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Abstract

A statistical manifoldMµ consists of positive functionsf such thatf dµ defines a proba-
bility measure. In order to define an atlas on the manifold, it is viewed as an affine space as-
sociated with a subspace of the Orlicz spaceLΦ. This leads to a functional equation whose
solution, after imposing the linearity constrain in line with the vector space assumption,
leads to a general form of mappings between the affine probability manifold and the vec-
tor (Orlicz) space. These results generalize the exponential statistical manifold and clarify
some foundational issues in non-parametric information geometry.

1 Introduction

Information geometry investigates the differential ge-
ometric structure of a manifold of probability density
functions. It has found many applications in theoretical
statistics, information theory, stochastic process, neural
computation, machine learning, Bayesian statistics, and
other related fields (Amari, 1985; Amari & Nagaoka,
2000). Recently, an interest in the geometry associated
with non-parametric probability densities has arisen (Pi-
stone & Sempi, 1995; Giblisco & Pistone, 1998; Pis-
tone & Rogantin, 1999; Pistone, 2001; Grasselli, 2001).
Non-parametric statistical models are important in a
wider range of areas including psychological measure-
ment and perception, e.g., Townsend et al. (2001). Un-
like in the parametric case where the manifold of prob-
ability density functions inherits a Euclidean topology
from the space of its natural parameters, a major chal-

lenge for the non-parametric case is to define a suitable
topology and develop a corresponding notion of conver-
gence. Fortunately, this obstacle was overcome by the
introduction of an exponential statistical manifold by
Pistone & Sempi (1995). These authors, among other
things, gave an explicit formula for a chart of the man-
ifold formed by all density functions absolutely contin-
uous with respect to a given one.

In this note we address some foundational issues
of non-parametric information geometry, with the goal
of extending the Pistone-Sempi formula that maps the
manifold of probability density functions to a subset
in an Orlicz space (a special Banach space, see Ap-
pendix A). The Banach-space valued map is the infinite-
dimension extension of the coordinate functions which
take values inRn. Recall thatRn has both a topologi-
cal structure, in terms of its canonical topology, an al-
gebraic structure as a vector space, and a geometric or
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affine structure as a set of points. Our approach is to
exploit this affine structure and view the statistical man-
ifold as an affine space associated with the vector space
LΦ.

An affine space is a homogeneous set of points such
that no point stands out in particular. Affine spaces dif-
fer from vector spaces in that no origin has been se-
lected. So affine space is fundamentally a geometric
structure – an example being the plane. The structure of
an affine space is given by an operation⊕ : A×U → A
which associates to a pointa in the affine spaceA and a
vectoru in the vector spaceU another pointa⊕u in A.
We think of this as a translation of a pointa in its space
A by a vectoru. Notice that it makes no sense to add
two points ofA in this setting.

One advantage of modelling a statistical manifold as
a generalized affine space is to address the issue of rep-
resentation of probability measures, i.e., from the prob-
ability simplex (A) to an extended vector spaceU . If the
operation⊕ exists and is continuous and differentiable,
a global mapping is established betweenU andA. This
allows the setting up of a global atlas at any given point
of A (recall that the usual differential manifold only as-
sumes the existence of an atlas locally).

The structure of the rest of this note is as follows: In
the next section we review the Pistone–Sempi frame-
work, and consider an obvious generalization of their
original formulation. In Section 3 we introduce the
affine structure on the probability manifold and derive
a corresponding functional equation. We then solve this
equation and derive a general expression for the⊕ oper-
ation. This generalizes the exponential model in a natu-
ral way. The reader who needs some refreshing of their
Orlicz space theory can start by consulting Appendix A.

2 The Pistone–Sempi Framework Revisited

Pistone & Sempi (1995) introduced a non-parametric
exponential statistical manifold consisting of all den-
sities that are absolutely continuous with respect to a
given one. In this section we review the parts of that
article most relevant to our considerations.

Let X be a set andµ a σ-finite probability measure
on X, in other wordsµ(X) = 1. We will consider the
set

Mµ := {p ∈ L1(X, µ) : p > 0 a.e., ‖p‖L1(X,µ) = 1}.

This set will be endowed with a structure of a differ-
entiable manifold. SinceX andµ will be fixed, we ab-
breviateL1 = L1(X,µ) andL1(p) = L1(X, p µ), and

similarly for other function spaces. The expectation op-
eratorEp(f) over any functionf onX is defined as

Ep(f) =
∫

X
fp dµ = ‖f‖L1(p).

Recall that a differential manifoldM of a set of func-
tions is defined as follows: there exists a system of
charts{Ωi, φi}i∈N, collectively called an atlas, such that

(i) each Ωi is an open set onM and the union
∪i∈NΩi coversM;

(ii) the associated mappingsφi : Ωi → B are all
homeomorphisms (hereB is some Banach space)
and have the property that wheneverΩi and Ωj

have non-empty intersection then the mapping
φ−1

j ◦ φi is differentiable in this common domain
of definitionΩi ∩ Ωj .

The functionsφi themselves are called coordinate func-
tions. In the finite-dimensional case, the coordinate
functions are valued in (subsets of)Rn. However, in the
construction of Pistone and Sempi, the coordinate func-
tionsφi are valued on subsets of an “exponential Orlicz
space” (which is a Banach space) defined by the Young
function Φ(t) = exp(|t|) − 1; we denote this Orlicz
space byexpL(p) = expL(X, p µ).

A major achievement of Pistone & Sempi (1995) is
to provide an atlasφp : Mµ → expL0(p) for Mµ cen-
tered at any of its pointp:

φp(q) = log q
p − Ep

(
log q

p

)
. (1)

HereexpL0(p) is a sub-space ofexpL(p) (normed ac-
cording to the Young’s functionexp(| · |)−1) consisting
of the functions with zero mean:

expL0(p) = {u ∈ expL(p) : Ep(u) = 0}.
In other words, the spaceexpL0(p) contains all random
variables with zero expectation value. Pistone & Sempi
(1995) showed that in an open neighborhood surround-
ingp, theEp{·} term in (1) is always finite and henceφp

is a well-defined chart for any reference pointp ∈Mµ,
with φp(p) = 0. (Note that the chart is not global be-
cause, in the infinite-dimension setting, the second term
in (1) may be unbounded for certainq ∈ Mµ.) The in-
verse of the coordinate mappingφ−1

p : expL0(p) →
Mµ gives the exponential family of density functions

φ−1
p (u) =

peu

Ep(eu)
. (2)

Again this formula is well-defined only whenEp(eu) is
finite. For this reason, Pistone and Sempi require thatu
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lies in the closed unit ballBexp(p) of expL(p). Under
this condition, the coordinate transformationφp2 ◦ φ−1

p1

between two atlases centered at different pointsp1, p2

of Mµ is simply

u 7→ u + log p1

p2
− Ep2

(
u + log p1

p2

)
.

The construction of the mapping (1) fromMµ to the
space of zero-mean random variables can be understood
in the following way. Suppose we start from the entire
Orlicz spaceexpL(p), as opposed toexpL0(p), and re-
strict the coordinate functionu ∈ expL(p) to lie in the
closed unit ballBexp, i.e. ‖u‖exp L(p) ≤ 1. By the def-
inition of the norm and the monotonicity of the Young
function, this implies that
∫

X
exp |u| p dµ ≤

∫

X
exp

(|u|/‖u‖exp L(p)

)
p dµ = 1,

i.e.exp |u| is inL1(p). Thusexpu is also inL1(p) since
∫

X
expu p dµ ≤

∫

X
exp |u| p dµ.

So there is an obvious way to get a function of unit inte-
gral (and hence an element ofMµ) usingexpu, namely

u 7→ p expu

Ep(expu)
(3)

which is just (2). It is clear that in this case
φ−1

p : Bexp → Mµ as defined above is many-to-one.
Specifically,φ−1

p (u) = φ−1
p (v) if and only if expu =

c exp v, or expressed differently,u = v + log c, for
some positive constantc. Because of this extra degree
of freedom, we can define a foliation ofexpL(p) =
∪c expLc(p) where expLc(p) = {u ∈ expL(p) :
Ep(u) = log c}. We can then require thatφ−1

p (q) be de-
fined on a particular leaf of this foliation of the Banach
space. Whenc = 1 this leads to the Pistone–Sempi’s
formula ofφp, i.e., (1).

We now investigate whether this construction can be
extended to an arbitrary Orlicz spaceLΦ, using an arbi-
trary class of Young functionΦ, instead of fromexpL,
using the particular Young functionexp(| · |)− 1. Intro-
duce a strictly increasing functionΦ : R→ (0,∞) that
is convex on[0,∞) and satisfiesΦ(−t) = (Φ(t))−1

(andΦ(0) = 1). Now Ψ(t) = Φ(|t|) − 1 is a Young
function. With an abuse of notation, we still denote the
corresponding Orlicz space asLΦ rather thanLΨ. The
arguments of the above paragraph, which was made to
Φ(t) = et, can be now made to any suchΦ in gen-
eral. Everything works fine up until (3). When we re-
quire, in general, thatφ−1

p (u) = φ−1
p (v) if and only if

Φ(u) = cΦ(v), we run into a problem. Let us define

uc = Φ−1(cΦ(u)), a function onX. The problem is
that we do not know if for a fixedu ∈ BΦ (the unit ball
in LΦ) there exists a positive constantc such that

Ep(uc) = 0.

Hence we must look for another foliation procedure.
Since our goal is to turn the multiplicative constant into
an additive one, it is natural to look at the logarithm. We
easily see that

Ep(log(Φ(uc)) = log(c) + Ep(log Φ(u)). (4)

To make sure that this formula makes sense, we need to
prove that the integral involved in the right hand side is
absolutely convergent. It follows from our assumption
log Φ(−t) = − log Φ(t) that

Ep(| log Φ(u)|) = Ep(log Φ(|u|)).
An application of Jensen’s inequality yields

Ep(log Φ(|u|)) ≤ log Ep(Φ(|u|)) < ∞
where we used alsou ∈ LΦ. ThatEp(| log Φ(u)) (and
henceEp(log Φ(u))) is finite allows us to impose, with
reference to (4), the foliation

Ep(log(Φ(uc))) = 0.

Therefore the Pistone-Sempi approach will work if we
use any positive functionΦ(t) that is strictly increas-
ing and convex on[0,∞), and satisfiesΦ(t)Φ(−t) = 1.
The corresponding map is

u 7→ pΦ(u)
Ep(Φ(u))

.

We call this the pseudo-exponential map. But this gener-
alization of Pistone-Sempi is somewhat trivial because
it still uses the same kind of normalization for mapping
BΦ to Mµ and hence does not generate new insights
into the representation of probability density functions
using Orlicz space functions. We turn to another ap-
proach in the next section.

3 The Affine Space Model of Statistical Mani-
folds

An affine space is a set of points in which each point
can be “translated” to any other point through an associ-
ated vector space. More precisely, the setA is an affine
space associated to the vector spaceU if there exists an
operation⊕ : A × U → A, called “right translation”
or “translation” for short, through whichU acts onA
transitively. Writing out the axioms, this means that
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(i) (p ⊕ u) ⊕ u′ = p ⊕ (u + u′) for all p ∈ A and
u, u′ ∈ U .

(ii) (p⊕ 0) = p for all p ∈ A.

(iii) The restricted mappingfu(p) = p⊕u is surjective
for every fixedu ∈ U .

It can be easily verified that the exponential model
satisfies the above axioms with

p⊕ u =
peu

Ep(eu)
.

The Pistone–Sempi formula (2) can be viewed as defin-
ing the right translation for the exponential family. Of
course, the affine structure of the exponential map, with
log-likelihoods as score functions, is well known, e.g.,
(Amari, 1985; Murray & Rice, 1993). So one way to
generalize the exponential model is to see what other
representations⊕ could have.

Let us denotep ⊕ u asF (p, u). Then the first axiom
above can be written asF (F (p, u), u′) = F (p, u + u′).
This is a functional equation known as the “translation
equation” (Acźel, 1966, 8.2.2). Below we derive a gen-
eral form for the solution of this equation in the infinite
dimensional case, following the finite-dimensional so-
lution in (Aczél, 1966, 8.2.2, Theorem 1). In the next
theorem we assume that the Banach space splits as a di-
rect sum of the typeB = V ⊕Ru0. We use the notation
u = [v, c] to denote the splitting of individual elements
of the Banach spaceB accordingly.
Theorem 1 Let P and B be Banach spaces and sup-
pose thatF : P ×B → P is a function satisfying

F (F (p, u), u′) = F (p, u + u′) (5)

for all p ∈ P andu, u′ ∈ B. Assume thatB splits as
V ⊕ {cu0 : c ∈ R} for a fixedu0 ∈ B, and there exists
π ∈ P so thatGc(·) = F (π, [·, c]) : V → P is a bijec-
tion for every fixedc ∈ R. Then all continuous solutions
of (5) are of the form

F (p, u) = G0(G−1
0 (p) + L(u)),

whereL : B → V is linear.
Proof. Fix π ∈ P so thatGc(·) = F (π, [·, c]) : V →

P is a bijection for every fixedc ∈ R. Forv ∈ V , denote
h(v) = F (π, [v, 0]) = G0(v).

We next setp = π, u = [v, c] andu′ = [v′,−c] in (5):

F (F (π, [v, c]), [v′,−c]) = F (π, [v + v′, 0])
= h(v + v′).

We denotep = F (π, [v, c]), and note that then
G−1

c (p) = G−1
c (F (π, [v, c])) = v. We have thus de-

rived that

F (p, [v′,−c]) = h(G−1
c (p) + v′) (6)

for everyp ∈ P (here we use thatGc is a surjection)
and[v′,−c] ∈ B.

We substitute this expression forF in the original
functional equation (withu = [v, c] andu′ = [v′, c′])
and get

h(G−1
−c′(h(G−1

−c(π) + v)) + v′)

= h(G−1
−(c+c′)(π) + v + v′).

Cancelling the outermosth and settingc = 0 gives

G−1
−c′(h(G−1

0 (π) + v)) = G−1
−c′(π) + v.

We defineq = h(G−1
0 (π)+v) and a functionl : R→ V

by l(c′) = G−1
−c′(π)−G−1

0 (π). Then the previous equa-
tion becomes

G−1
−c′(q) = l(c′) + h−1(q).

Using this in (6) gives

F (q, [v, c]) = h(l(c) + h−1(q) + v).

Sinceh is just a special form ofF (which is assumed to
be continuous), it is continuous, and so the above equa-
tion implies thatl is continuous. Substituting this back
in (5) gives

h
{
l(c′) + h−1

[
h(l(c) + h−1(p) + v)

]
+ v′

}

= h
(
l(c + c′) + h−1(p) + v + v′

)
.

After cancelling the outermosth, h−1 ◦ h and common
terms, all that remains is

l(c′) + l(c) = l(c + c′).

Sincel is continuous this Cauchy equation has only lin-
ear solutions

l(c) = κc

whereκ is an element inV . Thus we have shown that
the solution is of the form

F (p, u) = h
(
h−1(p) + L(u)

)
,

whereL([v, c]) = v + κc is a linear function mapping
of B to V . It is easy to see that everyF of this form is a
solution. 2

The previous theorem is not directly applicable to our
setting. The problem is that, inF (p, u), the range in the
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second variableu depends on the value of the first vari-
ablep ∈ Mµ, becauseu is in the unit ball ofexpL(p).
The way to get around this is to notice thatL∞ ⊂ LΦ(p)
for everyp ∈ Mµ, and, moreover, it is dense. So we
consider only functionsF : Mµ × L∞ → Mµ. Since
we know all continuous solutions in a dense subset of
our space, we obviously know all continuous solutions
in the whole space, as well.

With the understanding that we restrict ourselves to
dense subsets when necessary, we can see immediately
how Theorem 1 relates to the charting of a statistical
manifold. The inverse ofF (p, u), while keepingp fixed,
gives an atlasφp : Mµ → V ⊂ B:

φp(q) = L−1(h−1(q)− h−1(p)).

Let us next see how the exponential model fits into
this general scheme. Recall that Theorem 1 involves a
co-dimension 1 splitting of the Banach spaceB in the
form B = V ⊕ {cu0 : c ∈ R}. Setu0 = 1, the con-
stant function, so that the splitting becomesexpL =
expL0 ⊕ R, whereexpL0 is (as defined in Section
1) the space of exponentially integrable functions of
zero mean, andR denotes the space of constant func-
tions. Then chooseκ = 0, which amounts to requiring
f(π, u) ≡ π, ∀u ∈ R, i.e., for all constant functionsu.
Consequently,L(u) ≡ 0 if and only if u is a constant
function. ChooseG−1

0 (p) = L(log p). Then

p⊕ u = exp
(
L−1(L(log p) + L(u))

)

= exp
(
L−1(L(log(p) + u))

)
.

We know thatL−1(L(u)) = u + c for some constant
c, since constants are the only elements in the kernel of
L. Let us define a functional (interpreting the constant
function as a real number) byc[u] = L−1(L(u)) − u.
Then our previous equation gives

p⊕ u = exp(u + log(p) + c[u + log p])

= peuec[log(p exp u)].

Thus we get the Pistone–Sempi model if we chooseL−1

so that

c[u] = − log
∫

X
expu dµ. (7)

Let us look at some obvious generalizations: we fix a
non-zerou0 ∈ LΦ and defineL to be a linear transfor-
mation so thatL(u) = 0 if and only if u = cu0. We
defineG−1

0 (p) = L(Φ−1(p)). We require thatG−1
0 be

an injection, soΦ−1(p) = Φ−1(q) + cu0 if and only if
p = q andc = 0. We find that

p⊕ u = Φ
(
u + Φ−1(p) + c[u + Φ−1(p)]

)
,

where the functionalc[u] = L−1(L(u)) − u as before.
Now we should choose

c[v] = inf
{

t > 0:
∫

X
Φ(v + t) dµ = 1

}
,

in order forp⊕ u to be in the manifold. ForΦ(t) = et,
the above reduces to (7).

Lastly, we note that our affine space approach in ex-
tending the exponential model is not an all inclusive
one. Burdet et al. (2001) gave the following chart for
mapping the open unit ball ofL2(p) toMµ:

p⊕ u = p
(
u +

√
1− Ep(u2)

)2

with the inverse given by (for fixedp)

φp(q) =
√

q

p
− Ep

(√
q

p

)
.

Clearly
(p⊕ u)⊕ u′ 6= p⊕ (u + u′).

The reason for violating the right association is actually
quite simple: the open unit ball ofL2(p) is no longer
a vector space. As a generalization of the translation
equation (5), one should consider the so-called “trans-
formation equation” (Acźel, 1966, 8.2.1)

(p⊕ u)⊕ u′ = p⊕ (u ◦ u′)

where◦ is some operator satisfying associativity

(u ◦ u′) ◦ u′′ = u ◦ (u′ ◦ u′′).

The corresponding functional equation is

F (F (p, u), v) = F (p, G(u, v)).

This is out of the scope of the current note and is the
subject for future research.

A Orlicz Spaces

In this appendix we give a short recap of the theory of
Orlicz spaces. For more details the reader is referred to
one of the numerous books on the subject, e.g., (Kras-
nosel’skĭi & Ruticki ĭ, 1961; Rao & Ren, 1991).

Recall that a Young function is a convex increasing
function Φ: [0,∞) → [0,∞) with Φ(0) = 0. For a
Young functionΦ we define amodular on the set of
measurable functions by

%Φ(u) :=
∫

X
Φ(|u(x)|) dµ(x).
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Using the modular we can define theLuxemburg norm
on the same set by

‖u‖Φ := inf{t > 0: %Φ(u/t) ≤ 1}.
Using these concept we define the Orlicz space by

LΦ(X) := {u : ‖u‖Φ < ∞}.
The best-known example of an Orlicz space is given by
the Young functionsΦ(t) = tp for some real numberp
greater than or equal to1. In this case we have

%Φ(u) :=
∫

X
|u(x)|p dµ(x).

and the norm is just the Lebesgue norm:

‖u‖Φ : = inf{t > 0: %Φ(u/t) ≤ 1}

=
(∫

X
|u(x)|p dµ(x)

)1/p

.

Another important case isΦ(t) = exp(|t|)− 1, and the
corresponding Orlicz spaceexpL is the space of expo-
nentially integrable functions.
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