the uniform bound on the function.
It remains to show that

H (21/04(.)(’0” * f))u

~ H (27, = f)),

29 (Lp) 29 (Lp)

for constant p € (0,00) and ¢ € (0,00]. We assume without loss of generality that
||fl||Bgo§ = 1. Let r < p. By the r-trick (Lemma we obtain that

|901/ * f|r N Nv,m * <|90V * f|r)

Thus we obtain by Lemma and the boundedness of convolution on the constant
exponent iterated space that

R N PR [ Y (oW
T
S (om + (279 |0, % £17), :;Zﬁ') +1
S [ @l 1), +

- H (21/%090'/ * f)uHe‘i(Lp) +1=2.

The general inequality follows from this by a scaling argument. The opposite inequality
can be proved with exactly the same steps, with the second inequality of Lemma .1, [
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Suppose that p, ¢ and « are such that the inhomogeneous spaces are independent of the
basis functions (recall the related results given in [5, Theorem 5.5], [I9, Theorem 3.10] and
in [3, Section 3|). For the constant exponent spaces this requires p, < 0o for the F-case.
Then the previous theorem can be used to derive independence of the the variable index
homogeneous spaces. Collecting all of these informations, we arrive at Theorem [1.3]

5. EMBEDDINGS

The following elementary embeddings can be proved as in the inhomogeneous case, cf.
[5, Theorem 6.1].

Proposition 5.1. Let o € L™ and p, qo,q1 € Poy.
(i) If o < q1, then

() () () e
Bt 7 Botraey 9 Foy 0 = Fula:
(i) If p™ < o0, then
Ho(-) o) Sa(t)
By minto().a0)y = Foiat) T Bl maxp().a())-

As for constant exponents, homogeneous spaces are not monotone with respect to a.
It is known that Sobolev and Jawerth embeddings are valid for variable index inhomo-
geneous spaces (|5, Theorem 6.4] and [51, Theorems 3.4, 3.7]):

Proposition 5.2. Let py, p1,q € Py, ag, 1 € L™ with ag > 1, and
n n

— = ay(z) — :
w0 @
(i) If 1/q and ag —n/po = a1 — n/p1 are locally log-Hélder continuous, then

ao(-) ai(-)
Boo(y.a0) 7 Boi(h.a0):

ii) Let po,p1,q,7 € e bounded and let g,y be locally log-Hdlder continuous
ii) Let P(I)Ogbb ded and let be locally log-Hold 173
with limit at infinity. Then
ao(-) o1(+)
Footya) = Fna(a0r
If, in addition, (ap — a1)” =n(1/py — 1/p1)~ > 0, then

a0 () a1 ()
Foo(y.a0) 7 Fpr(yn ()

Note that the results in (ii) contain various interesting special cases, since the F' scale
includes Lebesgue, Sobolev and Bessel potential spaces (cf. Section .

It is also known that similar embeddings hold for homogeneous spaces with constant
exponents (cf. [I0, Section 6.5]). Using this fact together with Theorem [L.3] and Propo-
sition 5.2 we can extend the embedding results to the variable exponent homogeneous
spaces.

ap(x)

Theorem 5.3 (Sobolev-Jawerth embedding). Let po, p1,q € Pi® with po,p1 € L. Let
g,y € L™ be log-Hdélder continuous with cg > oy, and
n n

ap(z) — —— = ay(z) — ——.
0( ) po(ﬂf) 1( ) 1(1:)
Assume that o — o < % for j € {0,1}.

' - ao0(”) Sai(s)
(1) Then Bpo(')NI(') — Bp1(');‘1(')'
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.. 0o Sao(+) o ()
(i) If g € L, then F, [V ) = F, () )

(1) If, additionally, v € L and (ap — 1)~ =n(1/py — 1/p1)~ > 0, then
nCQ) qai ()
Fpora) = EFpit ey

The following embedding is an immediate consequence of Theorem and Proposi-
tion B.11

Corollary 5.4. Let pg,p1 € Péog N L, and ag, 1 € L™ be log-Hélder continuous with

ap = oy and
n n
ap(z) — ——~ = (r) — ——

o(z) 1(z)
Assume that oz;-L—oz; < [% forj € {0,1}. If ¢ < po and (ap—a1)” =n(1/po—1/p1)~ >0,
then
AR
6. TRACES

Trace properties have been studied for inhomogeneous variable exponent spaces (see [0,
Theorem 5.2], [19, Theorem 3.13], and also the recent papers [24], [40]). If p € P2 N L™,
q € (0,00], a is log-Holder continuous, and

1 1 -
6.1 (a———n—lmax o,——1> >0,
(6.1) ; ( ) { 5 }
then
a(+) ny __ O‘(’)_ﬁ n—1
Tr Bp(')vq(R ) - Bp(')rq (R )

and

o(+) ny __ a(')iﬁ n—1
Tr F, ) g R?) = Fy) 07 (R,

Note that ¢ is assumed to be constant in the Besov space (the reason is that the result
was obtained by interpolation from the corresponding result for F' spaces proved in [19]).

From the trace property of the inhomogeneous spaces and Theorem [I.3] we can get
the same property for variable exponent homogeneous spaces. We refer to [22] for some
references on the traces in classical homogeneous spaces.

Theorem 6.2. Let n > 1, p,q € Péog N L*® and o € L be log-Hélder continuous.
Assume that o™ —a~ < ot If (6.1) holds, then

()= 5t

So(-) ny _ n—1
Tr Fyya0 (R = Fyiy p” (R
Moreover, for constant g we also have
a() n a()_% n—1
Tr Bp(~),q<R )= Bp('),qp (R").

Combining Proposition [6.2 with Theorem [5.3, we can obtain an embedding for traces.

Corollary 6.3. Let p € P with p* < oco. If a is log-Hélder continuous with 1 <
(ap)” < (ap)* <n and o™ —a” < &, then
(n=1)p()

() n n—a()p( n—1
Te £ (R™) < LinaCntr (R™1),
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Proof. We have

“al-) N O o;
Tr By o) (RY) = Fo 00

where the exponent p, is given by

(R"1) — Fi(-),z(RWl) = LPOR"),

1 _n—l__n—l
p(x)  plx)  pla)

We used a Littlewood-Paley characterization on the right hand side of the chain above,
see [41, Lemma 3.1 and Theorem 5.7]. O

a(z) —

A counterpart of the trace embedding for inhomogeneous Sobolev spaces was obtained
in [51].
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