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Abstract

A statistical manifold)/,, consists of positive functiong such thatf dy. defines a proba-

bility measure. In order to define an atlas on the manifold, it is viewed as an affine space as-
sociated with a subspace of the Orlicz spae This leads to a functional equation whose
solution, after imposing the linearity constrain in line with the vector space assumption,
leads to a general form of mappings between the affine probability manifold and the vec-
tor (Orlicz) space. These results generalize the exponential statistical manifold and clarify
some foundational issues in non-parametric information geometry.

1 Introduction lenge for the non-parametric case is to define a suitable
topology and develop a corresponding notion of conver-
Information geometry investigates the differential ge- gence. Fortunately, this obstacle was overcome by the
ometric structure of a manifold of probability density introduction of an exponential statistical manifold by
functions. It has found many applications in theoretical Pistone & Sempi (1995). These authors, among other
statistics, information theory, stochastic process, neuralthings, gave an explicit formula for a chart of the man-
computation, machine learning, Bayesian statistics, andifold formed by all density functions absolutely contin-
other related fields (Amari, 1985; Amari & Nagaoka, uous with respect to a given one.
2000). Recently, an interest in the geometry associated In this note we address some foundational issues
with non-parametric probability densities has arisen (Pi- of non-parametric information geometry, with the goal
stone & Sempi, 1995; Giblisco & Pistone, 1998; Pis- of extending the Pistone-Sempi formula that maps the
tone & Rogantin, 1999; Pistone, 2001; Grasselli, 2001). manifold of probability density functions to a subset
Non-parametric statistical models are important in a in an Orlicz space (a special Banach space, see Ap-
wider range of areas including psychological measure-pendix A). The Banach-space valued map is the infinite-
ment and perception, e.g., Townsend et al. (2001). Un-dimension extension of the coordinate functions which
like in the parametric case where the manifold of prob- take values ifR". Recall thatR™ has both a topologi-
ability density functions inherits a Euclidean topology cal structure, in terms of its canonical topology, an al-
from the space of its natural parameters, a major chal-gebraic structure as a vector space, and a geometric or
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affine structure as a set of points. Our approach is tosimilarly for other function spaces. The expectation op-
exploit this affine structure and view the statistical man- eratorE, ( f) over any functionf on X is defined as
ifold as an affine space associated with the vector space
L®. B,() = [ fodi=1fl

An affine space is a homogeneous set of points such X
that no point stands out in particular. Affine spaces dif- Recall that a differential manifold/ of a set of func-
fer from vector spaces in that no origin has been se-tions is defined as follows: there exists a system of

lected. So affine space is fundamentally a geometriccharts{(2;, ¢; };cn, collectively called an atlas, such that
structure — an example being the plane. The structure of

an affine space is given by an operatipn A x U — A (i) each(); is an open set oo\ and the union
which associates to a poiatin the affine spacel and a Uien £2; coversM;
vectoru in the vector spac& another point @ u in A.
We think of this as a translation of a pointin its space
A by a vectoru. Notice that it makes no sense to add
two points ofA in this setting.

One advantage of modelling a statistical manifold as
a generalized affine space is to address the issue of rep-
resentation of probability measures, i.e., from the prob-
ability simplex (A) to an extended vector spalelf the The functionsp; themselves are called coordinate func-
operationd exists and is continuous and differentiable, tions. In the finite-dimensional case, the coordinate
a global mapping is established betwéémand A. This functions are valued in (subsets &Y. However, in the
allows the setting up of a global atlas at any given point construction of Pistone and Sempi, the coordinate func-
of A (recall that the usual differential manifold only as- tions¢; are valued on subsets of an “exponential Orlicz
sumes the existence of an atlas locally). space” (which is a Banach space) defined by the Young

The structure of the rest of this note is as follows: In function ®(¢) = exp(|t|) — 1; we denote this Orlicz
the next section we review the Pistone—Sempi frame-space byxp L(p) = exp L(X,p u).
work, and consider an obvious generalization of their A major achievement of Pistone & Sempi (1995) is
original formulation. In Section 3 we introduce the to provide an atlag, : M,, — exp Lo(p) for M,, cen-
affine structure on the probability manifold and derive tered at any of its poini:
a corresponding functional equation. We then solve this
equation and derive a general expression forithaper- ¢p(q) = log % — Ep(log %) (1)
ation. This generalizes the exponential model in a natu-
ral way. The reader who needs some refreshing of their
Orlicz space theory can start by consulting Appendix A.

(i) the associated mappings: 2; — B are all
homeomorphisms (hetB is some Banach space)
and have the property that whenevey and Q2
have non-empty intersection then the mapping
gb;l o ¢; is differentiable in this common domain
of definition2; N ;.

Hereexp Ly(p) is a sub-space afkp L(p) (normed ac-
cording to the Young’s functioaxp(| - |) — 1) consisting
of the functions with zero mean:

exp Lo(p) = {u € exp L(p) : Ep(u) = 0}.

In other words, the spaesp Ly(p) contains all random

Pistone & Sempi (1995) introduced a non-parametric variables with zero e_xpectation va_Iue. Pistone & Sempi
exponential statistical manifold consisting of all den- (1995) showed that in an open neighborhood surround-
sities that are absolutely continuous with respect to alng?. theE,{-} termin (1)is always finite and heneg
given one. In this section we review the parts of that IS & well-defined chart for any reference paint M,
article most relevant to our considerations. with ¢,(p) = 0. (Note that the chart is not global be-

Let X be a set ang a o-finite probability measure ~ Cause, in the infinite-dimension set.tlng, the second term
on X, in other wordsu(X) = 1. We will consider the 1N (1) may be unbounded for certajne M,,.) The in-
set verse of the coordinate mappimfg1 : exp Lo(p) —

M,, gives the exponential family of density functions

2 The Pistone—Sempi Framework Revisited

My = {p e LNX,p): p > 0ace., |pllix, = 1}

u

oy (w) =57

Ep(e*) . @)

This set will be endowed with a structure of a differ-
entiable manifold. Sinc&” andy will be fixed, we ab-  Again this formula is well-defined only whe, (e") is
breviateL! = L'(X,u) andL!(p) = L*(X,pu), and finite. For this reason, Pistone and Sempi requiredhat



lies in the closed unit balB*®(p) of exp L(p). Under  u, = ® !(c®(u)), a function onX. The problem is

this condition, the coordinate transformatiop, o qﬁgf that we do not know if for a fixed € B® (the unit ball
between two atlases centered at different pojintg. in L?) there exists a positive constansuch that
of M, is simpl

p 15 SIMPLY B, (1) = 0.

logt — E log 21). -
u Ut logy, P2 (u tog P2) Hence we must look for another foliation procedure.

The construction of the mapping (1) framt,, to the Since our goal is to turn the multiplicative constant into
I . L. .

space of zero-mean random variables can be understoo@" gddltlve one, itis natural to look at the logarithm. We
in the following way. Suppose we start from the entire €asily see that
OI‘!ICZ spacexp L(p), as opposed texp Lg(p)., a_nd re- E,(log(®(u.)) = log(c) + Ep(log ®(u)).  (4)
strict the coordinate function € exp L(p) to lie in the
closed unit ballB®?, i.e. ||u[|exp () < 1. By the def-  To make sure that this formula makes sense, we need to
inition of the norm and the monotonicity of the Young prove that the integral involved in the right hand side is

function, this implies that absolutely convergent. It follows from our assumption
log ®(—t) = —log ®(¢) that
exp |u| pdu < exp (|ul/||u dp =1,
Jewtupdic < [ esp (tul/lsp9) s By log ®(u)) = By (log #([ul)).

i.e.exp|u|isin L' (p). Thusexp u is alsoinL!(p) since  An application of Jensen’s inequality yields

[ espupdn< [ esplulpdn E, (log ®(Jul)) < log E,(®(|ul)) < o0
X X where we used also € L®. ThatE,(|log ®(u)) (and
So there is an obvious way to get a function of unit inte- henceE, (log ®(u))) is finite allows us to impose, with

gral (and hence an element®f ;) usingexp u, namely reference to (4), the foliation

. pexpu 3) E,(log(®(uc))) = 0.
Ep(expu) . . . .
_ o _ _ ' Therefore the Pistone-Sempi approach will work if we
which is just (2). It is clear that in this case yse any positive functio®(t) that is strictly increas-

¢ '+ B — M, as defined above is many-to-one. jng and convex oif), oc), and satisfied (t)®(—t) = 1.

Specifically,¢, " (u) = ¢,"(v) if and only ifexpu = The corresponding map is

cexpv, or expressed differentlyy = v + loge, for

some positive constarmt Because of this extra degree — p®(u) )

of freedom, we can define a foliation ofp L(p) = Ep(®(u))

Ucexp Le(p) whereexp Le(p) = {u € expL(p) : e call this the pseudo-exponential map. But this gener-

By (u) = log c}. We can then require thaf; ' (¢) be de-  alization of Pistone-Sempi is somewhat trivial because
fined on a particular leaf of this foliation of the Banach it il uses the same kind of normalization for mapping

space. Wher = 1 this leads to the Pistone-Sempi's pe g M,, and hence does not generate new insights

formula of¢,, i.e., (1). into the representation of probability density functions
We now investigate whether this construction can be ysing Orlicz space functions. We turn to another ap-
extended to an arbitrary Orlicz spak&, using an arbi- proach in the next section.

trary class of Young functior®, instead of fromexp L,

using the particular Young functianp(| - |) — 1. Intro-

duce a strictly increasing functioh: R — (0,00) that 3 The Affine Space Model of Statistical Mani-

is convex on[0, co) and satisfiesb(—t) = (®(¢))~* folds

(and ®(0) = 1). Now ¥(t) = ®(J¢|) — 1 is a Young

function. With an abuse of notation, we still denote the  An affine space is a set of points in which each point
corresponding Orlicz space &§ rather thanZ¥. The can be “translated” to any other point through an associ-
arguments of the above paragraph, which was made tcated vector space. More precisely, the 4é$ an affine
®(t) = €', can be now made to any sudhin gen- space associated to the vector spédéthere exists an
eral. Everything works fine up until (3). When we re- operationd: A x U — A, called “right translation”
quire, in general, thap, ! (u) = ¢, (v) if and only if or “translation” for short, through which/ acts onA
®(u) = c¢®(v), we run into a problem. Let us define transitively. Writing out the axioms, this means that



() pouw)yed =p& (u+d)forallp € Aand We denotep F(rm,[v,c]), and note that then
u,u’ € U. G- Y(p) = GZYF(m,[v,c])) = v. We have thus de-

C

rived that

(i) (pd0)=pforallpe A. / . /
F(p, [V, —=c]) = h(G. " (p) + ') (6)
(iii) The restricted mapping,(p) = p®wu is surjective

for every fixedu € U. for everyp € P (here we use that:. is a surjection)

and[v', —c] € B.
It can be easily verified that the exponential model ~We substitute this expression fdf in the original

satisfies the above axioms with functional equation (withv = [v,c] andu’ = [/, ¢'])
and get
Pu= pe” 1 1 /
PEU=F (eny h(GZ,(MGZ.(m) +v)) + ')

| | | | = (G () 0+ V).
The Pistone—Sempi formula (2) can be viewed as defin-
ing the right translation for the exponential family. Of Cancelling the outermogtand setting: = 0 gives
course, the affine structure of the exponential map, with . . .
log-likelihoods as score functions, is well known, e.g., G—c’(h(GO (m) +v)) = G—c’(”) +v.
(Amar|,|_198tf]>; Murray &t_Rllce, 39?.3)',[ So one r\]/vatly :ﬁ We define; = k(G ' () +v) and a functiori: R — V/
generalize the exponential model is to see what o erbyl(c’) — G~L(r) — Gy (). Then the previous equa-
representations could have. . e

, . tion becomes

Let us denote @ u asF(p,u). Then the first axiom

above can be written &@(F(p,u),u’) = F(p,u + o). G=L(q) = 1) +h 7 (g).
This is a functional equation known as the “translation o _
equation” (Aczl, 1966, 8.2.2). Below we derive a gen- Using this in (6) gives
eral form for the solution of this equation in the infinite B 1
dimensional case, following the finite-dimensional so- F(g, [v,¢]) = h(i(c) + h™(q) + v).
lution in (Aczel, 1966, 8.2.2, Theorem 1). In the next sincer is just a special form of” (which is assumed to
theorem we assume that the Banach space splits as a dhe continuous), it is continuous, and so the above equa-

rect sum of the typé = V' & Ruo. We use the notation  tjon implies thatl is continuous. Substituting this back
u = [v, c] to denote the splitting of individual elements j, (5) gives

of the Banach spacB accordingly.

Theorem 1 Let P and B be Banach spaces and sup- h{U(c) +h~ [R(l(c) + B (p) +v)] + '}
pose thatF': P x B — P is a function satisfying = h(l(c +)+hp) +v+ U’),
F(F(p,u),u) = F(p,u+u) (5) After cancelling the outermodt, h~! o h and common

terms, all that remains is
forall p € P andu,u’ € B. Assume thaB splits as , ,
V @ {cug : ¢ € R} for a fixeduy € B, and there exists He) +1e) =l + ).
™€ PsothatGe() = F(m [, ¢]): V — Pisabilec-  gincel is continuous this Cauchy equation has only lin-
tion for every fixed € R. Then all continuous solutions a5y solutions

of (5) are of the form I(c) = ke

F(p,u) = Go(G5 ' () + L(u)), wherex is an element irl/. Thus we have shown that
the solution is of the form

whereL: B — V is linear. -1
. F(p,u) = h(h L(u)),
Proof. Fix 7 € P so thatG.(-) = F(m,[,c]): V — (p:) (B (p) + L(w)
Pis abijection for every fixed € R. Forv € V, denote  whereL([v,c]) = v + xc is a linear function mapping

h(v) = F(m, [v,0]) = Go(v). of Bto V. Itis easy to see that evefy of this form is a
We next sep = 7, u = [v, ¢] andu’ = [v/, —c] in (5): solution. O
F(F(m,[v,c]), [V, =¢]) = F(m,[v+',0]) The previous theorem is not directly applicable to our
= h(v+). setting. The problem is that, ifi(p, u), the range in the



second variable depends on the value of the first vari- where the functionat[u] = L~!(L(u)) — u as before.

ablep € M, because is in the unit ball ofexp L(p). Now we should choose

The way to get around this is to notice tHge c L®(p)

for everyp € M,, and, moreover, it is dense. So we c[v] = inf {t >0: / O(v+t)du = 1},
X

consider only functiong’: M,, x L — M,. Since
we know all continuous solutions in a dense subset ofin order forp & u to be in the manifold. Fob(t) = ¢!
our space, we obviously know all continuous solutions the above reduces to (7).

in the whole space, as well. _ Lastly, we note that our affine space approach in ex-
With the Understandlng that we restrict ourselves to tending the exponentia| model is not an all inclusive

dense subsets when necessary, we can see immediatephe, Burdet et al. (2001) gave the following chart for
how Theorem 1 relates to the charting of a statistical mapping the open unit ball df?(p) to M,

manifold. The inverse of'(p, u), while keeping fixed,
gives an atlag, : M, — V C B:

dp(q) = L7 (h " (q) — b (p)).

2
pDu :p(u—i— 1—Ep(u2)>

with the inverse given by (for fixeg)

Let us next see how the exponential model fits into
this general scheme. Recall that Theorem 1 involves a Pp(a) = /= —Ep ( > .
co-dimension 1 splitting of the Banach spaBen the
form B = V @ {cup : ¢ € R}. Setuy = 1, the con- Clearly
stant function, so that the splitting becomes L = (pou)du #p® (utu).
exp Lo & R, whereexp Lg is (as defined in Section
1) the space of exponentially integrable functions of
zero mean, an@R denotes the space of constant func-
tions. Then choosge = 0, which amounts to requiring
f(m,u) = 7, Vu € R, i.e., for all constant functions.
ConsequentlyL(u) = 0 if and only if u is a constant
function. Choos& ;' (p) = L(logp). Then

The reason for violating the right association is actually
quite simple: the open unit ball af?(p) is no longer

a vector space. As a generalization of the translation
equation (5), one should consider the so-called “trans-
formation equation” (Acel, 1966, 8.2.1)

(p@u)du =pd (uou)

p@u=exp (L' (L(logp) + L(u))) whereo is some operator satisfying associativity
= exp (L' (L(log(p) + u))).

We know thatZ~!(L(u)) = u + ¢ for some constant
¢, since constants are the only elements in the kernel of The corresponding functional equation is
L. Let us define a functional (interpreting the constant
function as a real number) byu] = L= (L(u)) — w.
Then our previous equation gives

"

(wou)ou" =wuo (v ou”).

F(F(p,u),v) = Fp, Glu, ).

This is out of the scope of the current note and is the

p®u = exp(u + log(p) + cfu + log p]) subject for future research.

_ peuec[log(p expu)]

A Orlicz Spaces

Thus we get the Pistone—Sempi model if we chabsé
so that In this appendix we give a short recap of the theory of

clul = — log/ exp u dji. (7 Orlicz spaces. For more details the reader is referred to

X one of the numerous books on the subject, e.g., (Kras-
Let us look at some obvious generalizations: we fix a nosel'ski & Rutickii, 1961; Rao & Ren, 1991).

non-zeroup € L® and definel to be alinear transfor-  Recall that a Young function is a convex increasing
mation so thatl,(u) = 0 if and only if u = cuo. W& function &: [0,00) — [0,00) with ®(0) = 0. For a
defineG, " (p) = L(®™ (p)). We require thatyl; " be  young function® we define amodular on the set of

an injection, sod~! (p) = ®~'(g) + cug ifand only if  measurable functions by
p = g andc = 0. We find that

p@u=o(ut+d (p)+clu+ 2 (p)), o (u) = /X O (Ju(2)]) du(x).



Using the modular we can define theaxemburg norm
on the same set by

llu|le = inf{t > 0: pgp(u/t) < 1}.
Using these concept we define the Orlicz space by

L®(X) := {u: |julle < oo}

The best-known example of an Orlicz space is given by

the Young functiongb(¢) = t? for some real numbes
greater than or equal tb In this case we have

en(u) = [ Ju(@)? dufa).
and the norm is just the Lebesgue norm:

llul|o : = inf{t > 0: pop(u/t) < 1}

=<Amwwwu0w.

Another important case B(t) = exp(|t|) — 1, and the
corresponding Orlicz spaes&p L is the space of expo-
nentially integrable functions.
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