OPEN PROBLEMS IN VARIABLE EXPONENT LEBESGUE AND
SOBOLEV SPACES

LARS DIENING, PETER HASTO AND ALES NEKVINDA

ABSTRACT. In this article we provide an overview of several open problems in variable expo-
nent spaces. The problems are related to boundedness of the maximal operator, interpolation
theory, density of smooth functions and Sobolev embeddings. We also extend a result on
complex interpolation to the variable exponent setting and give an example of a continuous
exponent p for which WP() does not embed into LP ().

1. INTRODUCTION

In this paper we give a detailed description of some problems in variable exponent Lebesgue
and Sobolev spaces that have been the focus of intense research over the past few years. Our
selection of topics is based on our personal interests, so we make no attempt at completeness
in this respect. We have, however, strived to make the bibliography on variable exponent
spaces as complete as possible, and the large number of publications listed certainly attests
to the boost in interest that the field has experienced recently.

We start by sketching the development of the field from 1931 till about the turn of the
millennium. In Section [2| we consider problems in variable exponent Lebesgue spaces, specif-
ically the boundedness of the Hardy—Littlewood maximal operator, and interpolation theory.
In Section |3| we consider two problems in variable exponent Sobolev spaces: the density of
continuous functions and the Sobolev embedding. In Appendix A we prove some results on
complex interpolation.

Variable exponent Lebesgue spaces appeared in the literature for the first time already in
a 1931 article by W. Orlicz [105]. In this article the following question is considered: let (p;)
(with p; > 1) and (z;) be sequences of real numbers such that > " converges. What are
the necessary and sufficient conditions on (y;) for Y z;y; to converge? It turns out that the
answer is that 3 (Ay;)? should converge for some A > 0 and p} = p;/(p; — 1). This is exactly
Holder’s inequality in the space ¢Pi. Orlicz also considered the variable exponent function
space LP® on the real line, and proved the Holder inequality in this setting.

However, after this one paper, Orlicz abandoned the study of variable exponent spaces,
to concentrate on the theory of the function spaces that now bear his name (but see also
[141]). In the theory of Orlicz spaces, one defines the space L¥ to consist of those measurable
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functions u: Q — [0, 00) for which

wammm<m

for some A > 0 (¢ has to satisfy certain conditions, which we will not get into here). If
we allow ¢ to depend also on z, we end up with a more general class of spaces. Again,
assuming that ¢ satisfies certain conditions, such spaces are called modular. They were first
systematically studied by H. Nakano [I38, [139]. In the appendix [p. 284] of the first of these
books, Nakano mentions explicitly variable exponent Lebesgue spaces as an example of the
more general spaces he considers. The duality property mentioned above is again observed.

Following the work of Nakano, modular spaces were investigated by several people, most
importantly by groups at Sapporo (Japan), Voronezh (U.S.S.R.), and Leiden (the Nether-
lands). Somewhat later, a more explicit version of these spaces, modular function spaces,
were investigated by Polish mathematicians, like H. Hudzik [125]-[135] A. Kaminska [135]-
[137] and J. Musielak [I40]. For a comprehensive presentation of modular function spaces,
see the monograph [140].

Variable exponent Lebesgue spaces on the real line have been independently developed by
Russian researchers, notably I. Sharapudinov. These investigations originated in a paper by
I. Tsenov from 1961 [117]. The question raised by Tsenov and solved by Sharapudinov [114]
is the minimization of

| luta) ~ v,

where u is a fixed function and v varies over a finite dimensional subspace of LP()([a,b]). In
[114] Sharapudinov also introduced the Luxemburg norm for the Lebesgue space and showed
that this space is reflexive if the exponent satisfies 1 < p~ < p™ < oco. In the mid-80’s
V. Zhikov [122] started a new line of investigation, that was to become intimately related
to the study of variable exponent spaces, namely he considered variational integrals with
non-standard growth conditions.

The next major step in the investigation of variable exponent spaces was the paper by O.
Kovacik and J. Rékosnik in the early 90’s [93]. This paper established many of the basic
properties of Lebesgue and Sobolev spaces in R™. During the following ten years there were
many scattered efforts to understand these spaces. At the turn of the millennium several
factors contributed to start a period of systematic intense study of variable exponent spaces.

e The "correct” condition (log-Hélder continuity) for regularly varying exponents was
found, which allowed researchers to prove a multitude of results, starting with the
boundedness of the maximal operator.

e A connection was made between variable exponent spaces and variational integrals
with non-standard growth and coercivity conditions.

e [t was found that these non-standard variational problems are related to modeling
of so-called electrorheological fluids. Moreover, progress in physics over the past ten
year have made the study of fluid mechanical properties of these fluids an important
issue.

e Several new groups emerged and eventually found each other. These groups are con-
nected to Faro, Freiburg, Helsinki, Hiroshima Lanzhaou, Parma, Prague, and Thilisi.
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Some of the new developments from the last five years are the content of the rest of this
paper.

2. LEBESGUE SPACES

2.1. Preliminaries. For x € R™ and r > 0 we denote by B"(x,r) the open ball with center x
and radius r. All cubes () C R" considered in this paper are assumed to have sides parallel to
the axes. By ) we always denote a non-empty open subset of R”. For an integrable function
defined on a set A of finite non-zero measure we denote

() g = ]{‘u(x) iz = |%|/Au(x) da.

Let p : 2 — [1,00) be a measurable bounded function, called a variable exponent on {2, and
denote pt = esssupp(z) and p~ = essinf p(x). We define the variable exponent Lebesque
space LPY)(Q) to consist of all measurable functions u : © — R for which the modular
0p()(u) = [, [u(x)[P™ dz is finite. We define the Luxemburg norm on this space by

[ull ooy @) = llullpe) = nf{A > 02 gp() (u/A) < 1}

One central property of these spaces (since p is bounded) is that g,.)(u;) — 0 if and only
if ||ug]|py — 0, so that the norm and modular topologies coincide. This and many other
basic results were proven in [03]. By C%'/°¢!l we denote the space of log-Hdélder continuous
functions p, i.e. functions which satisfy

p(z) — p(y) <

| <

log |z — |
for all points with |z —y| < % Some other names that have been used for these functions
are 0-Holder continuous, Dini-Lipschitz continuous, and weak Lipschitz continuous.

2.2. The maximal operator. Most of the problems in the development of the theory of
LP0) spaces arise from the fact that these spaces are virtually never translation invariant. The
use of convolution is also limited: it was shown in [23] that Young’s inequality || f * g|| ) <
c|lfllpeyllglls holds if and only if p is constant. These two problems significantly restrict the
techniques available and slowed down the development of the theory.

Despite the failure of Young’s inequality it was discovered by Samko [I11] that it is possible
to mollify in LPO). If one assumes that p is log-Holder continuous, then f % o, converges
point-wise and in norm to f, where ¢ € C§°(R") has unit mass and () = ¢ "p(t/e). This
property can be reduced to the boundedness of the Hardy-Littlewood maximal operator M,
which was an important open problem for a long time. Eventually, based on earlier work
by Diening and Nekvinda [23] [[02], the following was proven by Cruz-Uribe, Fiorenza and
Neugebauer [20, Theorem 1.5]:

Theorem 2.1. Suppose that 1 < p~ < pt < oo and that p is log-Holder continuous and
decays as |p(z) — pso| < ¢/log(e + |x|). Then M is bounded from LPC)(R™) to LPO)(R™).

The conditions in the theorem are in fact optimal in the sense of modulus of continuity
and decay [20, [106] — if one of the two conditions is weakened, then there exists an exponent
p which satisfies the weaker conditions for which M is not bounded on LPC)(R™).
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On the other hand, the boundedness of M on LP0) does not imply that p satisfies the
log-Hoélder continuity or the decay condition. As a first result in this direction, Nekvinda

proved the existence of a function p which is not log-Holder continuous such that M is still
bounded on LPO). It can be shown that if M is bounded, then 1/p e BMO\ i1, i-e. for all

small cubes
# _
COES

But unfortunately 1/[logt| does not satisfy the Dini condition [ 4(¢)/t dt < co and therefore
BM O\ jjiog¢| is not embedded into C/leetl gee [4]. Due to this gap it was conjectured by
Diening [25] that there exists a discontinuous exponent without a limit at infinity such that
M is still bounded on LP"). Lerner showed in [04] that if the exponent ¢ satisfies

(@) <p>Q) = llog(diam Q)|

Mg(%) < ¢ min {m, [log|diam Q|| log(e + |center Q|)}

for all cubes Q and p(x) = po + q(z) for some large py > 1, then M is bounded on LP(). His
example ¢(z) = sin(log(e + |log(|x|)|)) proves the conjecture from [25]. He then raised the
question if the condition above on ¢ (although not necessary) is sufficient for the boundedness
of M on L0,

A characterization of those exponents p for which M is bounded was recently given by
Diening. In [25] he studied the boundedness of the maximal function in the broader context
of Orlicz-Musielak spaces. He proposed a generalization of the concept of Muckenhoupt
classes for weighted Orlicz spaces to more general Orlicz—Musielak spaces L?. It states that
¢ is of class A (or p € A, for short) if the averaging operator To: f — > 5.0 Xa fQ fdxis
uniformly bounded on L?(R™) with respect to all families Q of disjoint cubes. For weighted
Orlicz spaces, i.e. p(z,t) = (t)w(z) with some weight w and some Young function 1, the
uniform boundedness assumption can be restricted to families of single cubes. In this case,
“class A” coincides with the concept of Muckenhoupt classes, more precisely ¢ = Yyw € A
if and only if w € A,. This concept provides the following characterizations of when the
maximal operator is bounded:

Theorem 2.2 (Theorem 8.1, [25]). Let 1 < p~ < pt < oo. The following are equivalent:

(i) t*@ is of class A;
(ii) M is bounded on LPC)(R™);
(iii) (M(|f|q))% is bounded on LPO)(R™) for some q¢ > 1, (“left-openness”);
(iv) M is bounded on L%(R”) for some ¢ > 1 (“left-openness”);
(v) M is bounded on LP'O)(R™).

As another special case of the results in [25], we recover the well-known fact that , ,
(1)), and are equivalent for weighted Orlicz spaces. Nevertheless, it remains open if this
is also the case for general Orlicz—Musielak spaces.

Let P(R™) denote the set of exponents p with 1 < p~ < p™ < oo such that M is bounded
on LPO)(R™). Then it is natural to ask whether P(IR™) is closed under some simple operations.
Theorem shows that P(R") is closed under duality, in other words p € P(R™) implies
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p’ € P(R™). Moreover, if p € P(R") and s € [1,00), then
1My = [LFF]L e, < IMAFE, < AL = C 1l

which implies that sp € P(R™). Theorem shows that this is also true for all s €
[1 — e, 1], where £ = ¢(p) > 0. This raises the following question.

Question 2.3. Let 1 < p~ < p™ < oo and let M be bounded on LP*)(R™). Does this imply
that M is bounded on L*P)(R") for every s € (1/p~, c0).

The following, related question was asked by Lerner [94, Question 1.5].

Question 2.4. Let 1 < p~ < p™ < oo and let M be bounded on LP*)(R™). Does this imply
that M is bounded on L**P0)(R™) for every o € (1 — p~, 00).

Using Corollaries and from the appendix we immediately get the following closure
property, which states that {1/p: p € P(R")} is convex.

Corollary 2.5. Let 1 < p; < pf < oo and M be bounded on LPi®)(R™) for j = 0,1. For
6 € (0,1) define pp by
1 1-6 0

Do Po 4!

Then M is bounded on LP¢C)(R™).

As a final remark on maximal operators, let us mention that it is also possible to study
boundedness from LP() to a space with smaller exponent, in particular to L', and this gives
a much larger class of exponents for which the maximal operator is bounded, see [61] [79].

2.3. Interpolation. Another very interesting question is whether it is possible to transfer
complex and real interpolation results to variable exponent Lebesgue spaces.

It was shown in [I40] that the Riesz-Thorin theorem is valid on LP()(Q) spaces, i.e. a linear
operator T which is bounded from LPi*)(Q) to LPi*)(Q), is also bounded from LP¢¢)(Q) to

LPO)(Q). Here pg is defined in the usual way, pig = 113;09 + p%. In the appendix we show

the stronger result [LP0)(€2), Lpl(')(Q)}[e] >~ [Po0)((2), where [Ag, A1]jg denotes the complex
interpolation space of the Banach spaces Ay and A;.

In the view of Corollaries [2.5] and it is natural to ask if it is possible to generalize the
interpolation theorem of Marcinkiewicz to variable exponent spaces. Let us first introduce a
suitable notion of weak-type.

Definition 2.6. Let py,p; be variable exponents and T be a sublinear operator that is
bounded from L7 (Q) to LP*0)(Q). Then we say that T is of weak-type (po(-), p1(+)) if there
exists ¢ > 0 such that

(2.7) A HX{Tf>A}Hp1(,) < | fllpoe)

for all A > 0 and all f € LP0)(Q). Here X{rs>x} denotes the characteristic function of the
set {z: (T'f)(x) > A}

Question 2.8 (Marcinkiewicz Interpolation). Let T be a sublinear operator that is of weak
type (po(+),po(+)) and (p1(+),p1(-)). Is T then bounded from LP*)(Q) to LP*(Q)?
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The notion of weak type certainly generalizes to Orlicz-Musielak spaces if we replace
by A ||X{Tf>>\}H¢1 < ¢y || fllge, when T is of weak type (¢o,1). It is easy to see that in the
context of weighted Lebesgue spaces, i.e. p(z,t) = tPw(x), we have ¢ € A if and only if M is
of weak-type (p, ). We therefore raise the following question:

Question 2.9. Let p be a variable exponent. Under what conditions do “t*™®) € A” and “M
is of weak-type (p(-),p(+))” agree.

3. PROBLEMS IN SOBOLEV SPACES

The variable exponent Sobolev space WP (Q) is the subspace of LP")(Q) of functions u
whose distributional gradient exists almost everywhere and satisfies |[Vu| € LPO)(Q). The
norm [|ull1 () = |[ullpc) + |Vl p) makes W0 (Q) a Banach space.

3.1. Density of smooth functions. Because of the density of smooth functions we have a
nice way to understand classical function spaces as completions of a regular class of functions
in a certain norm. It is also useful in many classical proofs, where it allows us to work with
classical derivatives etc. Unfortunately, density of smooth functions in variable exponent
Sobolev spaces is not a clear-cut issue, and, indeed, there exist spaces in which smooth
functions are not dense.

For variable exponent Lebesgue spaces Kovacik and Rakosnik [93, Theorem 2.11] showed
that smooth functions are dense, provided only that the exponent is bounded. The first result
for Sobolev spaces is due to Edmunds and Rékosnik, who showed in [33, Theorem 1] that
smooth functions are dense provided the exponent satisfies a certain monotony condition.
The monotony condition is quite complicated, and was not so easy to relate to other results.
In view of this, the later result by Samko [I11, Theorem 3] (see also [13], 22]), which states
that log-Holder continuity of the exponent is sufficient for density, was an important advance.
Recently these two conditions were merged into one result, which reads as follows:

Theorem 3.1 (Theorem 3.2, [80]). Let Q@ C R™ and associate to every x € Q) four quantities:
€ (0,3 min{1,d(z,0Q)}),

he € (0,1), & € S" ! and K, € [0,00). Suppose that for every v € Q and y € B™(x,r,) we
have

> Ky

~ log(1/]y - 2|)

for every z in the cone

Cly)= |J B'(y+t&, hat).

0<t<ry
Then C=(R2) is dense in WPC)(Q).

In [80, Theorem 4.10] some new types of sufficient conditions for the density of continuous
functions are given. This result is based on the regularity of the level-sets of the exponent.

There is essentially only one counter-example to the density of continuous functions, due to
Zhikov, [122] Section 1]. This simple space has the unit disk as its domain, and the exponent
equals p; < 2 in the first and third quadrant, and p, > 2 in the remaining quadrants. In
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[78, 124] this example was modified to a uniformly continuous exponent with modulus of
continuity
w(t) loglog(l/zf)7

log(1/t)
i.e. just worse than log-Holder continuity. In these latter examples the modulus of continuity
is very close to optimal, but the examples suffer from the strange short-coming that the
saddle-point has to occur at a point x with p(x) = n, the dimension. Therefore one may ask:

Question 3.2. Let py € [1,n). Does there exist a continuous variable exponent p with
p(0) = po whose only saddle-point is at the origin, such that continuous functions are not
dense?

Of course one could also look at other types of counter-examples, where the critical feature
is not a saddle-point. However, it seems to us that there are probably no such examples, so
we prefer to state the question in the opposite direction:

Question 3.3. Suppose that p: Q@ — [1,00) is a variable exponent without saddle-points. Is
C(Q) or C*(Q) dense in W0 (Q)?

Another way to approach the problem is to consider closedness properties of the set C of
exponents for which continuous functions are dense. In analogy with the situation for the
maximal operator described previously, we can ask

Question 3.4. Suppose that p € C. Is it always true that sp € Cor p+1t € C for s > 1 and
t>07?

Notice that the example discussed above shows that the assumptions s > 1 and ¢ > 0 are
necessary in this question (for some exponents). The reason for this is that if we move the
saddle point from level n to n 4 ¢, then the Sobolev functions themselves are continuous in
a neighborhood of the saddle point, so the question of density becomes trivial.

Remark 3.5. Above we have sometimes considered the density of smooth functions, and
sometimes the density of continuous functions. To-date there are no examples of variable
exponent Sobolev spaces where continuous functions are dense, but smooth ones are not.

Instead of trying to find characterizations of variable exponent Sobolev spaces where
smooth functions are dense, we can look at properties of such spaces:

Question 3.6. Suppose that C(Q) is dense in WP()(Q). What regularity properties of the
Sobolev space does this imply? For instance, is the minimizer of the Dirichlet energy integral
always continuous?

Although this question has not hereto received that much attention, some results have
been derived under the assumption of density. For instance, Harjulehto, Hasto, Koskenoja
and Varonen showed that the density of continuous functions is enough to guarantee that
every Sobolev function has a quasicontinuous representative [71, Theorem 5.2].

One program to arrive at properties of Sobolev spaces with p € C is based on the study
of Sobolev spaces on metric measure spaces. The theory of these so-called Newtonian spaces
has been developed only recently for the fixed exponent case (cf. [3]) and is based largely
on techniques that are easier to adapt than classical methods. Moreover, in domains of
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R™, variable exponent Newtonian spaces agree with variable exponent Sobolev spaces when
Lipschitz functions are dense [77, Theorem 5.3]. This means that if we prove a result in
Newtonian space, then it holds in Sobolev space provided Lipschitz functions are dense.

3.2. Sobolev embeddings. Initially, also the Sobolev embedding posed quite a problem in
variable exponent spaces. Early results in [93] [108] did not recover the optimal conjugate
exponent. At the turn of the century progress was made, and optimal results were achieved
for Lipschitz and then Holder continuous exponents [34] [35, [48]. The present state of the art
is due to Diening and Samko who generalized the classical method based on Riesz potentials
[24, 109} 110]. According to these results, log-Holder continuity of the exponent is sufficient
for the Sobolev embedding.

However, the question of necessity remains largely open. The only known counter-example
is due to Kovécik and Rakosnik [93] Example 3.2] and features a non-continuous exponent.
It is quite easy to modify their example to give a continuous but not uniformly continuous
exponent:

Proposition 3.7. There exists a continuous exponent p on a reqular domain € such that
WO (Q) o Lp*(')(Q).
Here p* denotes the point-wise Sobolev conjugate exponent, p*(x) = np(x)/(n — p(x)).

The exponent in the previous example is clearly not uniformly continuous (see the proof,
and consider the origin). The question is whether it is possible to improve on this:

Question 3.8. Are there counter-examples to the Sobolev embedding in regular domains for
uniformly continuous exponents?

Proof of Proposition[3.7. Fix t and s such that 1 < ¢t < s < 2. Let Q be the intersection
of the upper half-plane with the unit disk and define f(7) = 2(7 —1). Denoting by (r,¢)
spherical co-ordinates in Q (with ¢ € (0, 7)) we define two exponents as follows:

t, if o > rfl)
T? == .
a(r, ¢) {s, if p < rf(s)

(the exponent from [93, Example 3.2]) and
t, ifp>1
p(ryp) =<7, if p=7rf"
s, if o </
where 7 € (t,s). The result of Kovacik and Rakosnik says that W) (Q) & LT0(Q). We

show that the same is true when ¢ is replaced by the continuous exponent p.
s—2

Like Kovacik and Rékosnik we consider the function u(z) = |z|#, where p = *7=. Since
p* > ¢* it follows that L") (Q) ¢ LT0)(Q), so from [03, Example 3.2] we conclude that
u ¢ LP")(Q). We still need to show that it is in W0 (Q).

We easily calculate that |Vu(z)| = |u||z|*~!. Since |u| > 1, we find that

1 ™
Q 0o Jo
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The parts of the domain where p(z) = t or p(x) = s are handled as in [93]; let us denote
the integral over these parts by C' < co. In the remaining parts p(r,¢) = 7 when ¢ = r/(7;

solving this relation for 7 we find that p(r, ¢) = (%% + 1)t. Thus we have

1 g 1 p1
/ / r(u=1p(re) derdr < C+ / / e(u—l)(% log +log T)tdgp rdr
0o Jo 0o Jo

1 1

—C4 / / D2 D) g
0 0
L9

0o S—1

2 1
—C’—I—S_ts_t < 00.
So we have shown that |Vu| € LP0)(Q). For our function u we find that |u(z)| = ﬁ|Vu(m) ||lz] <
ﬁ\Vu(:cﬂ and so it also follows that u € LP()(Q2), and we are done. O

Acknowledgment. The authors wish to thank O. Karlovych and the referee for comments
on this manuscript.

APPENDIX A. COMPLEX INTERPOLATION

In this section we prove some results on interpolation in Orlicz—Musielak spaces. Musielak
[140, Chapter 13] has previously considered interpolation in this setting, but his proofs were
longer and more complicated.

In the following we need some definitions from [I40]. By R we denote the set of non-
negative real numbers. Let a: Q x RT — R be a right-continuous, non-decreasing function
for every x € Q with a(x,0) = 0, a(x,t) > 0 for ¢ > 0. Suppose that p: Q x RT — RT is
defined as

oz, t) = /0 ta(x,u) du

for every x € Q. If Q = R™ we additionally require that ¢(x,t) is Lebesgue measurable in
x for all t > 0. Then ¢ is be said to be an N—function on . In this case we usually write
¢'(z,t) instead of a(x,t).

We say that ¢ satisfies the strong As—condition if there exists ¢; > 0 such that ¢(x,2t) <
c1o(x,t) for all z € Q and ¢t > 0. In the following we always assume that ¢ is an N-function
which satisfies the strong A, condition. The space

L9(Q) = {f: Q- R /ng(a:, (@) dz < oo}

equipped with the norm

11l =inf{A > 0: /ﬁ(“’* @) dz < 1}

is a Banach space. The spaces L?(£2) are special Orlicz—-Musielak spaces.
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The following results are standard, see [140]. By (¢’)™': Q x R* — R* we denote the

function

() Ha,t) = sup{u eR": ¢ (x,u) <t}
Then ¢*: Q x RT — R with ¢*(z,t) fo (x,u) du is again an N—function on Q. It is
the complementary function of . Note that (gp ) = . For all z € Q and t,u > 0, Young’s
inequality tu < ¢(z,t) + ¢*(x,u) holds.

We say that ¢ is a proper N-function if both ¢ and ¢* satisfy the strong A, condition.
In such a case it follows by Section 13 of [140] that (L#)*(R") = L¥ (R") and (L¥")*(R") =
L?(R™). Let ¢ ': Q x RT — RT, denote the inverse of p(x,t) with respect to ¢, i.e. t =
o (p(x,t)). For two N-functions ¢y and ¢, and 6 € (0,1) we define the f-intermediate
function ¢y by

05 (1) = (9o (2, 0) ' (o1 (1)),

Then ¢y is also an N-function.

Theorem A.1 (Complex interpolation). Let ¢q, @1 be proper N-functions. Then for all
0 < 6 <1 there holds

[L#0(Q), L#1(Q)],, = L#().

6]
Moreover, || gllio) < 19]lps < 41l9]l101-

Proof. We proceed along the lines of [I], including some standard notation. We extend
;i QX RT -5 R top: QxC— R via p(x,t) = p(z, |t]). For z € Cwith 0 <Rez <1
define ¢, by

P, t) = (0 (2, 1) 7 (e (@)

Then ¢! is holomophic in z on S = {z € C: 0 < Rez < 1} and continuous on S. Let F
be the space of functions on S with values in L#°(Q) 4+ L#() which are analytic on S and
bounded and continuous on S such that f(it) and f(1 + it) tend to zero for [t| — oo.

For g € L¥¢ with ||g||,, = 1, equivalently [ ¢y(z,g(z))dx =1, define

fo(z;7) = exp(e2?® — ) .t (m, Vg (x, g(ac))) sgn g(x).

Then f.(0) = g. Since ¢, satisfies the Ay condition, there exists o > 1 such that ¢(x, st) <
s*p(x,t) for all t > 0, s > 1. Using this we derive

/9901(17’ | fe(1 +it, x)]) dz = /9901 (x,exp(e — et — 5‘92) <P1_iit (x, 9( »9(@)) dx

wp(x
S/9901(xaexp(g)801_1<957909($79(I>))>diU
< (exp(é‘))a/gwl (rc @Il(x,we(:c,g(fc))) d

= exp(ag) /Q vo(z,9(z)) dz = exp(ag).
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A similar calculation, but without the exp(e) term, shows that
[ enla it o)y do < 1.
Q

Thus erHf = supteRmax{HfE(it,~)H¢O, f-(1 —l—it,')”@l} < 1+ 6(e). This and f.(0) = ¢
prove ||gH[6] < 1+4(¢g). Since € > 0 is arbitrary we deduce ||gH[6] < 1, whence ||g|lj < ||9]]4,-

The converse inequality follows from the relation
9]lpp <2 sup {{g,b): [|b]|(ps) < 1, b bounded with compact support},
In fact, for ||g||jg = 1 and b as above put

fo(z; 1) = exp(ez? — e6?) (¢7) " (fB, o (x, b(m))) sgnb(x).
Writing F.(z) = (f-(2), g-(2)) we have

Fit) < [ (007 (oo b)) (200 (,9(0)) ) o

< / (. b(x)) + o 2, g(x)) dr < 2,

where we have used Young’s inequality. Analogously,

FL(1+it) < exp(2ae) /Q(wi)‘l(x, vz, b(x)))soz‘l(x, 0oz, g(l‘))) d
< 2 exp(2ae).

The Three-line Theorem implies that F.(z) < 2 exp(2ae) for all z € S. This implies ||g||,, <
4 exp(2ae), whence ||g|lo, < 419l O

Corollary A.2. If py and p, are variable exponents with 1 < p; < p;r <00, 7=0,1, then
[Lpo()(Q)’LmC)(Q)}[@} ~ LPG(')(Q).

Proof. Define ¢;(x,t) = tPi®). For variable exponents py and p; with 1 < p; < pj < 0,
L#i(Q) = LPi0)(Q). This proves the assertion. O

Corollary A.3. Let ¢y, @1 be proper N-functions and let S be a linear operator that is
bounded from L¥i(Q) to L% () for j = 0,1. Then the operator S is also bounded from
L#o(Q) to L¥(Q) for 0 <6 < 1.

Remark A.4. Theorem can easily be generalized to other Orlicz-Musielak spaces. It is for
example possible to replace  C R™ by N, i.e. to consider functions ¢: NxR™ — R*. The re-
sulting Orlicz—Musielak space is usually called [#(N). Then the result of Theorem remains
valid. In particular, if ¢;: N x Rt — R* are proper N-functions, then [1#°(N), l“’l(N)}e =
[#9(N).

The proof of the following result is based on |2, Theorem 1.5.11].

Corollary A.5. Let g, p1 be proper N-functions and let T be a sublinear operator that
is bounded from L¥i () to L¥i(Q) for j = 0,1. Then the operator T is also bounded from
L#o(Q) to L¥e(§2) for 0 <0 < 1.
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Proof. Fix fo € L#9(Q2) with || fo|l,, < 1. Then by the Hahn-Banach extension theorem there
exists a linear operator Vy: L¥°(Q)+ L1 (Q) — L#°(Q) + L¥(2) such that |V fo| = |T fo| and
Vof| < |Tf| for all f e L¥o(2) + L¥*(Q2). Therefore,

IVofllei ) S NTfllpei) < collfllei)
for j = 0,1 with ¢y independent of fy. Thus by Theorem and Corollary it follows

that |[Vofllzee) < c1llfllzeo)- In particular, ||T'follree@) = [Vofolleo) < ci [l follzes(a)-
Since fo was arbitrary, this proves the corollary. O

REFERENCES

[1] J. Bergh and J. Lofstrom: Interpolation spaces. An introduction, Grundlehren der Mathematischen
Wissenschaften, No. 223, Springer-Verlag, Berlin, 1976.

[2] Yu. Brudnyi and N. Krugljak: Interpolation Functors and Interpolation Spaces, Vol. 1, North-Holland,
Amsterdam—New York—Oxford—Tokyo, 1991.

[3] J. Heinonen: Lectures on analysis on metric spaces, Universitext. Springer-Verlag, New York, 2001.

[4] S. Spanne: Some function spaces defined using the mean oscillation over cubes, Ann. Scuola Norm.
Sup. Pisa (8) 19 (1965), 593-608.

BIBLIOGRAPHY (VARIABLE EXPONENT SPACES)

[5] E. Acerbi and G. Mingione: Functionals with p(x) growth and regularity, Atti Accad. Naz. Lincei CI.
Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 11 (2000), no. 3, 169-174 (2001).

[6] E. Acerbi and G. Mingione: Regularity results for a class of quasiconvex functionals with nonstandard
growth. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 30 (2001), no. 2, 311-339.

[7] E. Acerbi and G. Mingione: Regularity results for a class of functionals with non-standard growth,
Arch. Ration. Mech. Anal. 156 (2001), 121-140.

[8] E. Acerbi and G. Mingione: Regularity results for stationary electro-rheological fluids, Arch. Ration.
Mech. Anal. 164 (2002), 213-259.

[9] E. Acerbi and G. Mingione: Regularity results for electrorheological fluids: the stationary case C. R.
Acad. Sci. Paris 334 (2002), 817-822.

[10] E. Acerbi and G. Mingione: Gradient estimates for the p(z)-Laplacean system, J. Reine Angew. Maith.,
to appear.

[11] Yu. A. Alkhutov: The Harnack inequality and the Holder property of solutions of nonlinear elliptic
equations with a nonstandard growth condition, (Russian) Differ. Uravn. 33 (1997), no. 12, 1651-1660,
1726. [Translation in Differential Equations 33 (1997), no. 12, 1653-1663 (1998).]

[12] A. Almeida: Inversion of Riesz potential operator on Lebesgue spaces with variable exponent, Fract.
Cale. Appl. Anal. 6 (2003), 311-327.

[13] V. I. Burenkov and S. G. Samko: Denseness of C*°(Q) in the generalized Sobolev space W1P(*)(Q),
manuscript (2001).

[14] A. Cabada and R. L. Pouso: Existence theory for functional p-Laplacian equations with variable expo-
nents, Nonlinear Anal. 52 (2003), no. 2, 557-572.

[15] C. Capone, D. Cruz-Uribe, and A. Fiorenza: The fractional maximal operator on variable LP spaces,
preprint (2004).

[16] V. Chiado Piat and A. Coscia: Hoélder continuity of minimizers of functionals with variable growth
exponent, Manuscripta Math. 93 (1997), no. 3, 283-299.

[17] A. Coscia and G. Mingione: Holder continuity of the gradient of p(x)-harmonic mappings, C. R. Acad.
Sci. Paris, 328 (1999), 363-368.

[18] A. Coscia and D. Mucci: Integral representation and I'-convergence of variational integrals with p(z)-
growth, ESAIM Control Optim. Calc. Var. 7 (2002), 495-519.

[19] D. Cruz-Uribe and A. Fiorenza: Approximate identities in variable L? spaces, preprint (2004).

[20] D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer: The maximal function on variable L? spaces, Ann.
Acad. Sci. Fenn. Math. 28 (2003), 223-238; 29 (2004), 247-249.



[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
32]
[33]
[34]
[35]
[36]
[37]

[38]

[41]
[42]
[43]
[44]
[45]

[46]

OPEN PROBLEMS IN VARIABLE EXPONENT LEBESGUE AND SOBOLEV SPACES 13

D. Cruz-Uribe, A. Fiorenza, J. M. Martell and C. Pérez: The boundedness of classical operators in
variable LP spaces, preprint (2004).

L. Diening: Theoretical and Numerical Results for Electrorheological Fluids, Ph.D. thesis, University of
Freiburg, Germany, 2002.

L. Diening: Maximal function on generalized Lebesgue spaces LP(), Math. Inequal. Appl. 7 (2004),
no. 2, 245-254.

L. Diening: Riesz potential and Sobolev embeddings of generalized Lebesgue and Sobolev spaces LP()
and W*PC) | Math. Nachr. 263 (2004), no. 1, 31-43.

L. Diening: Maximal function on Orlicz-Musielak spaces and generalized Lebesgue spaces, preprint
(2003).

L. Diening and M. Ruzicka: Calderén-Zygmund operators on generalized Lebesgue spaces LP() and
problems related to fluid dynamics, J. Reine Angew. Math. 563 (2003), 197-220.

L. Diening and M. Ruzi¢ka: Integral operators on the halfspace in generalized Lebesgue spaces LP(),
part I, J. Math. Anal. Appl. 298 (2004), no. 2, 559-571.

L. Diening and M. Ruzicka: Integral operators on the halfspace in generalized Lebesgue spaces LP(),
part 11, J. Math. Anal. Appl. 298 (2004), no. 2, 572-588.

D. E. Edmunds, V. Kokilashvili and A. Meskhi: A trace inequality for generalized potentials in Lebesgue
spaces with variable exponents, J. Funct. Spaces Appl. 2 (2004), no. 1, 55-69.

D. E. Edmunds, J. Lang and A. Nekvinda: On LP*) norms, R. Soc. Lond. Proc. Ser. A Math. Phys.
Eng. Sci. 455 (1999), no. 1981, 219-225.

D. E. Edmunds and A. Meskhi: Potential-type operators in LP(*) spaces, Z. Anal. Anwendungen 21
(2002), no. 3, 681-690.

D. E. Edmunds and A. Nekvinda: Averaging operators on ¢{P»} and LP(*) Math. Inequal. Appl. 5
(2002), no. 2, 235-246.

D. E. Edmunds and J. Rékosnik: Density of smooth functions in W*?(®)(Q), Proc. Roy. Soc. London
Ser. A 437 (1992), 229-236.

D. E. Edmunds and J. Rdkosnik: Sobolev embedding with variable exponent, Studia Math. 143 (2000),
267-293.

D. E. Edmunds and J. Rakosnik: Sobolev embedding with variable exponent, II, Math. Nachr. 246-247
(2002), 53-67.

M. Eleuteri: Holder continuity results for a class of functionals with non standard growth, Boll. Unione
Mat. Ital. 7-B (2004), 129-157.

L. Esposito, F. Leonetti and G. Mingione: Sharp Regularity for Functionals with (p,q) growth, J.
Differential Equations 204 (2004), 5-55.

X.-L. Fan: The regularity of Lagrangians f(z,¢) = [£]*(*) with Hélder exponents a(z), Acta Math.
Sinica (N.S.) 12 (1996), no. 3, 254-261.

X.-L. Fan: Regularity of nonstandard Lagrangians f(x,&), Nonlinear Anal. 27 (1996), no. 6, 669-678.
X.-L. Fan: Regularity of integrands f(z, &) = |£]*(®) with piecewise constant exponents a(z), (Chinese)
J. Gansu Sciences 8 (1996), no. 1, 1-3.

X.-L. Fan: Regularity of Lagrangians with a(z)-growth conditions, (Chinese) J. Lanzhou Univ. Nat.
Sci. 33 (1997), no. 1, 1-5.

X.-L. Fan: p(z)-Laplace operator, (Chinese) J. Gansu Education College (Nat. Sci.) 13 (1999), no. 1,
1-5.

X.-L. Fan: Radial symmetry of minimizers for p(x)-Laplacian integral functionals, (Chinese) J. Gansu
Education College (Nat. Sci.) 14 (1999), no. 1, 1-3.

X.-L. Fan: Positive solutions of certain p(z)-Laplace equations, (Chinese) J. Gansu Education College
(Nat. Sci.) 15 (2001), no. 1, 1-3.

X.-L. Fan: p(z)-Laplacian equations, Topological methods, variational methods and their applications
(Taiyuan, 2002), 117-123, World Sci. Publishing, River Edge, NJ, 2003.

X.-L. Fan and X. Fan: A Knobloch-type result for p(t)-Laplacian systems, J. Math. Anal. Appl. 282
(2003), 453-464.



14
[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]

[57]

LARS DIENING, PETER HASTO AND ALES NEKVINDA

X.-L. Fan and X. Han: Existence and multiplicity of solutions for p(x)-Laplacian equations in R,
Nonlinear Anal. 59 (2004), no. 1-2, 173-188.

X.-L. Fan, J. Shen and D. Zhao: Sobolev embedding theorems for spaces W*P®) J. Math. Anal.
Appl. 262 (2001), 749-760.

X.-L. Fan, H.-Q. Wu and F.-Z. Wang: Hartman-type results for p(t)-Laplacian systems, Nonlinear
Anal. 52 (2003), 585-594.

X.-L. Fan and Q.-H. Zhang: Existence of solutions for p(x)-Laplacian Dirichlet problem, Nonlinear
Anal. 52 (2003), 1843-1852.

X.-L. Fan, Q.-H. Zhang and D. Zhao: Eigenvalues of p(z)-Laplacian Dirichlet problem, J. Math. Anal.
Appl. 302 (2005), 306-317.

X.-L. Fan and D. Zhao: Regularity of minimizers of variational integrals with continuous p(z)-growth
conditions, Chinese J. Contemp. Math. 17 (1996), no. 4, 327-336.

X.-L. Fan and D. Zhao: A class of De Giorgi type and Holder continuity, Nonlinear Anal. 36 (1999),
295-318.

X.-L. Fan and D. Zhao: The quasi-minimizer of integral functionals with m(z) growth conditions,
Nonlinear Anal. 39 (2000), 807-816.

X.-L. Fan and D. Zhao: On the spaces spaces LP(®)(Q) and W™P@)(Q) | J. Math. Anal. Appl. 263
(2001), 424-446.

X.-L. Fan and D. Zhao: Local C*“ regularity of weak solutions for p(x)-Laplacian equations, (Chinese)
J. Gansu Education College (Nat. Sci.) 15 (2001), no. 2, 1-5.

X.-L. Fan, Y. Z. Zhao, Q. H. Zhang: A strong maximum principle for p(z)-Laplace equations, Chinese
J. Contemp. Math. 24 (2003), no. 3, 277-282. [Translation of Chinese Ann. Math. Ser. A 24 (2003),
no. 4, 495-500.]

X.-L. Fan, Y. Zhao and D. Zhao: Compact imbedding theorems with symmetry of Strauss-Lions type
for the space W) (Q), J. Math. Anal. Appl. 255 (2001), 333-348.

A. Fiorenza: A mean continuity type result for certain Sobolev spaces with variable exponent, Commun.
Contemp. Math. 4 (2002), no. 3, 587-605.

T. Futamura and Y. Mizuta: Continuity properties of Riesz potentials for functions in LP() of variable
exponent, preprint.

T. Futamura and Y. Mizuta: Maximal functions for Lebesgue spaces with variable exponent approaching
1, preprint.

T. Futamura and Y. Mizuta: Continuity of weakly monotone Sobolev functions of variable exponent,
preprint.

T. Futamura Y. Mizuta and T. Shimomura: Sobolev embeddings for Riesz potential space of variable
exponent, preprint (2004).

T. Futamura, Y. Mizuta and T. Shimomura: Sobolev embeddings for variable exponent Riesz potentials
on metric spaces, preprint (2004).

P. Harjulehto: Variable exponent Sobolev spaces with zero boundary values, preprint (2004).

P. Harjulehto and P. Hést6: A capacity approach to Poincaré inequalities and Sobolev imbedding in
variable exponent Sobolev spaces, Rev. Mat. Complut. 17 (2004), no. 1, 129-146.

P. Harjulehto and P. H&std: An overview of variable exponent Lebesgue and Sobolev spaces, Future
Trends in Geometric Function Theory (D. Herron (ed.), RNC Workshop, Jyvéskyld, 2003), 85-93.

P. Harjulehto and P. Héasto: Lebesgue points in variable exponent spaces, Ann. Acad. Sci. Fenn.
Math. 29 (2004), 295-306.

P. Harjulehto, P. Hasté and M. Koskenoja: The Dirichlet energy integral on intervals in variable expo-
nent Sobolev spaces, Z. Anal. Anwend. 22 (2003) no. 4, 911-923.

P. Harjulehto, P. Hést6 and M. Koskenoja: Hardy’s inequality in variable exponent Sobolev spaces,
preprint (2004)

P. Harjulehto, P. Hasto, M. Koskenoja and S. Varonen: Sobolev capacity on the space Wl’p(')(R”), J.
Funct. Spaces Appl. 1 (2003), no. 1, 17-33.

P. Harjulehto, P. Hasto, M. Koskenoja and S. Varonen: The Dirichlet energy integral and variable
exponent Sobolev spaces with zero boundary values, preprint (2003).



73]
[74]
[75]
[76]
[77]

[78]

[79]

OPEN PROBLEMS IN VARIABLE EXPONENT LEBESGUE AND SOBOLEV SPACES 15

P. Harjulehto, P. Hasto, M. Koskenoja and S. Varonen: Variable Sobolev capacity and the bounds on
the exponent, preprint (2003).

P. Harjulehto, P. Hésto and V. Latvala: Lebesgue points in variable exponent Sobolev spaces on metric
measure spaces, preprint (2004).

P. Harjulehto, P. Hasto and O. Martio: Fuglede’s theorem in variable exponent Sobolev space, Collect.
Math. 55 (2004), no. 3, 315-324.

P. Harjulehto, P. Hasto and M. Pere: Variable exponent Lebesgue spaces on metric spaces: the Hardy-
Littlewood maximal operator, Real Anal. Exchange 30 (2004/2005), to appear.

P. Harjulehto, P. Hést6 and M. Pere: Variable exponent Sobolev spaces on metric measure spaces,
preprint (2004).

P. Hasto: Counter-examples of regularity in variable exponent Sobolev spaces, The p-Harmonic Equa-
tion and Recent Advances in Analysis (Manhattan, KS, 2004), Contemp. Math. 367, Amer. Math. Soc.,
Providence, RI, 2005

P. Hasto: The maximal operator in Lebesgue spaces with variable exponent approaching 1, preprint
(2004).

P. Hasto: On the density of smooth functions in variable exponent Sobolev space, preprint (2004).

A. Karlovich: Fredholmness of singular integral operators with piecewise continuous coefficients on
weighted Banach function spaces, J. Integral Equations Appl. 15 (2003), no. 3, 263-320.

A. Karlovich and A. Lerner: Commutators of singular integrals on generalized LP spaces with variable
exponent, Publ. Mat. 49 (2005), to appear.

V. Kokilashvili and S. Samko: Singular integrals and potentials in some Banach function spaces with
variable exponent, Proc. A. Razmadze Math. Inst. 129 (2002), 150-155.

V. Kokilashvili and S. Samko: Maximal and fractional operators in weighted LP(*) spaces, Proc. A.
Razmadze Math. Inst. 129 (2002), 145-149.

V. Kokilashvili and S. Samko: Singular integrals in weighted Lebesgue spaces with variable exponent,
Georgian Math. J. 10 (2003), no. 1, 145-156.

V. Kokilashvili and S. Samko: Singular integral equations in the Lebesgue spaces with variable exponent,
Proc. A. Razmadze Math. Inst. 131 (2003), 61-78.

V. Kokilashvili and S. Samko: Singular integrals and potentials in some Banach function spaces with
variable exponent, J. Funct. Spaces Appl. 1 (2003), no. 1, 45-59.

V. Kokilashvili and S. Samko: On Sobolev Theorem for Riesz-type potentials in Lebesgue spaces with
variable exponents, Z. Anal. Anwend. 22 (2003) no. 4, 899-910.

V. Kokilashvili and S. Samko: Maximal and fractional operators in weighted LP(*) spaces, Rev. Mat.
Iberoamericana 20(2) (2004), 493-515.

T. S. Kopaliani: On some structural poperties of Banach function spaces and boundedness of certain
integral operators, preprint.

O. Kovacik: Some properties of the spaces L”(t)(Q)7 (Russian) Functional and numerical methods in
mathematical physics, 98-100, 267, " Naukova Dumka”, Kiev, 1988.

0. Kovécik: Parabolic equations in generalized Sobolev spaces W) Fasc. Math. 25 (1995), 87-94.
0. Kovécik and J. Rékosnik: On spaces LP®) and W@ Czechoslovak Math. J. 41(116) (1991),
592-618.

A. Lerner: Some remarks on the Hardy—Littlewood maximal function on variable LP spaces, preprint
(2004).

P. Marcellini: Regularity and existence of solutions of elliptic equations with p, g-growth conditions, J.
Differential Equations 50 (1991), no. 1, 1-30.

E. Mascolo and A. P. Migliorini: Everywhere regularity for vectorial functionals with general growth,
ESAIM Control Optim. Calc. Var. 9 (2003), 399-418.

R. Mashiyev, B. Cekic and S. Ogras: On the Sobolev-type inequality for Lebesgue spaces with a Variable
Exponent, preprints (2005).

A. P. Migliorini: Everywhere regularity for a class of elliptic systems with p, ¢ growth conditions, Rend.
Istit. Mat. Univ. Trieste 31 (1999), no. 1-2, 203-234.



16
[99]
[100]
[101]
[102]
[103]
[104]
[105]
[106]

[107]

[108]
[109]
[110]

[111]

[112]
[113]
[114]

[115]

[116]
[117]
[118]
[119]
[120]
[121]

[122]

[123]

[124]

LARS DIENING, PETER HASTO AND ALES NEKVINDA

G. Mingione and D. Mucci: Integral functionals and the gap problem: sharp bounds for relaxation and
energy concentration, SIAM J. Math. Anal., to appear.

Y. Mizuta and T. Shimomura: Continuity of Sobolev functions of variable exponent on metric spaces,
Proc. Japan Acad. Ser. A Math. Sci. 80 (2004), no. 6, 96-99.

A. Nekvinda: Equivalence of [{P»} norms and shift operators, Math. Inequal. Appl. 5 (2002), no. 4,
711-723.

A. Nekvinda: Hardy-Littlewood maximal operator on LP(*)(R™), Math. Inequal. Appl. 7 (2004), no. 2,
255-266.

A. Nekvinda: A note on maximal operator on P» and LP(*)(R™), preprint (2004).

A. Nekvinda: Imbeddings between weighted ¢~ spaces, preprint (2004).

W. Orlicz: Uber konjugierte Exponentenfolgen, Studia Math. 3 (1931), 200-212.

L. Pick and M. Ruzicka: An example of a space LP(*) on which the Hardy-Littlewood maximal operator
is not bounded, Ezpo. Math. 19 (2001), 369-371.

J. Rékosnik: Sobolev inequality with variable exponent, pp. 220-228 in Function Spaces, Differen-
tial Operators and Nonlinear Analysis (Syote, Finland, 1999), V. Mustonen and J. Rédkosnik (eds.),
Mathematical Institute of the Academy of Sciences of the Czech Republic, Prague, 2000.

M. Ruzicka: Flectrorheological Fluids: Modeling and Mathematical Theory, Springer-Verlag, Berlin,
2000.

S. Samko: Convolution type operators in LP(*)| Integr. Transform. Spec. Funct. 7 (1998), no. 1-2,
123-144.

S. Samko: Convolution and potential type operators in LP(*)(R™), Integr. Transform. Spec. Funct. T
(1998), no. 34, 261-284.

S. Samko: Denseness of C$°(R") in the generalized Sobolev spaces WP (R™), pp. 333-342 in Direct
and Inverse Problems of Mathematical Physics (Newark, DE, 1997), Int. Soc. Anal. Appl. Comput. 5,
Kluwer Acad. Publ., Dordrecht, 2000.

S. Samko: Hardy inequality in the generalized Lebesgue spaces, Fract. Cale. Appl. Anal. 6 (2003), no. 4,
355-362.

S. Samko: Hardy—Littlewood—Stein—Weiss inequality in the Lebesgue spaces with variable exponent,
Fract. Calc. Appl. Anal. 6 (2003), no. 4, 421-440.

I. I. Sharapudinov: On the topology of the space LP()([0;1]), Math. Notes 26 (1979), no. 3-4, 796-806.
[Translation of Mat. Zametki 26 (1978), no. 4, 613-632.]

I. I. Sharapudinov: Approximation of functions in the metric of the space LP(Y)([a, b]) and quadrature
formulas, (Russian) Constructive function theory ’81 (Varna, 1981), 189-193, Publ. House Bulgar.
Acad. Sci., Sofia, 1983.

I. 1. Sharapudinov: The basis property of the Haar system in the space LP(®)([0, 1]) and the principle of
localization in the mean, (Russian) Mat. Sb. (N.S.) 130(172) (1986), no. 2, 275-283, 286.

I. V. Tsenov: Generalization of the problem of best approximation of a function in the space L7,
(Russian) Uch. Zap. Dagestan Gos. Univ. 7 (1961), 25-37.

D. Zhao W. Quang and X.-L. Fan: On the generalized Orlicz spaces LP(*)(Q), (Chinese) J. Gansu
Sciences 9 (1997), no. 2, 1-7.

D. Zhao and X.-L. Fan: On the Nemytsky operators from LP*(*)(Q) to LP2(#)(Q), (Chinese) J. Lanzhou
Univ. Nat. Sci. 34 (1998), no. 1, 1-5.

D. Zhao and X.-L. Fan: Existence of weak solutions for 2m-th order elliptic equations with p(x)-growth
conditions, (Chinese) J. Lanzhou Univ. Nat. Sci. 37 (2001), no. 2, 1-6.

Q. Zhang and X.-L. Fan: Singularity of positive radial solutions for a class of p(z)-Laplacian equations,
(Chinese) J. Lanzhou Univ. Nat. Sci. 36 (2000), no. 3, 5-11.

V. V. Zhikov: Averaging of functionals of the calculus of variations and elasticity theory, Math. USSR-
Izv. 29 (1987), no. 1, 33-66. [Translation of Izv. Akad. Nauk SSSR Ser. Mat. 50 (1986), no. 4, 675-710,
877.]

V. V. Zhikov: Meyer-type estimates for solving the nonlinear Stokes system, Differ. Equ. 33 (1997),
no. 1, 108-115. [Translation of Differ. Uravn. 33 (1997), no. 1, 107-114, 143.]

V. V. Zhikov: On some variational problems, Russian J. Math. Phys. 5 (1997), no. 1, 105-116 (1998).



OPEN PROBLEMS IN VARIABLE EXPONENT LEBESGUE AND SOBOLEV SPACES 17

BIBLIOGRAPHY (ORLICZ-MUSIELAK SPACES)

[125] H. Hudzik: A generalization of Sobolev spaces. I, Funct. Approx. Comment. Math. 2 (1976), 67-73.
[126] H. Hudzik: A generalization of Sobolev spaces. 11, Funct. Approx. Comment. Math. 3 (1976), 77-85.
[127] H. Hudzik: On generalized Orlicz-Sobolev space, Funct. Approx. Comment. Math. 4 (1976), 37-51.

[128]

128] H. Hudzik: On problem of density of C§°(£2) in generalized Orlicz—Sobolev space W¥, () for every open
set Q@ C R™, Comment. Math. Parce Mat. 20 (1977), 65-78.

[129] H. Hudzik: On continuity of the imbedding operation from W, (Q) into W}, (Q), Funct. Approz.
Comment. Math. 6 (1978), 111-118.

[130] H. Hudzik: Density of C§°(R") in generalized Orlicz—Sobolev space WX (R™), Funct. Approz. Comment.
Math. 7 (1979), 15-21.

[131] H. Hudzik: The problem of separability, duality, reflexivity and comparison for generalized Orlicz—
Sobolev space W¥, (), Comment. Math. Parce Mat. 21 (1979), 315-324.

[132] H. Hudzik: Strict convexity of Orlicz—Musielak spaces with Luxemburg norm, Bull. Polish Acad. Sci.
Math. 39 (1981), 235-247.

[133] H. Hudzik: Uniform convexity of Orlicz—Musielak spaces with Luxemburg norm, Comment. Math. Parce
Mat. 23 (1983), no. 1, 21-32.

[134] H. Hudzik: On some equivalent conditions in Orlicz-Musielak spaces, Comment. Math. Prace Mat. 24
(1984), no. 1, 57-64.

[135] H. Hudzik and A. Kaminska: Equivalence of the Orlicz and Luxemburg norms in generalized Orlicz
spaces L,,(T), Funct. Approz. Comment. Math. 9 (1980), 29-37.

[136] A. Kaminska: Flat Orlicz-Musielak sequence spaces, Bull. Acad. Polon. Sci. Sér. Sci. Math. 30 (1982),
no. 7-8, 347-352.

[137] A.Kaminska: On the translation in the Orlicz-Musielak sequence spaces, Comment. Math. Prace
Mat. 24 (1984), no. 1, 77-84.

[138] H. Nakano: Modulared Semi-ordered Linear Spaces, Maruzen Co., Ltd., Tokyo, 1950.

[139] H. Nakano: Topology and Topological Linear Spaces, Maruzen Co., Ltd., Tokyo, 1951.

[140] J. Musielak: Orlicz Spaces and Modular Spaces, Springer-Verlag, Berlin, 1983.

[141] J. Musielak and W. Orlicz: On modular spaces, Studia Math. 18 (1959), 49-65.

LD: SECTION OF APPLIED MATHEMATICS, ECKERSTR. 1, FREIBURG UNIVERSITY, 79104 FREIBURG
(BREISGAU), GERMANY; PH: DEPARTMENT OF MATHEMATICAL SCIENCES, NTNU, 7491 TRONDHEIM,
NORWAY; AN: DEPARTMENT OF MATHEMATICS, CZECH TECHNICAL UNIVERSITY IN PRAGUE, THAKUROVA
7, 166 29 PrRAHA 6, CZECH REPUBLIC

E-mail address: diening@math.uni-freiburg.de; peter.hasto@helsinki.fi; nales@mat.fsv.cvut.cz



	1. Introduction
	2. Lebesgue spaces
	2.1. Preliminaries
	2.2. The maximal operator
	2.3. Interpolation

	3. Problems in Sobolev spaces
	3.1. Density of smooth functions
	3.2. Sobolev embeddings

	Appendix A. Complex Interpolation
	References

