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In this article we prove a version of the Lebesgue point theorem in the variable
exponent Newtonian space. The result is proved under the assumptions that the
exponent is logarithmically Holder continuous and that the bounded doubling
space supports a (1, 1)-Poincaré inequality.

1. Introduction. For a metric measure space (X,d, ) and a bounded
measurable function p: X — [1, 00) the variable exponent Lebesgue spaces
LP0)(X) consists of all measurable functions such that

/ ()P da() < oo,
X

For constant p they coincide with classical Lebesgue spaces. These spaces
are special cases of Orlicz—Musielak spaces, see [15]. Nowadays the special
case has been the focus of quite a lot of research. Such spaces are related
to differential equations with non-standard growth and coercivity condi-
tions, arising for instance from modeling certain fluids (e.g, [1, 16]). Many
properties of these spaces, like boundedness of maximal and potential op-
erators, density of smooth functions and pointwise properties of Sobolev
functions, have been studied in the Euclidean case. For some of the latest
advances see for example [2, 4, 10, 13] and the references therein.
Recently the theory has been extended to metric measure spaces [5, 8].
These investigations were concerned with extending results about the
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Hardy-Littlewood maximal and Riesz potential operator to this new set-
ting. Subsequently, also variable exponent Sobolev spaces have been in-
troduced in the metric measure spaces in [9], where some basic properties,
such as completeness and density of Lipschitz functions were addressed.

We continue along this line of research by studying the capacity version
of the Lebesgue point theorem in the case of variable exponent Sobolev
functions on metric measure spaces. We combine techniques from [12]
(metric measure spaces, fixed exponent) and [6] (Euclidean space, variable
exponent). It seems that certain weak type capacity estimates for the
maximal operator are the only known way to obtain the desired result. The
novelty in our arguments is that our weak type result is somewhat weaker
than in previous proofs and the proof of our main theorem is somewhat
non-standard using the ideas of [11]. We are also able to slightly improve
the main result of [6] by localizing the use of the maximal function.

2. Preliminaries. By a metric measure space we mean a triple (X, d, ),
where X is a set, d is a metric on X and p is a non-negative Borel regular
outer measure on X which is finite in every bounded set. For simplicity,
we often write X instead of (X,d, u). For x € X and r > 0 we denote by
B(x,r) the open ball centered at x with radius ». We use the convention
that C denotes a constant whose value can change even between different
occurrences in a chain of inequalities.

A metric measure space X or a measure  is said to be doubling if there
is a constant C' > 1 such that

(1) u(B(z,2r)) < Cu(B(z,r))

for every open ball B(z,r) C X. The constant C' in (1) is called the
doubling constant of . By the doubling property, ify € X, 0 <r < R < o0
and z € B(y, R), then

w(B(z,r)) r\?
W(B, 7))~ @ <R>

for some Cg and ) depending only on the doubling constant. For example,
in R™ with the Lebesgue measure (2) holds with @ equal to the dimension
n. The constant @ is called the dimension of X.

By a wariable exponent we mean a bounded measurable function
p: X — [l,00). For A C X we define p}j = esssup,c,p(z) and
pa = essinfyea p(x); we further abbreviate p™ = p} and p~ = py. For a

(2)
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p—measurable function u: X — R we define the modular

0p()(u) =/XIU(y)Ip(y)du(y)

and the norm
ul[pi.y = inf{A > 0: gpy(u/X) <1}

The wvariable exponent Lebesgue space L”(')(X7 d, ) consists of those -
measurable functions u: X — R for which [[ul|,.y < oco. Some basic
properties of variable exponent Lebesgue spaces on metric measure spaces
are given in [8], and most of them are straightforward generalizations of
the Euclidean case [14].

We say that X supports a (1,1)-Poincaré inequality if there exists a
constant C' > 0 such that for all open balls B in X and all pairs of functions
u and p defined on B, the inequality

][ |lu —up|dp < Cdiam(B) ][ pdpu
B B

holds whenever p is a weak upper gradient of u on B and w is integrable on
B. If X is a doubling space that supports a (1, 1)-Poincaré inequality, p* <
oo and the Hardy-Littlewood maximal operator is bounded from LP()(X)
to itself, then Lipschitz continuous functions are dense in N'P0)(X) [9,
Theorem 4.5].

3. Newtonian spaces. A curve 7 in X is a non-constant continuous map
~v: I — X, where I = [a,b] is a closed interval in R. The image of v, v(I),
is denoted by |vy|. Let I" be a family of rectifiable curves. We denote by
F(T) the set of all admissible functions, i.e. all Borel measurable functions

p: X — [0, 00] such that
/pds> 1
.

for every v € I', where ds represents integration with respect to curve
length. We define the p(-)-modulus of T by

M,y(I') = inf z)P @ dp(z).
o0 = int [ o) @dp(o)

If F(T) = 0, then we set My)(T') = oo. The p(-)-modulus is an outer
measure in the set of curves. The proof of this is a straightforward gener-
alization of the variable exponent Euclidean case [10].
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Let u be a real valued function on X. A non-negative Borel measurable
function p on X is a (weak) upper gradient of u if there exists a family T’
of rectifiable curves with M,.)(I') = 0 such that

() - u(y)| < / pds

Y

for every rectifiable curve v ¢ T' with endpoints = and y.
The Newtonian space N*P0)(X) consists of functions in LP()(X) with
a weak upper gradient in LP()(X) equipped with the norm

[[u

1p() = [ullpy +nf [[pllpey
where the infimum is taken over all weak upper gradients of u. If p™ < oo,

then N'?()(X) is a Banach space. For more details on the Newtonian
space see [9, Sections 4 and 5].

Lemma 1. Let u € N'PO(X). If g1 is a weak upper gradient of u and
g1 < g2 p-almost everywhere, then go is also a weak upper gradient of w.

Proof. Let I' be the family of curves 7 for which

/glds>/ggds.
¥ ¥

It suffices to show that I' is exceptional. For every curve v € I' we clearly
have H1(|’y| N {x € X:gi(x) > gg(x)}) > 0. Therefore cox{g, (z)>gs(x)}
is an admissible test function for I'. On the other hand, this function is
zero almost everywhere, so its integral is zero. Thus the modulus of T is
Z€ro. ([l

Lemma 2. Let u,v € Nl’p(')(X). If g1 is a weak upper gradient of u and
g2 is a weak upper gradient of v, then |v|g) + |u|gs is a weak upper gradient
of uv.

Proof. Let v be an arc-length parametrization of a rectifiable curve. We
define h: [0,4(y)] — (—o00,00) by setting h(s) = (u o v)(s) (vov)(s).
The function h is absolutely continuous on «y (not in a certain exceptional
family). Hence we obtain

W (s) = (uoy)'(s) (vo)(s)+ (uor)(s) (vory)(s)

and, furthermore,

7 (s)] < g1(v(s)v(v(s)) + g2(7(s))u((s))
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for almost every s € [0, £(v)]. Since
h(s) — h(t) = / h'ds.
v[s:t]

Lemma 1 implies that |v|g; + |u|gs is a weak upper gradient of uwv. O

Lemma 3. Suppose that u;, i = 1,2,..., are measurable functions. Let g;
be an upper gradient of u; and denote w = sup; u; and g = sup; g;. Then
g s an upper gradient of u provided that u is finite almost everywhere.

Proof. Let I'; be an exceptional family of curves for u; and write I' = U;T;.
Then by subadditivity the modulus of T" is zero. Let v ¢ I' be a rectifiable
curve with end points x and y. Assume that u(y) < u(zr) < co. Let € > 0
and choose @ so that u;(z) + ¢ > u(z). Since u(y) > u;(y) we obtain that

u(z) —u(y)] = w(@) —uly) < ui@) + & —ui(y)

g/gids—#sé/gds—#s.
v ol

The claim follows for finite values of u at the end points as € — 0.

Using 00X {y=cc} @s a test function we find that the modulus of those
curves where w is infinity in some subcurve is zero. We denote this family
by I'. Let v € T' Uy, be a curve from z to y. We may assume that
u(z) = oo and u(y) is finite; otherwise we find a point z from the curve
with u(z) < oo and study subcurves from z to z and z to y. Let u; be a
subsequence with u;(x) — u(z) = oo as j — co. For each j we have

M@—w@K/ww</ws
;

y
For large j we have |u;(z) —u(y)| < u;j(x) —u(y) < u;(x) —u;(y). Letting
j — oo we obtain
u(e) - ulw)| < [ gds.
¥
Hence the desired inequality holds for those rectifiable curves which do

not belong to ' UT'. (]

Let E C X. We recall the definition of the capacity in Newtonian space:
Cyo(B) = ntint [ [ul@) P + |p(a)") du(o),
v op Jx

where the first infimum is taken over all u € N'P()(X), which are at least
1 in E and the second infimum is taken over upper gradients of u. If the
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class of test functions is empty we set Cp(.y(E) = co. We need the fact that
the capacity is an outer measure provided that p* < oo [9, Section 4.1].
We also need the following lemma which is obtained following standard
arguments, see e.g. [7, Lemma 5.1].

Lemma 4. Let pT < oo. For each Cauchy sequence of functions in
vap(')(X) there is a subsequence which converges pointwise outside a set
of zero p(-)-capacity. Moreover, the convergence is uniform outside a set
of arbitrary small p(-)-capacity.

4. Maximal operators. In [12] Kinnunen and Latvala introduced the
so-called discrete maximal function as a way to overcome the difficulty
that the ordinary maximal operator is not bounded in the set of Sobolev
functions in metric spaces, see [3]. In this section we study this operator
in the variable exponent case.

We say that the exponent p is log-Holder continuous if

C
— < -
lp(z) — p(y)| < — log d(z,3)
for d(z,y) < 1. The Hardy-Littlewood maximal operator is defined for a
locally integrable function u by

Mu()=sw {  Ju(w)] duty).
r>0 B(z,r)

In bounded doubling metric measure spaces, the Hardy-Littlewood max-
imal operator is bounded form LP()(X) to itself if 1 < p~ < pt < oo
and p is log-Holder continuous, [8, Theorem 4.3]. A weaker result, derived
under fewer assumptions, was given in [5, Theorem 2.3]. In contrast to
the Euclidean case, the log-Hélder continuity is by no means necessary
— the Hardy-Littlewood maximal operator might be bounded even if the
exponent is monotone and discontinuous, see [8, Example 4.5].

Next we recall from [12, Section 3] the definition of the discrete maximal
function. Fix r > 0 and let B(x;,7), i = 1,2,..., be a family of balls
covering X such that any point € X belongs to at most 6 balls B(z;, 6r).
Here 6 can be chosen to depend only on the doubling constant. Let ¢; be
a set of functions such that 0 < ¢ < 1, ¢; = 0 in the complement of
B(x;,3r), ¢; = ¢ >0in B(x;,r), ¢; is Lipschitz with a constant ¢/r and

Z¢i =1
i=1
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on X; the constant ¢ can be chosen depending only on the doubling con-
stant, e.g. as ¢ = 1/6 (see [12, p. 690] for a construction of such functions).
We set

oo
w(o) =Y o) § - Julwlduto)
i—1 B(x;,3r)
Let (r;)52, be an enumeration of the positive rationals. For every radius r;
we choose a covering (B(x;,r;)) as above. We define the discrete maximal
function related to the covering (B(z;,7;)) by

M*u(x) = supuy,, ().
J

Note that the defined maximal operator depends on the chosen coverings.
However, by [12, Lemma 3.1], the inequalities

(3) %Mu(x) < M*u(z) < cMu(x)

always hold for every x € X and every locally integrable function u. Here
the constant ¢ > 1 depends only on the doubling constant.

The following lemma is a generalization of [12, Lemma 3.3]. For u €
NP()(X) we denote by p, a weak upper gradient of .

Lemma 5. Suppose that X is doubling and supports a (1,1)-Poincaré
inequality. Assume that pt < oo and u € N*?C)(X). Then CMp, is a
weak upper gradient of M*u.

Proof. Assume without loss of generality that u is non-negative. We first
prove the lemma with frozen scale and hence we fix r > 0. Denote B; =
B(x;,r) and ¢B; = B(x;,cr). By Lemmas 1 and 2,

C
(?\U:sBi —ul+ pu)X6B,~
is a weak upper gradient of ¢;(x)(usp, — u(z)). We have

up () = Z ¢i(z)uzp, = u(z) + Z ¢i(z)(usp; — u(x)).

Using the above upper gradient for the terms in the sum and the fact that
each point is covered by at most 6 balls 6B;, we conclude by Lemma 1
that

Pu + Z (7|U3Bi —ul + pu)XGBi <(0+1)pu + T Z lusp, — ulxeB,
i=1

i=1
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is a weak upper gradient of wu,. By the Lebesgue points theorem for dou-
bling measures, p,(x) < Mp,(z) for p-almost every x € X. By the
Poincaré inequality, the same arguments as in [12, Lemma 3.3] imply that

u(z) - uzp, | < CrMp,(a)

for p-almost every z € X. Thus we have shown that

COO
0+ 1)p, + — - < CMp,
0+ 1)p +T;\U3Bl u|x6B, p

p-almost everywhere. By Lemma 1, this implies that C'Mp, is a weak
upper gradient of wu,..

Since M*u(z) < oo p-almost everywhere [8, Theorem 5.2], we obtain
by Lemma 3 that C'Mp, is a weak upper gradient of M *u. O

5. The Lebesgue Theorem. The proof of the main theorem is based
on the following lemma.

Lemma 6. Suppose that X is doubling and supports a (1,1)-Poincaré
inequality. Assume that 1 < p~ < pT < oo, p is log-Hdlder continuous
and u € NYPO(X). Then

Cp(y({z € B(wo, ) : Mu(z) > A}) =0
as ||lul|1,py — 0 for every xo € X and r, X > 0.

Proof. Let ¢ be a Lipschitz continuous cut-off function such that ¢ =1 in
B(zg,r), ¢ =0 in the complement of B(z,2r) and the upper gradient of
¢ is bounded by C depending only on r and the doubling constant. Since
M : LPO)(B(zg,2r)) — LPO)(B(z0,2r)) is bounded, we obtain from (3)
that

M7 (ug)|lpiy < ClIM (ug)llpey < Clludlpe)-

Hence M*(u¢) € LP)(B(z¢,2r)). By Lemma 5, Mp,s is a weak upper
gradient of M*(u¢). Since the boundedness of M also implies that Mp,4 €
LPO)(B(zg,2r)), we obtain that M*(up) € N“P()(B(xg,2r)). By (3) we
may use CM*(u¢)/\ as a test function for the capacity in order to obtain
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that
Cpiy({z € B(wo,7) : Mu(z) > A})

< / (CATIM* (ug) (2) ) + (CA o= u ()P dpa()
X

<c A Mu(@))P) + (A My ()P du(a)
B(zg,2r)

N

< Cmax {[|Mu/Allypys [Mu/Alf )}
+

|1>p(-)7 ”u/)‘”zl),p(.)}a

where the second-to-last inequality follows by [14, (2.11)], and the norms
are in B(xg,2r) only. O

< Cmax {|lu/A

Theorem 1. Suppose that X is a metric space equipped with a doubling
measure supporting a (1,1)-Poincaré inequality. Assume that 1 < p~ <
pT < 0o, p is log-Hélder continuous and u € Nl’p(')(X). Then there exists
a set E C X of zero p(-)-capacity such that

u(x) = lim u(y) dy
(z) = lim o) )
and
lim fu(y) — ()] dy = 0
r—0 B(I,T)

for every x € X \ E.

Proof. We use ideas from the proof of [11, Lemma 3.1]. Since X =
US2, B(wo, j) for o € X and the capacity is subadditivity [9, Theorem 4.9],
it is enough to prove the claim in a given ball B := B(x, j). By [9, The-
orem 4.5], Lipschitz functions are dense in N'?(")(B) and hence we may
choose a sequence (u;) of continuous functions in N'P()(B) such that
lw — will1 p) = 0 as i — oo. Using the notation

Df(x) :limsup% /B - f(y) du(y)

r—0

we find for z € B that

Dlu - u(@)|(z) < Dlu - w|(2) + [u() — us(a)].
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Using the subadditivity of the capacity we find, for any A > 0, that
Cpy({z € B : Dlu — u(z)|(z) > A})
< Cpy({z € B: Dlu — 4| (z) > 3})
+ Cpy({z € Bt |u(z) — ui(z)| > 3}).

It follows from Lemma 6 that

Cp(y({z € B: Dlu—u4|(z) > 3}) =0
as ¢ — 0o. On the other hand, using %|u — u;| as a test function like in
the proof of Lemma 6, we conclude that

Cp(y({z € B: |u(z) —ui(z)] > 3}) =0

as |lu — willy,p() — 0. Since the left-hand-side of our previous estimate
does not depend on %, this means that

Cp(y({z € B: Dlu — u(z)|(z) > A}) =0
for any A > 0. Denoting by F the set

{z€B:Dlu—u)|(z) >0} =) {z€B: Dlu—ux)|(x) >k}

k=1
we find that Cp.y(E) = 0 by using the subadditivity of the capacity. Then
the second claim holds and the first claim easily follows. O

6. The Euclidean case. In this section we prove that in the Euclidean
setting our new capacity is equivalent to the variable exponent Sobolev
capacity studied in [7]. Suppose that E is an arbitrary subset of R™. The
Sobolev p(-)-capacity of E is defined by
Cap,(F)= inf / w(z)[P®) + | Vu(z)[P® de,
po®) = it @)+ Vaga)

where S,()(E) is the set of all u € WHPE)(R™) which are at least one in
an open set containing E. If S, (E) = 0, we set Cap,y(E) = oo. If
1 < p~ < pT < oo, then the Sobolev p(-)-capacity is an outer measure and
Choquet capacity [7, Corollaries 3.3 and 3.4].

Lemma 7. Assume that 1 < p~ < p* < oo and p is log-Holder continu-
ous. Then for every E C R"™ we have

+
Cp()(E) < Capy(y(E) < (V)P Cp(y (E).
In particular, Cpy(E) = 0 if and only if Cap,)(E) = 0.
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Proof. Since p* < oo and p is log-Holder continuous, C§°-functions are
dense in W1HP()(R™) [17]. This yields that N'P()(R™) and WhPC)(R™)
coincide and the norms are comparable [9, Theorem 5.3]. More precisely,
we have |Vu(z)| < v/npy(z) for almost every z € R™.

If u € WIPO(R™) is a test function for Cap,.)(E) then it is also a test
function for Cp.y(E) and thus the first inequality holds, since |Vu| is a
weak upper gradient of u.

Assume then that v € N1P()(R") and u is a test function for Cjy(.)(E).
Since continuous functions are dense in N'?()(R™) we obtain by Lemma 4
that u has a representative which is continuous outside a set of arbitrarily
small Cy,(.)-capacity. Therefore for all ¢ > 0 there exists a set F: so that u
restricted to R™ \ F; is continuous and Cj.y(F;) < e. Hence there exists a
neighborhood U of E such that u restricted to U \ F; is not less that 1 —e¢.
Let w. € Nl*p(')(R”) be such that w. restricted to F; is one, 0 < w. < 1
and

[ @l + [T <<
Rn

Then 1/(1—¢)u+w, is a test function for Cap,.(£) and the second claim
follows by letting ¢ — 0. 0

By Theorem 1 and Lemma 7 we obtain the following theorem, which
slightly improves [6, Theorem 4.7] by dropping out assumption of p near
infinity.

Theorem 2. Assume that 1 < p~ < pt < oo, p is log-Hélder continuous
and u € WHPO(R™) is p(-)-quasicontinuous. Then there exists a set E C
X of zero p(-)-capacity such that for every x € R™\ E we have

u(z) = lim u(y) dy
( r—0 B(T,'r‘) ( )
and
lim Ju(y) — u()| dy = 0
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