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ABSTRACT. We present new continuous variants of the Geman—McClure model
and the Hebert-Leahy model for image restoration, where the energy is given
by the nonconvex function x — x2/(1+22) or « + log(1+x2), respectively. In
addition to studying these models’ I'-convergence, we consider their point-wise
behaviour when the scale of convolution tends to zero. In both cases the limit
is the Mumford-Shah functional.

1. Introduction. A basic denoising problem encountered in image processing is
obtaining an estimate u for an unknown image ug based on a corrupted observation
f- In a variational approach, one seeks to solve this problem by minimizing an
energy functional which typically consists of two parts, a fidelity term such as
[ |lu — f|*dz and a regularity term such as [|Vu|dz. More generally, one can
consider the class of problems:

i D — fI?d
ufgllgr{//QSOU ul) + Ju — f]? dz,

where Du denotes the gradient of the BV function wu; if @

/ (| Dul) dz := / (V) di + oo [ Dyt (),
Q Q

where V,u and Dgu are the absolutely continuous and singular parts of Du. Note
that the choice ¢(t) = ¢ leads to the Total Variation (ROF) denoising model of
Rudin, Osher and Fatemi [24] in 1992.

In their discussion about variational approaches to image restoration, Aubert
and Kornprobst [5, Section 3.2.6] point out that non-convex potentials such as

— Yoo as t — 00, then

o(t) = 13_% give better results in numerical tests than convex potentials such as
©(t) = t. In fact, this choice of ¢ leads to a discrete model which was first proposed
by Geman and McClure [18] in 1985, many years before the ROF model. This model
has been used, for instance, in tomography, road scene analysis, magnetic resonance
imaging, geophysical imaging, volume reconstruction, target detection, functional
MRI and image segmentation. Hebert and Leahy [20] presented in 1989 a somewhat
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similar model whose potential is ¢ — log(1 +¢?); in a differential equation form this
potential corresponds to the Perona—Malik model.

However, it was shown by Chipot, March, Rosati and Vergara Caffarelli [11] that
the functional corresponding to this choice of ¢,

| Dul® 2
1 ———— +|u— f|°dx
1) | e e 1
does not have a minimizer in BV and that the energy minimum of the functional
equals 0. The corresponding discrete model

| Dpui]? 2
) > T e AP
where Dy, is the discrete gradient with step size h, performs very well, see [8,
9, 19, 23]. Rosati [23] has shown that this discrete model I'-convergences to a
modified Mumford-Shah functional as the step size tends to zero. This corresponds
to sampling a continuous function at individual points. Another way to get from
the continuous to the discrete is to take the average of a gradient of the function
in some pixel. (After smoothing one can equivalently use integrals or sums.) This
route was followed by Braides and Dal Maso [7] and Chambolle and Dal Maso [10];
more on this below.
We also follow an averaging approach. To be more precise, let G € C1(R™) be
a non-negative, radial symmetric and decreasing function with spt G C B(0,1) and
[ Gdz =1. Let G,(z) := 1 G(£) be the L'-scaled version of G. For a (scalar- or

vector valued) function u € L{ (R™), we denote

a(@) i= Govue) = [ Gola = y)uly)dy.
B(z,0)
If w € BV(R"™), then we denote

Dl (z) == /B L Gole—p)dDul(y)

and we write, for simplicity, |Du|? := (|Dul,)?.
Let g : [0,00) — [0,00) and £ : (0,00) — (0,00) be functions. We define

Fo(u,U) ::/Ug(g(og)(gwa)dx, u € BV(Q),

for U CC 2 and ¢ > 0 sufficiently small that the convolution be defined. Further
we set

Fo(u) :=Fs(u,Q,) where Q,:={zxe: d(z,0) >0}
We extend F, to GBV as a limit,

Fy(u) :=limsupF,(uy), u € GBV(R"),

A—00

and to L' (R™) by co. For definitions of GBV and other terms, we refer to Section 2.

Assumptions 1.1. We need the following assumptions on g and ¢:

(G) g in increasing and concave, g(0) = 0 and lim 9(@) =1;
z—0t T
4
(L) £is increasing, lim ¢(z) =0 and lim He) = oo; and
0+ x>0+ 22
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2 2n
(GL) lim glelz)/z") =1and lim glelz)/a™)
a—0t  L(z)/x a—0t  l(x)/z
Note that (G) yields that g(x) < x, as the following deduction shows:
L x ) TN glz/m)
g(z) = lim ¢ (ma) < lim mg <E) = lim z =x

m— oo m—o0 m—00 x/m

< ¢, for every fixed ¢ > 0.

Since ¢g(0) = 0, concavity implies that g(az) < ag(z) for every a > 1.

The Geman—-McClure and Hebert-Leahy potentials satisfy the above conditions
with a suitable scaling function . Thus our main examples are the functions:

(3) g(x) = 1—&-% with £(z) ===z
and
(4) g(z) :=log(1+z) with {(z):=zlog(l+ ).

These correspond the the Geman—McClure model [18] and the Hebert—Leahy model
[20], respectively. For simplicity, we denote

g(l(o)t*)
o)

Note that ¢ is increasing in t and that §(o,t) < t2.

It turns out that the limit of this functional is intimately connected to the weak
formulation of the Mumford-Shah (MS) functional. Let 2 C R™ be a bounded open
set and f € L*>(Q2). The MS functional, in weak formulation and without fidelity
term, is

g(o,t) :=

MS (u) ;:/ Vaul? da + 2H" 1 (S),
Q

for u € GSBV(Q) and MS(u) := oo for u € L(2) \ GSBV(Q). This functional
was introduced by De Giorgi and Ambrosio [16] to solve the existence problem for
the strong (C') functional proposed by Mumford and Shah in 1989 [22]. The lack
of lower semicontinuity of H"~!(S,) means that it is difficult to deal with this
functional and hence in many papers it has been approximated, in the sense of I'-
convergence, by more regular functionals, see for example [4, 14]. For overviews of
results on the MS functional we refer to [3, 15]. The Geman—McClure model is rather
easy to deal with numerically, whereas the opposite is true for the Mumford—Shah
model. Therefore there is a practical incentive to establish connections between the
models.

Following Braides, Chambolle and Dal Maso [7, 10], we study the I'-convergence
of our functional. We will need the following functional by Braides and Dal Maso

71
BDboy.= [ Lglo u(y)|? T, U LQ);
F5D (1) .—/Qgg< Ji(x,gm'v ) dy> de, we H'(Q);

we extend FZP to L' by co. Braides and Dal Maso have shown that FZP T-
converges to MS with respect to the L'-topology. In Section 5 we will use this to
derive the T'-converges of our functional in the case g(t) = 1%—15 I'-convergence in
the case g(t) = log(1 + t) has been considered by Tiirola in a separate paper [25].

Theorem 1.2. Let Q C R"™ be a bounded open set with Lipschitz boundary. If

g(t) = ﬁ-t then F, T-converges to MS with respect to the L' topology.

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (20xx), X-XX



4 PETTERI HARJULEHTO, PETER HASTO AND JUHA TIIROLA

The previous result holds also for the previously known approximating function-
als. However, the next result indicates that the new approximation is more precise,
in that we also obtain point-wise convergence. In this sense this result is the main
innovation and motivation of this paper. It is proved in Sections 3 and 4.

Theorem 1.3. Let 2 be a bounded open set. Suppose that u € SBV2(Q) and S, is
contained H" 1-a.e. in the union of a finite number of hyperplanes. Then

Note that each u € GSBV?(Q) can be estimated by functions u; satisfying the
conditions in the previous theorem such that MS(u;) — MS(u). This result is by
G. Cortesani [12, Corollary 3.11].

The functional limg_,o FZP (u) is finite only for H'-Sobolev functions and thus
the previous theorem is not true for FZP. Therefore F,, is point-wise better behaved
than F2P. The same is true for the functional of Chambolle and Dal Maso [10].

Remark 1.4. When sampling a continuous function by averaging in these type of
models, there are three operations to be performed: convolution, derivative, and
raising to the power two. By varying the point at which the convolution oper-
ator is applied, we arrive at three possible orders: derivative-power-convolution,
derivative-convolution-power, and convolution-derivative-power. These give rise to
the functionals

/gg(a(|vu|2)c,> de, /gg(a(|vu|c,)2) dz, and /gg(aw(ug)ﬁ) da.

The argument of the first is finite in H!, the second in BV, and the last in L*.
Braides and Dal Maso opt for the first (largest), we consider the second one. Most
closely related to the discrete model would be the third. Unfortunately, that model
is not well behaved analytically.

The model of Chambolle and Dal Maso [10] is of this type, but instead of the
convolution u, they consider regularizations which are piece-wise affine on a trian-
gular grid of controlled geometry. The extra structure allows them to handle the
complications arising.

In [6], Bourdin and Chambolle study the numerical implementation of the model
from [10]. In our case this remains for future work. We point out that the larger
function space on which our functional is finite allows for many different approxi-
mation schemes. A natural starting point is with functions satisfying the condition
of Theorem 1.3. On the theoretical side, it would be interesting to study whether
the condition in the theorem can be removed.

Remark 1.5. Various indirect approaches have been proposed to deal with the
Mumford-Shah functional, see [5, Section 4.2.4]. In the terminology of Aubert and
Kornprobst, our approach falls under the heading “Approximation by introducing
non-local terms”.

2. Notation. By ¢ we denote a generic constant whose value can change between
each appearance. We denote the Lebesgue n-measure of (a measurable set) £ C R"
by |E|. The Hausdorff d-dimensional outer measure is denoted by H<.
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We state some properties of BV-spaces that are needed. For further background
and proofs see [3]. Let  be an open set of R” and u € L'(Q), set

1Dul|(2) = sup {/ udivpdr : g € C(QRY), |g| < 1}
Q
and define the space of functions of bounded variation as
BV(Q) := {u e L(Q) : | Dul|(Q) < oo}.

We define S,, as the subset of €2 where the function u does not have approximate
limit: = € '\ S, if and only if there exists z € R such that

lim lu(y) — z| dy = 0.

r—0+ B(z,r)

For u € BV(Q), the set S, is Borel, |S,| = 0 and

S, =NU U K;,
ieN
where H"~1(N) = 0 and (Kj;) is a sequence of compact sets, each one contained in
a C''-hypersurface.

The distributional gradient Du can be divided into an absolutely continuous
part V,u (with respect to Lebesgue measure) and a singular part Dyu. We say that
u € BV(Q) is a special function of bounded variation and denote v € SBV() if the
singular part of the gradient Dyu is concentrated on S, i.e. || Dsul[(€2\ S,) = 0.
The space SBV was introduced by De Giorgi and Ambrosio [16]. The spaces GBV
and GSBV are defined to consist of functions u for which uy belongs to BV and
SBYV, respectively, for all A > 0 where u) is the truncation of u at levels —X and .
We write u € SBVZ(Q) if u € SBV(Q) N L2(Q), |[Vau| € L*(Q) and H*~1(S,,) < oco.

The concepts of I'-convergence, introduced by De Giorgi, has been systematically
studied in [13]. We present here only the definition. A family of functionals F, :
X — R is said to I'-converge (in topology 7) to F' : X — R if the following hold for
every positive sequence (o;) converging to zero:

(a) for every u € X and every sequence (u;) C X 7-converging to u, we have

F(u) < liminf Fy, (u;);

o;—07F
(b) for every u € X there exists (u;) C X 7-converging to u such that
F(u) = limsupFy, (u;).

(Ti‘)o+
The sequence in (b) is called the recovery sequence.

We conclude the introduction by showing that the Geman—McClure functions
and the Hebert—Leahy functions satisfy the required conditions in the introduction.

Proposition 2.1. The Geman—McClure functions (3) satisfy conditions (G), (L)
and (GL).

Proof. Condition (L) is clear. Since the second derivative of g is negative for every
point in [0, 00), the function is concave. Now (G) is clear. We check the (GL):

k k-1
o glel@)) L glef )
z—0t1 E(LE)/JS z—01 1
for every fixed ¢ > 0 and k& > 1. O
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6 PETTERI HARJULEHTO, PETER HASTO AND JUHA TIIROLA

Proposition 2.2. The Hebert-Leahy functions (4) satisfy conditions (G), (L) and
(GL).

Proof. Condition (L) is clear. Since the second derivative of ¢ is negative for every
point in [0, 00), the function is concave and (G) follows. For (GL) we note, with
k =2 or k = 2n, that
g(cl(z)/x*) B log(1 4 cz**log(1 + %))
(x)/z log(1+1)
log(cz'*log 1)  logc+ (k—1)log + + loglog £

— k-1

log % B log %

as x — 0. The symbol ~ means asymptotically equivalent. O

3. Lower bound by the Hausdorff measure. In this section we start with an
estimate for the Hausdorff measure of the singular set S,. This is done in several
steps with increasingly more general sets S,. We denote by R”~! also the subset
R ! x {0} of R™.

Lemma 3.1. If u € BV(R"), then

2H" 1 (Su NR™) < lim inf Fy (u, O7),

oc—0+t
where Q7 :=R""! x [~0,0].

Proof. By [3, Lemma 3.76] there exists a non-negative function v € L'(R" 1) rep-
resenting the measure | D u| restricted to R"~! such that |[Du| > vdH"~!. Then,
by monotonicity,

/ (o, vs) dazg/ §(o, |Dul,) dx,

where v, := G, * (vH"1). Thus it suffices to show that

(5) 2H" (S, NR™) < liminf/ 9(0,v5) dz.

oc—0+

For # € R"~! we denote by x) the point (z,Ac) € R™. Then, for x € R"~! and
A€ (_13 1)7

vo(z2) = / Golza —y)o(y) dH" (y).
R*=1NB(z,0)

For A € (—=1,1) and y € R"™}, Gy (zr—y) = 2(G*)s(z—y), where G*(z) := G(z, \)
is an (n — 1)-dimensional section of G with R"~!, and with scaling 1/0™~!. Now
fGA dH" 1 = ¢y > 0 and so

(6) ovg(x)) = cxv(x)

as 0 — 07 at all H" !-Lebesgue points of v.
Fix r € (0,1) and ¢ > 0 we define

ES :={z € SuNR" " |VA € (=r,7),Vo' € (0,0], 0/ vy (x,A0’) > €}.
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Note that E¢ is the intersection of the closed sets {o’ v,/ (z, Ad’) > €}, so it is itself
closed, in particular measurable. With this set, we find that

/ (o, v,)dx > / g(o,vs) dx
n E¢ x[—ro,ro]
2
§ / o)) |
E¢ x[—ro,ro]

§0)/o%) |, 910/ 7)o e
t(o) t(o)/o
Notice that the fraction in front of the Hausdorff measure tends to 1 as ¢ — 0T, by
assumption (GL).
For A € (—r,r), we have ¢y > ¢ > 0. By (6), ov,(z, o) = cxv(z) > co(z).
Furthermore, v(z) > 0 in S, NR"~!. Thus ES 7 S, NR""! as ¢ — 0 and € — 0,
up to a set of H" '-measure zero. Hence

—ro,ro]| = or?

2H" (S, NR™™ 1) = lim 2H" Y (ES) = lim 2MH"’1(E§)

o—0t o—0t K(U)/U
1
< ~ liminf §(o,vy) d.
it | 900,07}
Now (5) follows from this as » — 1, which completes the proof. O

We define the push-forward ®4Du of a measure as in [3, Definition 1.70].

Lemma 3.2. Let u € BV(R"™) and let ® : R™ — R™ be an L-bilipschitz map, L > 1.
Then, for open 2 C R™,

Fo(uo®,Q) < epFo(u, (),
where c;, = 1t as L — 17.

Proof. Since ® is bilipschitz it is Lipschitz and proper. Hence by [3, Theorem 3.16],
|D(uwo ®)| < L™ (&~ 1) .| Dul. Then, by [3, p. 32],

Do ®))o(x) = [ Gola—y)dIDlwo #)[(y)

<L ; Go(w —y) d(@™") | Dul(y)

=1Lt Go(x — @7 Y(2)) d|Dul(2).

R"
Since @ is bilipschitz and G, is radially decreasing and symmetric we further have

Gy — 0 1(2)) < Gy (W) < e1Go(B(x) — 2),

where ¢, := sup,..( G(r/L)/G(r) > 1. Since G is continuous, ¢;, — 1+ as L — 1%,
With this we may continue our previous estimate:

[D(uo @)y (x) < L™ er - Go(®(x) — 2)|Dul(2) = L" ez, |Dulo (®(2)).

Let us denote the constant in the inequality by dr. Then we conclude that

§(o.1D(wo @)[¢(2)) < §(0,dr | Duls(P(x))) < dig(o,[Duls(P(x))),

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (20xx), X-XX



8 PETTERI HARJULEHTO, PETER HASTO AND JUHA TIIROLA

where we used that § is increasing and the inequality g(az) < ag(z). The proof is
concluded by a change of variables:

/ g(o,[D(uo @)|,(2)) dz < d%/ g(o, |Duls(®(z))) dx
Q Q
< I A o 1Dl e 0

Corollary 3.3. If u € SBV(R") and S C R" is a C*-hypersurface, then
2H" (S, N S) < liminf F, (u, X7),
o—0t

where 7 := {x € R"| dist(z, S) < 20}.

Proof. Every point xyp € S has a neighborhood U such that there exists a C!-
isomorphism ® : U — R™ under which SNU maps into a hyperplane and D®(zg) =
I. Since the mapping is C'!, we conclude that it is bilipschitz with constant L; the
constant can be chosen arbitrarily close to 1 by making the neighbourhood U small.
Hence H" (S, NU) < L 'H"~Y(®(S, NU)). By Lemma 3.2,

cr liminf Fy (u, 27 N U) > liminf F,(uo @1 &(X7) N &(V)).
Then it follows from Lemma 3.1 that
L™ Yep liminf Fy(u, 27 N U) > 2H" (S, NU).

Let € > 0. We can find a finite family of separated open sets Uy such that the above
claim holds in each and

Y HTHSLNUR) = H (Su aly) Uk) >H"1(Su) — .
k k

Then
L epliminf Fy (u, %) 2 ) liminf Fo(u, 57 N Ux) = 2K (S4) — 2¢,

from which the claim follows as € — 0" and L — 1+. O

Next we leave the singular part and estimate the absolutely continuous part.

Lemma 3.4. Let Q C R™ be a bounded open set. If w € BV(Q), then

/|V ul? dr < hmlan (u).

Proof. We assume the right hand side is finite since otherwise there is nothing to
prove. Choose a decreasing sequence (oy,) such that £(o) < 27F and limy F,, (u) <
c < o0. Fix € > 0 and set

Hy = {z € Q[ (on)|Du2, > ¢} and G; = | Hy.
k>j

Then we calculate

(o ul? € €

It follows that |Hy| < c(e) £(ox) < c¢(£)27F and |G| < c(e €)d ks 27 F<ele)27.

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (20xx), X-XX
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Define Q; := Q\ G;. In Q;, l(0})|Dul?, < € for every k > j. Since g(t)/t — 1
as t — 01 (by assumption (G)), we conclude that

9(Ulow)|Dulz,) > ¢ (€)t(or)| Dul;

Ok’
where ¢/(e) — 1 as e — 0", Hence

/ 9(£(on)|Dulz,)
Q (o)

Since V,u(z) dz and Dy are mutually singular measures [3, Proposition 3.92, p. 184],
we obtain in every Borel set E that | Du||(F) equals

dr > c’(e)/ |Dul?, dz.
Q.

J

IVaudz + Dsul|(E) = [[Vaudz||(E) + || Dsul|(E) = /E \Vauldz + || Dsul|(E).
Thus
Dula(a) = [ Galo ~ ) diDul(y)
— [ Gola— ) Vattw)ldy + [ Gale ~ ) diD.ul(y)
= |Vaulo(2) + |Dsulo(2).
Since V,u € L1(2) we find that
lim inf | Dul, = liminf [|Veule + |Dsuls] = liminf |Vaul, = [Vaul
oc—0 o—0 o—0
almost everywhere. Therefore the previous estimate implies that

/ |V qu|? dz < liminf/ \Du|§k dx < Llimiang(u).

. k—o0 Q; 0(6) o

Hence V,u € L%*(Q;) with norm independent of j. Then letting j — oo yields
that V,u € L?(U;Q;). Since |2\ U;€2;| = 0 and V,u is absolutely continuous with
respect to the Lebesgue measure, we conclude that V,u € L?(Q). The estimate for
the norm follows as € — 0. O

J

Theorem 3.5. Let Q C R™ be an open bounded set. If u € SBV(Q), then

/ |Voul? dz + 21" 1(S,,) < liminf F, (u).
Q

o—0t

Proof. If we show that
/ \Voul? dz + 2H" 1 (S, NU) < liminf F, (u, U)
U o—0t

for every U CC {2, then the claim follows by taking the supremum over U. Let
U cCCcV CCQ; we define

B dist(z, V)
Uext (¥) := max {0’ 1= dlst((3“€(?§2)}u<x)

in Q and text = 0 in R™ \ . Now uexy € L¥°(R™) N SBV(R™) and uly = Uext|v-
Hence for all sufficiently small o, Fy(u,U) = Fs(text, U). Therefore it suffices to
prove the claim of the theorem under the assumption u € SBV(R™).
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10 PETTERI HARJULEHTO, PETER HASTO AND JUHA TIIROLA

Let K; C U be a countable collection of compact sets, each contained in a C*-
hypersurface, such that S, NU = N U|J K; where H"~1(N) = 0. It suffices to show
that

m
/ |Voul? dz + 2H" ! ( U K) < liminf Fy (u),
U i=1 7
since the claim then follows as we take the limit m — oo.

Let K = U:’;l K;. Let Vi be an open neighborhood of Kj := Kj such that
H Y (ViNK) < H" Y(K1)+e/m. Let V3 be an open neighborhood of K} := K3\ V3
such that H" (Vo N K) < H" (K2 \ V1) + &/m. We continue this process until
we get to V,,,, which is an open neighborhood of K/, := K, \ (V1 U...UV,,_1) such
that H" "1 (V,, N K) < H" YK, \ (ViU...UV,_1)) + e/m. Now

Hrt < 6 K) < HPH ( 6 K{) +e,
=1 =1

and dist(K;, K7}) > 0 for distinct 7 and j. Set 0 := min;; dist(K], K7).
Let N¥ be the s-neighborhood of K}, s > 0. For o < %0'0, the sets Ngg and NX

are disjoint (j # k), and when o < % dist(9V,dU) they are contained in V. Thus
Corollary 3.3 can be applied to the hypersurfaces individually, and it gives that

2H"YK}) < ¢o Fo(u, N§ ),

where ¢, — 1 as ¢ — 0. By Lemma 3.4 applied in the set U \ |J Nf,, we obtain

/ |Voul? dr < ¢y Fo(u, U\ UNfg) —|—/ |Vul? d,
U

UNE
with ¢, converging to 1 as before. In view of this and the absolute continuity of the
last integral,

/U |Voul|* dz + 2H" ! ( U K,g)

k=1

< liminf ¢, [Fg(u, U\UNS)+ Y Fo(u, N;g)} .
k=1

To complete the proof we observe that the sets U \ UNf and N are disjoint,
even when dilated by o, so that

Fo(u,U\UNE,) + > Fo(u,N5,) <Folu,V)
k
for ¢ < min{goo,dist(V,0U)}. Together with the previous estimate, this com-
pletes the proof. O

Next we generalize Theorem 3.5 for GSBV-function. We need the following
lemma, which follows from the co-area formula [3, Theorem 3.40].

Lemma 3.6. If u € BV(Q) and E C Q is Borel, then |D(uy)|(E) < |Dul(E).
Corollary 3.7. If u € BV(Q), then G, * |Duy| < G, * |Dul.
Proof. Since G, is radially symmetric and decreasing, we have

G % |Dul(z) = /OU h(r, )| Dul(B(z, ) dr,
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where h > 0 is a suitably chosen weight function. This representation also holds for
uy. Since |Duy|(B(x,r)) < |Du|(B(z,r)) by Lemma 3.6, the claim follows. O

We can now summarize the result for the lower bound.

Theorem 3.8. Let Q C R™ be a bounded open set. If u € GSBV(Q), then
MS(u) < liminf F, (u).
o—0+t

Proof. By monotonicity of our functional (assumption (G)), it follows from Corol-
lary 3.7 that Fy(uy) < Fy(u) for every A > 0. Theorem 3.5 yields that

/Q|Vau>\|2dx + 27{”71(&”) < liminf Fy(uy) < liminf F, (u).

o—0t o—0t

When A 7 oo, |Vaun| 7 [Vau| and S, *S,. Hence, by monotone convergence,

/ |Vaul? do 4+ 2H"1(S,) < liminf Fy (u). O
Q o—0t
4. Upper bound. In this section we prove the upper bound of limsup F, by the

Mumford—Shah functional. We start with a lemma. Recall that the Besov space
By (), s € (0,1), is defined as LP-functions with

_ P
[ [
aolo |z—y[rtep

When p =2, B5 , = H?®, the fractional Sobolev space. We denote by f(, the average
fQ fdz of f over the set Q and by Q(z,0) a cube with center z and side-length o.

Lemma 4.1. Let Q C R" be an open set, 1 <p < oo and s > 0. Ifv € By (),
then

1
lim — vg(z,0) =0
oo o5 Q@)

for almost every x € {v = 0}.

Proof. Suppose that v € B; ,(Q) and set V,(2) := fQ(z o) Lo@)=v@I” g2 Then, by

[x—z[*Fep
definition of the Besov space,

Vi(2)dz < Mdmdz<oo.
J s L,

|x — z|ntsp

Since the integrand is non-negative, we conclude that V,, € L'(().
Consider the sets A := {z € Q| V,(2) < oo for some o} and B :={z € Q|V,(z) =
oo for all o}. Since V,, € LY(Q), it follows that |B| = 0. Suppose that z € A. Then

for some cube .
/ 7“}(:17) — USZ” dr < oco.
Q(z,0) |.’L‘ - Z|n P

Thus z — L@ 49 0p integrable function, and so

|z—z|ntsp
_ P
V[,(z):/ @ Zv@P g
Q(z,0)

| — z|ntsp

when o — 0.
If v(z) =0 and z € A, then

1 1 1 1p
L logpm] < f v<x>|dx<( : f |v<x>v<z>|ﬁdx) < V()7
o Q(2,0) TP JQ(z,0)

o5
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since |z — z| < 20 when x € Q(z,0). The right hand side tends to zero, giving the
claim. O

Lemma 4.2. Suppose that u € SBV*(Q) in a rectangle Q with S, C R"~'. Then

limsup/ 30, | Dauly) dz < 2H"1(S),
Uy

oc—0t
where U? := (R"~! x [—0,0]) N Q.

Proof. As before, let v : R*™! — R be the representative of the singular part
of the derivative of u, Dyu = vdH"'. Then |v| = |ut — u~|, where u® is the
approximately continuous extension of u to R™~! from the positive and negative
half-spaces [3, (4.1)]. Since S, "R’} = 0, it follows that Du = V,u in Q "R} and
since u € SBV?(Q), it follows that Vu € L2(Q NR"%). As Q@ NR? has Lipschitz
boundary, we obtain by the Poincaré inequality that v € L*(QNR?) [21, Corollary
on page 37|, and thus v € H'(Q N R’} ). Therefore v* are boundary-values of a

Sobolev function, and hence in the trace space Hz(R"~1) [I, Theorem 7.39]; the
same holds for their difference v.
We have

1 .
Go * | Dsul < [|Gllze —xQ(5) * [ Dsul
where @ = [—1,1]". Denote z = (2/,z,) with 2/ € R"! and z, € R. Since
Dyu = vdH" !, the expression
Lxq(2) * [Dsul(2', 2,) =2 1V,

is independent of x,,, where V,, denotes the (n — 1)-dimensional average of |v| over
the cube Q(2',0) NR"~!. Thus

/ (0, G % |Doul) d / / ) day dH ()
o Q,NR7—=1 J &

= / o (o, £V, ) dH™ !
Q,NR7—1

By assumptions (G) and (L) we have the following two estimates:

ey, = UEVEHO)/?) { 9(v7).

(0)/o max {1,c*V?} ¢ é(rr);g 9la)fo)

a4(o,

By assumption (GL) % tends to 1 as o — 0T. Hence the latter upper bound

can be estimated above by the function ¢ (Mwv)? +2 which belongs to L (2NR"~1)
since v € L2(Q2 NR"!) and the maximal operator is bounded. Hence this upper
bound gives for o §(o, £V,) a majorant to be used in the dominated convergence
theorem.

Let us next look the point wise convergence. Since |v] € Hz (R"!) we have that
lim,_,g+ Vy € [0,00) for H"~!-almost all points. Assume first that lim,_,o+ V, =0
and let us estimate the upper bound £¢(V?). By (G), £g(V7?) < %VUQ and by
Lemma 4.1, in dimension n—1 (with s = % and p = 2), §V02 tends to zero for H"1-
almost all points in the set {v = 0}. Assume next that lim, .q+ V, = ¢1 € (0, 00).
Then there exists og such that %cl < Vy < 2¢ for every 0 < 0 < 0. Since g is
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increasing we obtain

g(ziac(o)/a®) L. s e ey gldcic® l(o)/o?)
W =09(0,55) <0glo, £V,) <o glo, =) = W

for every 0 < o < 0g, and hence by assumption (GL) the term o g(o, £V,;) tends to
1 as ¢ — 07. Hence it follows by dominated convergence that

limsup/ o §(o, Vo) dH " M) SH IR T NQN{v#0}) =H"1(S,).
Q,NRn—1

o—0t

This gives the claim. O

Proof of Theorem 1.3. Let X7 := {x € Q, | d(z,S,) < o}. By the triangle inequal-
ity |Duls < |Vauls + |Dsuls, and further |Dul, = |Vyul, in Q, \ X7 since the
support of G, does not intersect .S, in this case. Moreover,

|D“|3 < (Vauls + |Dsu‘0)2 < CE|VaU|3 +(1+ €)|Dsu|§

in ¥7. Since g is subadditive,

Fa(u):/ a0, | Dul, )dx:/Q wdag

o (@)
<[,

o, |Vauls) do + ce/ §(o,|Vauls) dx + (1 + 6)/ J(o,|Dsu|y) dx
ED‘
Since g(z) < x by assumption (G), we find that

/ §(0,|Vau\g)d:ﬁ</ |Vau|?,dx—>/ |Vau|? da
Qo Qo Q

as 0 — 07. For the second integral we find that

ce/ 9(0, |Vauls) dz < ce/ |Vau|§d3: < ce/ \Vauﬁ dr — cs/ |Vul? d,
! ! b Y

o o o0 0
when o < 0g. By absolute continuity the last integral tends to zero when og — 0.
Then the factor 1 + € is gotten rid of when ¢ — 0. Thus it remains only to bound
the integral over X7 by the Hausdorff measure.

By assumption the set S, lies H" !-a.e. in the finite union US; of hyperplanes.
Consider the components K of the hyperplane S; lying at distance at least § from
the other hyperplanes S; and from 9€). In each of these we may apply Lemma 4.2
to conclude, for o < %6, that

limsupFy(u, K7) < 2H"1(S1 N S,);
o—0
here we denote by K? the points within distance o of K.
In the complement C := (S7 \ K) N, of the components we estimate

b O—’VL
o—0

lim sup Fy (u, C7) < / g(o, &) da < £|C7| = cH"H(C),
Co
where we used the estimate |Dul, < co™"|Dul|(R2) for the first inequality and
assumption (GL) for the second. When § — 0, C approaches the set consisting of a
the finite number of (n — 2)-planes; hence H"~1(C') — 0. Thus we have estimated
F, in the set 5. The same argument can be repeated for each S;. This yields the
desired estimate for %7 by additivity of F,, with respect to the set variable. O
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5. I'—convergence. In this section we prove the I'-convergence to the Mumford—
Shah functional. We restrict ourselves to the Geman-McClure functional, i.e. g(z) =
145 and £(z) = .

Lemma 5.1. Let 8 <1, 0,0’ > 0 and p be a finite vector-valued measure. Then

o +o\"
Go s 10)| < e(T2) Gorpo +lpil(x)

for ally € B(z,Bo’), where cg — 1 as § — 0.

Proof. Let x € R™ and y € B(x, 80”). From the definition of G, it follows that
0"Gy(2) = G(2).
Let z € B(x,0 + 0’). We consider two cases. If z € B(z, So’), then

- G(0) -
G(£2)<G(0) < G(5&)-
( o ) ( ) G(,BO”/(O’JrU’)) (a+a)
If 2 & B(x, Bo’), then we denote |z — z| =: r and estimate

y—=z r—Bo’ G((T*ﬂd’)/d) T—2
G(E2) < G(&E7) < Glro 107y Gl

bt G((r — po’))o)
T — ag g
BT oy Grflot07)

If r = Bo’ above, then the value of the function is %. At the upper

bound it equals 0. Thus by continuity the supremum is finite for every 8 < 1.
Furthermore, cg =+ 1 as 8 — 0.
With this estimate we conclude the proof as follows:

| o= au)

<ep / G(222 ) dipl(2) = cp(o + 0" Goryo # (). O

oGy pu(y)| =

Next we prove the I'-convergence result.

Proof of Theorem 1.2. We start the proof with the first condition of I'-convergence.

Let u; — w in L'. If liminf; o, F,, (u;) = oo, then the claim holds. So we may

assume that liminf; , F,, (u;) < oco. Hence u; € GBV for all sufficient large 4

(since Fy, (u;) = oo if u; € L'\ GBV), and we may assume that u; € GBV for all 4.
Assume first that u; € BV(Q) for all i. Let 8 < 1 and

0(@) = () (o) = [ Golo = y)usto) dy
for z € Q, and o > 0. Then for every x € Q4. and y € B(x, So’)

V0i(9)| = |Go + Dusly)| < e3( T2 )" (Goro  [Dui (@),

by Lemma 5.1. Let U CC 2 and suppose that ¢ > 0 is so small that U C ,. Let
a € (0,1) and set 0 = (1 —a)o; and o’ = ao;. Then the previous inequality implies
that

/+U

1

S | Dui|(2))*

[Voi(y)|* < ¢
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POINT-WISE BEHAVIOR OF THE GEMAN-MCCLURE AND THE HEBERT-LEAHY MODELS 15

for all y € B(z, fao;). Define 0; := (\}%jc); v;. Then we obtain that

ﬂaai][ V5 dy < 01(Go, * | Dusl(z))?
B(z,Baoc;)

=:B

=A
for all z € U. Since t — 14 + ; is increasing, it follows that
o; and integrating over z € U, we find that

1+A < 1+B Dividing by

3P0, (22 s ) = BT, (5.0) < P ).

Since fao; — 0 and (\1/41) (i) (1—a)o; — %u in L1(U) as o; — 0, it follows

from the T-convergence of FZP | [7, Theorem 3.1], that

n
BaMS <<\/%°;)ﬂ U) < liminf By, (u;, U) < lim inf By, (),

and thus u|y € GSBV?(U). Since S, = Sy, for t # 0 constant, we conclude that

2
(b@i) da + Ba2H™ (S, N U)
B

1—
— (072 / |Voul2dz 4+ Ba2H" (S, NU)
B U

liminf Fy, (u;) > Ba Vau
71— 00

Then we take o — 1 and 3 — 1 and obtain the lower bound 2H"~1(S, N U). This
inequality holds also if we restrict the right hand side to a neighborhood of S,,. If we
let @« — 0 and 8 — 0, we obtain on the other hand the lower bound fU |V qul? dz.
Combining the part near S, and the rest part as in the proof of Theorem 3.5, we
obtain that
MS(u,U) < liminf Fy, (u;).
71— 00

Finally, we let U — Q and obtain the result in the case u; € BV(2).
Assume then that u; € GBV(Q) for every i. Thus by the previous inequality we
obtain
MS(uy) < li;ginf Fo, ((ui)x)-

for every A > 0. It follows from Corollary 3.7 that Fy, ((u;)x) < Fo, (u;). Thus

/Q|Vau>\|2dx+27-l"_1(5'w) liminf Fy, ((uy);) < iminf F,, (u;).

1—00 1—> 00

As XA Moo, |[Vaur| /7 |Vau| and S, 7 S, and hence by monotone convergence

/ |Voul? do 4+ 2H"71(S,) < liminf Fy, (u;).
)

1— 00

For the second condition of I'-convergence, we note that Theorem 1.3 actually
shows that limsup F,(u) < MS(u) for every u € L' which satisfies the regularity
condition. Furthermore, by [12, Theorem 3.10] we can choose a sequence u; of
functions satisfying the regularity condition of Theorem 1.3 such that MS(u;) —
MS(u). Since limsup Fo(u;) < MS(u;), we can find for each i a value 6; € (0, 1)
such that F,(u;) < MS(u;) + € when ¢ < ;. Now we define a new sequence v; by
setting v; = uy, where k € N is the smallest number such that o; € (6, 6,-1]. If no
such k exists we set v; = up. Since o; — 0, only a finite number of u;’s will appear
n (v;). For all other terms we have F,(v;) < MS(v;) + € by construction. For the
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same reason every other uj appears at most a finite number of times, so we have

MS(v;) = MS(u) as well, which concludes the proof. O
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