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Chapter 1
Introduction

1.1 Rationale and philosophy of this book

Some years ago, we wrote a book on variable exponent spaces with Lars
Diening and Michael Růžička [35]. One aim of that book was to avoid unnec-
essarily assuming that the variable exponent is bounded. In particular, from
the classical theory it is clear that the boundedness of the Hardy–Littlewood
maximal operator should not be affected by large values of the exponent, as
long as the exponent is bounded away from 1. Consequently, we refined the
trick, called the key estimate, introduced a decade earlier by Diening [33].
This resulted in Theorem 4.2.4 in our earlier book.

The purpose of the current book is to take this philosophy even further in
the context of Orlicz and generalized Orlicz spaces (also known as Musielak–
Orlicz spaces). For researchers acquainted with our previous book [35], the
approach adopted here might seem familiar, since we have tried to structure
our arguments to parallel as closely as possible the variable exponent case.
Thus we hope that our tools and exposition will aid in generalizing further
results from the variable exponent setting to the generalized Orlicz setting.

Our approach differs from that in standard references such as Kras-
nosel’skĭı–Rutickĭı [76] and Rao–Ren [118]. The classical Orlicz approach em-
phasizes the exact form of the norm and distinguishes between equivalent
norms of the spaces. In contrast, we emphasize choosing the representative
of an equivalence class of Φ-functions in appropriate ways so as to simplify
proofs, see for example Corollary 3.6.9 or Theorem 5.5.1. The origin of this
approach is connected to the generalized Φ-function situation (see Exam-
ple 2.5.3), but there are ramifications also in the non-generalized case, as
demonstrated by the next simple example.

The classical approach is based on convex Φ-functions such as t 7→ t
11
10 or

t 7→ t3. However, the minimum of Φ-functions need not be convex, as is the
case for t 7→ min{t 11

10 , t3}, see Figure 1.1. But in the generalized Orlicz case
it is useful to deal with the minima of nearby functions like infx∈B ϕ(x, t)

1



2 1 Introduction

0 1 2

1

2

Fig. 1.1: Function t 7→ min{t 11
10 , t3} is not convex.

(see the proof of the key estimate, Theorem 4.3.3). Furthermore, the class
of convex Φ-functions is not closed under equivalence of Φ-functions, see
Example 2.1.5.

The basic problem is that convexity can be destroyed at a single point,
even though by-and-large the function is quite convex-like. We formalize this
notion by requiring that the function

t 7→ ϕ(t)

t

is almost increasing on (0,∞). It turns out that this is a sufficient property to
get a quasi-norm ‖·‖ϕ by the usual Luxemburg procedure (see Lemma 3.2.2).
Furthermore, this property is much more resilient to perturbations of the Φ-
function. We call functions satisfying this condition weak Φ-functions. We
were inspired to pursue this line of research by the work by our Japanese
colleagues (cf. Section 7.3), who also relinquished the convexity assumption.

It turns out that this more flexible notion of Φ-functions, coupled with
the emphasis on properties invariant under equivalence of Φ-functions allows
us to prove several basic properties in settings more general than previously
known.

In Orlicz spaces, one often restricts one’s attention to so-called N-functions,
thereby excluding the cases L1 and L∞. As was mentioned, in [35] we tried
to avoid this assumption. However the tools used did not completely allow
for this in [35]. Chapter 2 of our previous book was written in the context of
generalized Orlicz spaces, however, some key results such as the estimate

(ϕ∗)−1(t) ≈ t

ϕ−1(t)
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[35, (2.6.12)], where ϕ∗(t) := sups>0(st−ϕ(s)) is the conjugate function, were
proven only in the restricted setting of N-functions. In Theorem 2.4.10 of the
prosent book, we are able to generalize this result to all weak Φ-functions.
The technique of that proof is also note-worthy. The first lines of that proof
are as follows:

By Theorem 2.3.6 and Lemma 2.5.8(c) the claim is invariant under the equiv-
alence of Φ-functions, so by Theorem 2.5.10 we may assume that ϕ ∈ Φs.

In other words, we have established that the parts of the claim are invariant
under equivalence, which allows us to switch to a more regular, so-called
strong Φ-function, which is convex and continuous. Analogous sentences occur
in many other proofs, as well.

This technique requires some initial investment to obtain the “equivalence-
machine” going. These investments are the content of Chapter 2. We believe
that Chapter 2 will pay dividend not only in the remainder of the book, but
also for other researchers who adopt the methods developed here. For this
reason we think that the book will be useful also for researchers interested in
the Orlicz case only.

For generalized Orlicz spaces, we can give additional motivation for this
book. The standard reference in the field is the book by Julian Musielak from
1983 [97]. The results and presentation are therefore partially out-dated. Fur-
thermore, Musielak’s book did not touch upon harmonic analysis in gener-
alized Orlicz spaces as this theory was developed only in the last five years,
starting with research by Maeda, Mizuta, Ohno, and Shimomura [80]. How-
ever, while this book was being written, also Lang and Méndez [77] have
written a book on Musielak–Orlicz spaces, but their perspective is more clas-
sical than ours and does not include harmonic analysis. We want to mentioned
two themes that are not covered by this book. Musielak–Orlicz Hardy spaces
have been studied by Yang, Liang, and Ky in the book [127] and the survey
[21] by Chlebicka covers differential equations in Musielak–Orlicz spaces.

Many of the results in this book have appeared in some form in our articles
[11, 30, 43, 53, 54, 55, 56, 57, 58, 59, 60, 63, 61, 62], written in collaboration
with Baruah, Cruz-Uribe, Ferreira, Karppinen, Klén, Lee, Toivanen, Ok and
Ribeiro. However, almost all results have been improved in this book by the
generalization of the assumptions and/or the refinement of the proofs (e.g.
Proposition 2.4.13 and Theorem 2.4.10). Furthermore, we have, obviously,
unified the assumptions and notation. Some results are presented here for
the first time (e.g. Lemmas 2.3.11, 4.2.7 and 5.2.3, Propositions 2.3.13 and
7.2.5 and Theorems 3.5.2, 4.4.7 and 6.4.7).
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1.2 History of non-standard growth phenomena

Variable exponent Lebesgue spaces appeared in the literature for the first
time already in a 1931 article by W. Orlicz [114]. In this article the following
question is considered: let (pi), with pi > 1, and (xi), xi > 0 be real-valued
sequences. What is the necessary and sufficient condition on (yi) for

∑
i xiyi

to converge whenever
∑
i x

pi
i converges? It turns out that the answer is that∑

i(λyi)
p′i should converge for some λ > 0 and p′i = pi

pi−1 . This is essentially
Hölder’s inequality in the space `p(·). Orlicz also considered the variable expo-
nent function space Lp(·) on the real line, and proved the Hölder inequality in
this setting. Variable exponent spaces have been studied in more than a thou-
sand papers in the past 15 years so we only cite a few monographs on the topic
which can be consulted for additional references [18, 28, 35, 39, 73, 74, 116].
All central results of harmonic analysis in variable exponent spaces are cov-
ered as special cases of the results in this book, see Section 7.1.

After this one paper [114], Orlicz abandoned the study of variable exponent
spaces, to concentrate on the theory of the function spaces that now bear his
name (but see also [98]). In the theory of Orlicz spaces, one defines the space
Lϕ in an open set Ω ⊂ Rn to consist of those measurable functions u : Ω→ R
for which

%(λu) =

ˆ
Ω

ϕ(λ|u(x)|) dx <∞

for some λ > 0 (ϕ has to satisfy certain conditions, see Definition 2.1.3).
Abstracting certain central properties of %, one is led to a more general class of
so-called modular function spaces which were first systematically studied by
H. Nakano [99, 100]. In the appendix [p. 284] of the first of his books, Nakano
mentions explicitly variable exponent Lebesgue spaces as an example of the
more general spaces he considers. The duality property is again observed.

Following the work of Nakano, modular spaces were investigated by sev-
eral people, most importantly by the groups at Sapporo (Japan), Voronezh
(USSR), and Leiden (Netherlands). Somewhat later, a more explicit version
of these spaces, modular function spaces, were investigated by Polish math-
ematicians, for instance by H. Hudzik, A. Kamińska and J. Musielak. For a
comprehensive presentation of modular function spaces and generalized Or-
licz spaces, see the monograph [97] by Musielak.

Harmonic analysis in generalized Orlicz spaces has only recently been stud-
ied. In 2005, L. Diening [34] investigated the boundedness of the maximal op-
erator on Lϕ and gave abstract conditions on the Φ-function for the bound-
edness to hold. In the variable exponent case it led to the result that the
maximal operator is bounded on Lp(·)(Rn) if and only if it is bounded on
Lp
′(·)(Rn) (provided 1 < p− 6 p+ < ∞). Unfortunately, this result has still

not been successfully extended to generalized Orlicz spaces.
A different route was taken in 2013 by F.-Y. Maeda, Y. Mizuta, T. Ohno,

Y. Sawano and T. Shimomura (e.g. [80, 81, 82, 83, 84, 85, 86, 87, 88, 95, 103,
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104, 105, 106, 107, 108, 124]): they proposed some concrete conditions on ϕ
which are sufficient for the boundedness of the maximal operator, but not
necessary. This is similar to the path followed for variable exponent spaces,
where the sufficient log-Hölder condition is used in the most studies. This is
also the route taken in this book, although our sufficient conditions are more
general (cf. Section 7.3).

A related field of research is partial differential equations with non-
standard growth. Consider minimizers of the non-autonomous quasilinear
elliptic problem

min
u∈W 1,1(Ω)

ˆ
Ω

F (x,∇u) dx. (1.2.1)

If F (x, t) ≈ |t|p (in some suitable sense) Marcellini [90, 91] called this the
standard growth case. He studied the more general (p, q)-growth case tp .
F (x, t) . tq + 1, q > p > 1, and found that results from the standard growth
case generalize when the ratio q

p is sufficiently close to 1 with different bounds
for different properties. For instance, the minimizers in W 1,q are Lipschitz if
q
p 6 n

n−2 , where n > 2 is the dimension [91] and the minimizer has higher
integrability if q

p 6 1 + α
n where F is α-Hölder continuous [40]. Also Zhikov

[130, 131] studied several special cases of non-standard growth in the 1980’s,
including the variable exponent case ϕ(x, t) = tp(x) and the double phase case
ϕ(x, t) = tp + a(x)tq. The latter has been recently studied by P. Baroni, M.
Colombo and G. Mingione [7, 8, 9, 26, 27], and it is interesting to note that
their conditions are also recovered as special cases of ours, see Section 7.2. In
[58, 62] we have extended several of their results on regularity of minimizers
to the generalized Orlicz case, using the results of this book, see also [79, 126].

1.3 Notation and background

In this section we clarify the basic notation used in this book. Moreover we
give precise formulations of some basic results which are frequently used.

We use the symbol := to define the left-hand side by the right-hand side.
For constants we use the letters c, c1, c2, C, C1, C2, . . ., or other letters specif-
ically mentioned to be constants. The symbol c without index stands for a
generic constant which may vary between appearances. We use f ≈ g and
f . g if there exist constants c1, c2 > 0 such that c1f 6 g 6 c2f and
f 6 c2g, respectively. For sets A and B the notation A ⊂ B includes also the
case A = B. We use the terms increasing and strictly increasing when s < t
implies that f(s) 6 f(t) and f(s) < f(t), respectively, and analogously de-
creasing and strictly decreasing. The notation a→ b− means that a tends to b
from below, i.e. a 6 b and a→ b; the notation a→ b+ is defined analogously.
The average integral of f over the set A, µ(A) > 0, is denoted by
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A

f dµ :=
1

µ(A)

ˆ
A

f dµ.

The characteristic function of a set E is denoted by χE .
By Rn we denote the n-dimensional Euclidean space, and n ∈ N always

stands for the dimension of the space. By U and V we denote open sets and
by F closed sets of the topological space under consideration, usually Rn. A
compact set will usually be denoted byK. We use the notation A ⊂⊂ E if the
closure A is compact and A ⊂ E. By Ω we always denote an open subset of
Rn. If the set has additional properties it will be stated explicitly. A domain
Ω ⊂ Rn is a connected open set. We will also use domains with specific
conditions on the boundary, such as John domains (cf. Definition 6.2.1). The
set [0,∞] is the compactification of [0,∞) with the topology generated by
the chordal metric: q(x, y) = |x−y|

(1+|x|)(1+|y|) for x, y <∞ and q(x,∞) = 1
1+|x| .

Moreover, we write R = R ∪ {±∞}.
Open balls will be denoted by B. The open ball with radius r and center

x ∈ Rn will be denoted by B(x, r). We usually denote open cubes in Rn by
Q, and by a cube we always mean a non-degenerate cube with faces parallel
to the coordinate axes. By Q(x, r) we denote a cube with side length r and
center at x ∈ Rn. A cube is dyadic if it is of the form Q(x, 2k) for some
x ∈ 2kZn and k ∈ Z. For a ball B we will denote the ball with α times the
radius and the same center by αB. For a, b ∈ Rn we use (a, b) and [a, b] to
denote the open and closed segment, respectively, between a and b.

Convex functions

In this section we present some basic properties of convex functions without
proofs. Proofs can be found for example in “Convex Functions and their
Applications” by Niculescu and Persson [102].

In this section I ⊂ R is an interval.

Definition 1.3.1. A function ϕ : I → R is convex if

ϕ(θt+ (1− θ)s) 6 θϕ(t) + (1− θ)ϕ(s)

for every t, s ∈ I and θ ∈ [0, 1].

Assume that ϕ : [0,∞) → [0,∞] is convex and ϕ(0) = 0. Choosing s = 0
in the definition and θ = λ or θ = 1

λ , we obtain

ϕ(λ t) 6 λϕ(t) for λ ∈ [0, 1],

ϕ(λ t) > λϕ(t) for λ > 1.

We quote Theorems 1.1.4, 1.3.3 and 1.8.1 from [102]:
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Theorem 1.3.2. Let ϕ : I → R be a continuous function. Then ϕ is convex
if and only if ϕ is mid-point convex, that is,

ϕ
(s+ t

2

)
6
ϕ(s) + ϕ(t)

2

for all s, t ∈ I.

The left- and right-derivative of f and x is defined by the limit

lim
h→0−

f(x+ h)− f(x)

h
and lim

h→0+

f(x+ h)− f(x)

h
, respectively.

Theorem 1.3.3. Let ϕ : I → R be a convex function. Then ϕ is continuous
on the interior of I and has finite left and right derivatives at each point of
the interior. Moreover, the left and right derivatives are increasing.

Theorem 1.3.4 (Jensen’s inequality). Let ϕ : [0,∞) → R be a convex
function and f ∈ L1(a, b). Then

ϕ

( b

a

|f(x)| dx
)

6
 b

a

ϕ(|f(x)|) dx.

Functional analysis

Let X be a real vector space. We say that function ‖ · ‖ from X to [0,∞] is
a quasinorm if:

(a) ‖f‖ = 0 if and only if f = 0.
(b) ‖af‖ = |a|‖f‖ for all f ∈ X and a ∈ R.
(c) There exists Q > 0 such that ‖f + g‖ 6 Q(‖f‖+ ‖g‖) for all f, g ∈ X.

If Q = 1 in (c), then ‖·‖ is called a norm. A (quasi-)Banach space (X, ‖·‖X) is
a (quasi)normed vector space which is complete with respect the (quasi)norm
‖ · ‖X .

Let X and Y be quasinormed vector spaces. The mapping F : X → Y is
bounded if ‖F (x)‖Y 6 C ‖x‖X for all x ∈ X. A linear mapping is bounded if
and only if it is continuous. It is an isomorphism if F and F−1 are bijective,
linear and bounded.

Suppose the quasinormed spaces X and Y are subsets of a vector space
Z. Then the intersection X ∩ Y equipped with the quasinorm ‖z‖X∩Y =
max{‖z‖X , ‖z‖Y } and the sum X + Y := {x+ y : x ∈ X, y ∈ Y } equipped
with the quasinorm
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‖z‖X+Y = inf{‖x‖X + ‖y‖Y : x ∈ X, y ∈ Y, z = x+ y}

are quasinormed spaces. If X and Y are quasi-Banach spaces, then X ∩ Y
and X + Y are quasi-Banach spaces as well.

The dual space X∗ of a (quasi-)Banach space X consists of all bounded,
linear functionals F : X → R. The duality pairing between X∗ and X is
defined by 〈F, x〉X∗,X = 〈F, x〉 := F (x) for F ∈ X∗, x ∈ X. The dual space is
equipped with the dual quasinorm ‖F‖X∗ := sup‖x‖X61〈F, x〉, which makes
X∗ a quasi-Banach space.

A space is called separable if it contains a dense, countable subset. We
denote the bidual space by X∗∗ := (X∗)∗. A quasi-Banach space X is called
reflexive if the natural injection ι : X → X∗∗, given by 〈ιx, F 〉X∗∗,X∗ :=
〈F, x〉X∗,X , is surjective. A norm ‖ · ‖ on a space X is called uniformly convex
if for every ε > 0 there exists δ(ε) > 0 such that for all x, y ∈ X satisfy-
ing ‖x‖, ‖y‖ 6 1, the inequality ‖x− y‖ > ε implies ‖x+y

2 ‖ < 1 − δ(ε). A
quasi-Banach space X is called uniformly convex, if there exists a uniformly
convex norm ‖ ·‖′, which is equivalent to the original norm of X. These prop-
erties are inherited to closed linear subspaces. More precisely we have (cf. [2,
Chapter I]):

Proposition 1.3.5. Let X be a Banach space and let Y ⊂ X be closed. Then:

(i) Y is a Banach space.
(ii) If X is reflexive, then Y is reflexive.
(iii) If X is separable, then Y is separable.
(iv) If X is uniformly convex, then X is reflexive.
(v) If X is uniformly convex, then Y is uniformly convex.

We say that a (quasi-)Banach space X is continuously embedded into a
(quasi-)Banach space Y , X ↪→ Y , if X ⊂ Y and there exists a constant
c > 0 such that ‖x‖Y 6 c ‖x‖X for all x ∈ X. The embedding of X into Y is
called compact, X ↪→↪→ Y , if X ↪→ Y and bounded sets in X are precompact
in Y . A sequence (xk)k∈N ⊂ X is called (strongly) convergent to x ∈ X, if
limk→∞ ‖xk − x‖X = 0. It is called weakly convergent if limk→∞〈F, xk〉 = 0
for all F ∈ X∗.

Let (X, ‖·‖X) be a Banach space and A ⊂ X a set. The closure of A with
respect to the norm ‖·‖X , A

‖·‖
X , is the smallest closed set Y that contains

A. The closure of a set A is denoted by A when the space is clear from the
context.
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Measure and integration

We denote by (A,Σ, µ) a measure space. By a measure we mean a set function
µ : Σ→ [0,∞] that satisfies µ(∅) = 0 and that is countably additive,

µ
( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µ(Ai)

where Ai ∈ Σ are pairwise disjoint. We say that the measure µ is complete,
if E ∈ Σ, F ⊂ E and µ(E) = 0 imply that F ∈ Σ. The measure µ is σ-finite
if A is a countable union of sets Ai ∈ Σ with µ(Ai) <∞. We always assume
that µ is a σ-finite, complete measure on Σ with µ(A) > 0. If there is no
danger of confusion we omit Σ from the notation. We always assume that
our measure is not identically zero.

We use the usual convention of identifying two µ-measurable functions on
A if they agree almost everywhere, i.e. if they agree up to a set of µ-measure
zero. We denote by L0(A,µ) the set of measurable functions f : A → R.
The Lebesgue integral of a measurable function f : A → R is defined in the
standard way (cf. [122, Chapter 1]) and denoted by

´
A
f dµ. If there is no

danger of confusion we will write “measurable” instead of “µ-measurable”,
“almost everywhere” instead of “µ-almost everywhere”, etc.

The most prominent example for our purposes are: A = Ω is an open subset
of Rn, µ is the n-dimensional Lebesgue measure, and Σ is the σ-algebra of
Lebesgue-measurable subsets of Ω; or A = Zn, µ is the counting measure,
and Σ is the power set of Zn. In the former case the Lebesgue integral of
a function f will be denoted by

´
Ω
f dx and the measure of a measurable

subset E ⊂ Ω will be denoted by |E|. The classical sequence spaces ls(Zn),
s ∈ [1,∞], are defined as the Lebesgue spaces Ls(Zn, µ) with µ being the
counting measure. Thus many results of this book hold also for this case.

In the case of a measure space (A,µ) we denote by Ls(A,µ), s ∈ [1,∞],
the classical Lebesgue space (cf. [2]). If there is no danger of confusion we omit
the set A and the measure µ and abbreviate Ls. For an exponent p ∈ [1,∞]
the dual or conjugate exponent p′ is defined by 1

p + 1
p′ = 1, with the usual

convention 1
∞ = 0. In most cases we do not distinguish in the notation of the

function spaces and the corresponding norms between scalar or vector-valued
functions.

By L1
loc(Ω) we denote the space of all locally integrable functions f , i.e. f ∈

L1(U) for all open U⊂⊂Ω. A function f : Ω→ K has compact support if there
exists a compact setK ⊂ Ω such that f = fχK where χK is the characteristic
function of K.

We denote by C(Ω) the space of uniformly continuous functions equipped
with the supremum norm ‖f‖∞ = supx∈Ω |f(x)|. By Ck(Ω), k ∈ N, we denote
the space of functions f , such that the partial derivatives ∂αf ∈ C(Ω) for all
|α| 6 k. The space is equipped with the norm sup|α|6k ‖∂αf‖∞. The set of
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smooth functions in Ω is denoted by C∞(Ω)—it consists of functions which
are continuously differentiable arbitrarily many times. The set C∞0 (Ω) is the
subset of C∞(Ω) of functions which have compact support.

A standard mollifier is a non-negative, radially symmetric and radially
decreasing function ψ ∈ C∞0 (B(0, 1)) with

´
B(0,1)

ψ dx = 1. For standard
mollifiers we often use the L1-scaling ψε(ξ) := ε−nψ(ξ/ε).

A sequence (fi) of µ-measurable functions is said to converge in measure
to the function f if for every ε > 0 there exists a natural number N such
that

µ
(
{x ∈ A : |fi(x)− f(x)| > ε}

)
6 ε

for all i > N . For µ(A) <∞, it is well known that if fi → f µ-almost every-
where, then fi → f in measure; on the other hand limi→∞

´
A
|fi − f | dµ = 0

does not imply convergence in measure unless we pass to an appropriate
subsequence. The following result is Theorem 3.12 in [122].

Theorem 1.3.6. Let (A,Σ, µ) be a σ-finite, complete measure space. Assume
that f and (fi) belong to L1(A,µ), µ(A) <∞ and

lim
i→∞

ˆ
A

|fi − f | dµ = 0.

Then there exists a subsequence (fik) such that fik → f µ-almost everywhere.

We write ak ↗ a if (ak) is a sequence increasing to a. We frequently use
the following convergence results, which can be found e.g. in [2, 51]. The three
properties are called Fatou’s lemma, monotone convergence and dominated
convergence, respectively.

Theorem 1.3.7. Let (A,Σ, µ) be a σ-finite, complete measure space. Let (fk)
be a sequence of µ-measurable functions.

(a) If there exists g ∈ L1(A,µ) with fk > g µ-almost everywhere for every
k ∈ N, then ˆ

A

lim inf
k→∞

fk dµ 6 lim inf
k→∞

ˆ
A

fk dµ.

(b) If fk ↗ f µ-almost everywhere and
´
A
f1 dµ > −∞, then

lim
k→∞

ˆ
A

fk dµ =

ˆ
A

f dµ.

(c) If fk → f µ-almost everywhere and exists h ∈ L1(A,µ) such that |fk| 6 h
µ-almost everywhere for all k ∈ N, then f ∈ L1(A,µ) and

lim
k→∞

ˆ
A

fk dµ =

ˆ
A

f dµ.
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1.4 Tools missing in generalized Orlicz spaces

We conclude the introduction by pointing out some tools from the classical
theory that do not work in the general setting that we are considering. Let
us compare four different type of spaces: classical Lebesgue spaces Lp, Or-
licz spaces, variable exponent Lebesgue spaces Lp(·) and generalized Orlicz
spaces. Naturally, Lp-spaces are Orlicz spaces and Lp(·)-spaces, and Orlicz
and Lp(·)-spaces are generalized Orlicz spaces. Orlicz spaces and Lp(·)-spaces
have different nature, and neither of them is a subset of the other (see Fig-
ure 1.2).

Lp(·) Lp Orlicz

generalized Orlicz

Fig. 1.2: Relation between different classes of spaces.

Let us list some techniques from the classical case which do not work in
Lp(·)-spaces and some additional ones that do not work in the generalized
Orlicz case. Orlicz spaces are similar to Lp-spaces in many regards, but some
differences exist.

– Exponents cannot be moved outside the Φ-function, i.e. ϕ(tγ) 6= ϕ(t)γ in
general.

– The formula ϕ−1

(ˆ
Ω

ϕ(|f |) dx
)

does not define a norm.

Techniques which do not work in Lp(·)-spaces (from [35, pp. 9–10]):

– The space Lp(·) is not rearrangement invariant; the translation operator
Th : Lp(·) → Lp(·), Thf(x) := f(x+ h) is not bounded; Young’s convolu-
tion inequality ‖f ∗ g‖p(·) 6 c ‖f‖1‖g‖p(·) does not hold [35, Section 3.6].

– The formula
ˆ

Ω

|f(x)|p dx = p

ˆ ∞
0

tp−1
∣∣{x ∈ Ω : |f(x)| > t}

∣∣ dt
has no variable exponent analogue.
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– Maximal, Poincaré, Sobolev, etc., inequalities do not hold in a modular
form. For instance, A. Lerner showed that the inequality

ˆ
Rn
|Mf |p(x) dx 6 c

ˆ
Rn
|f |p(x) dx

holds if and only if p ∈ (1,∞) is constant [78, Theorem 1.1]. For the
Poincaré inequality see [35, Example 8.2.7] and the discussion after it.

– Interpolation is not so useful, since variable exponent spaces never result
as an interpolant of constant exponent spaces (see Section 5.5).

– Solutions of the p(·)-Laplace equation are not scalable, i.e. λu need not
be a solution even if u is [35, Example 13.1.9].

New obstructions in generalized Orlicz spaces:

– We cannot estimate ϕ(x, t) . ϕ(y, t)1+ε + 1 even when |x − y| is small,
because of lack of polynomial growth. This complicates e.g. the use of
higher integrability in PDE proofs.

– It is not always the case that χE ∈ Lϕ(Ω) when |E| <∞.



Chapter 2
Φ-functions

As mentioned in the introduction, we approach Φ-functions and Orlicz spaces
by slightly more robust properties than the commonly used convexity. In-
stead, we will study “almost convex” Φ-functions and show that essentially
all essential properties hold also in this case. Furthermore, this approach al-
lows us much more room for manoeuvring and modifying the Φ-functions
than the classical setup. This is the content of Sections 2.1 and 2.2. Two
central tools when working with a Φ-function ϕ are its inverse ϕ−1 and its
conjugate ϕ∗, which are the topics of Sections 2.3 and 2.4, respectively. Fi-
nally, in the concluding section, 2.5, we extend the results from the earlier
sections to the generalized Φ-function ϕ(x, t) depending also on the space
variable x.

2.1 Equivalent Φ-functions

In this section we set up the main element of our study, the Φ-function. We
start by defining the properties of almost increasing and almost decreasing,
which will be used throughout the book. Finally, we consider two notions of
the equivalence of Φ-functions and prove relations between them.

Definition 2.1.1. A function g : (0,∞) → R is almost increasing if there
exists a constant a > 1 such that g(s) 6 ag(t) for all 0 < s < t. Almost
decreasing is defined analogously.

Increasing and decreasing functions are included in the previous definition
as the special case a = 1.

Definition 2.1.2. Let f : (0,∞)→ R and p, q > 0. We say that f satisfies

(Inc)p if f(t)
tp is increasing;

(aInc)p if f(t)
tp is almost increasing;

13
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(Dec)q if
f(t)
tq is decreasing;

(aDec)q if
f(t)
tq is almost decreasing.

We say that f satisfies (aInc), (Inc), (aDec) or (Dec) if there exist p > 1 or
q <∞ such that f satisfies (aInc)p, (Inc)p, (aDec)q or (Dec)q, respectively.

Suppose that ϕ satisfies (aInc)p1
. Then it satisfies (aInc)p2

for p2 < p1 and
it does not satisfy (aDec)q for q < p1. Likewise, if ϕ satisfies (aDec)q1 , then
it satisfies (aDec)q2 for q2 > q1 and it does not satisfy (aInc)p for p > q1.

Definition 2.1.3. Let ϕ : [0,∞) → [0,∞] be increasing with ϕ(0) = 0,
limt→0+ ϕ(t) = 0 and limt→∞ ϕ(t) = ∞. Such ϕ is called a Φ-prefunction.
We say that a Φ-prefunction ϕ is a

– (weak) Φ-function if it satisfies (aInc)1 on (0,∞);
– convex Φ-function if it is left-continuous and convex;
– strong Φ-function if it is continuous in the topology of [0,∞] and convex.

The sets of weak, convex and strong Φ-functions are denoted by Φw, Φc and
Φs, respectively.

Note that when we speak about Φ-functions, we mean the weak Φ-
functions of the previous definition, whereas many other authors use this
term for convex Φ-functions, possibly with additional assumptions as well.
We mention the epithet “weak” only when special emphasis is needed. Note
also that one of the improvements in this book is to remove the requirement
of left-continuity from weak Φ-functions, whereas in some of our previous
works it was included.

Continuity in the topology of C([0,∞); [0,∞]) means that

lim
s→t

f(s) = f(t)

for every point t ∈ [0,∞) regardless of whether f(t) is finite or infinite.
If ϕ is convex and ϕ(0) = 0, then we obtain for 0 < s < t that

ϕ(s) = ϕ
(s
t
t+ 0

)
6
s

t
ϕ(t) +

(
1− s

t

)
ϕ(0) =

s

t
ϕ(t), (2.1.4)

i.e. (Inc)1 holds. Therefore, it follows from the definition that Φs ⊂ Φc ⊂ Φw.
As a convex function, ϕ is continuous in [0,∞) if and only if it is finite
on [0,∞). Let us show that if ϕ ∈ Φc satisfies (aDec), then ϕ ∈ Φs. Since
lims→0+ ϕ(s) = 0, we can find s > 0 with ϕ(s) < ∞. By (aDec) we obtain
ϕ(t) 6 a t

q

sqϕ(s) for t > s. Hence ϕ <∞ in [0,∞) and thus it is continuous.

Example 2.1.5. We consider several examples to motivate and clarify our def-
inition and the choices behind it. In order to collect the interesting observa-
tions in one place, we use here also some concepts from later in the section.



2.1 Equivalent Φ-functions 15

0 1 2 3 4 5

1

2

3

4

5

0 1 2 3 4 5

1

2

3

4

5

Fig. 2.1: Functions from Example 2.1.5. Left: ϕ3 (solid) and ϕmax (dashed).
Right: ϕsin (solid) and ϕexp (dashed).

For t > 0, we define (see Figure 2.1)

ϕp(t) := 1
p t
p, p ∈ (0,∞),

ϕmax(t) := (max{0, t− 1})2,

ϕsin(t) := t+ sin(t),

ϕexp(t) := et − 1,

ϕ∞(t) :=∞χ(1,∞)(t),

ϕ∞,2(t) := ϕ∞(t) + 2t−1
1−t χ( 1

2
,1)(t).

We observe that ϕp ∈ Φs if and only if p > 1. Furthermore, ϕmax, ϕexp, ϕ
∞,2 ∈

Φs, ϕ∞ ∈ Φc \ Φs and ϕsin ∈ Φw \ Φc.
Based on these examples, we can make a number of observations, which

we record here.

– We observe that ϕ1 ' ϕsin and ϕ∞ ' ϕ∞,2. Therefore, neither Φc nor Φs

is invariant under equivalence of Φ-functions. For the equivalence ' see
Definition 2.1.8.

– We observe that ϕp → ϕ∞ and 1
pϕ
∞,2 → ϕ∞ point-wise as p → ∞.

Therefore, Φs is not invariant under point-wise limits of Φ-functions.
– We note that min{ϕ1, ϕ2} ∈ Φw \Φc, so Φc is not preserved under point-
wise minimum.

– Let ψ(t) := 1
2 max{ϕ2(t), 2t−1} = max{ 1

4 t
2, t− 1

2}. Then ψ is convex, but
ψ

1
p is not convex for any p > 1, see Figure 2.2. Therefore, the improved

convexity is lost by an inconsequential change. In contrast to this, both
ϕ2 and ψ satisfy (aInc)2, so higher order (p = 2) “almost convexity” is
preserved.
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Fig. 2.2: Functions ψ (dashed) and ψ
1
p (solid) with p = 1.5.

In a small number of results, we need left-continuity even though Φw is
otherwise sufficient. The next result is one of them.

Lemma 2.1.6. If ϕ ∈ Φw is left-continuous, then it is lower semicontinuous,
i.e.

ϕ(t) 6 lim inf
tk→t

ϕ(tk).

Proof. Let tk → t and t′k := min{t, tk}. Then t′k → t− and since ϕ is
left-continuous and increasing, we conclude that ϕ(t) = limtk→t ϕ(t′k) 6
lim inftk→t ϕ(tk). ut

Remark 2.1.7. Let ϕ be a Φ-prefunction. As an increasing function, ϕ satisfies

ϕ
(

inf A) 6 inf
t∈A

ϕ(t)

for every non-empty set A ⊂ [0,∞). If ϕ is not continuous, the inequality sign
cannot in general be replaced by an equal-sign: with ϕ∞ from Example 2.1.5
and A := (1,∞) we have 0 = ϕ∞(1) < inft∈A ϕ

∞(t) =∞.
However, for every λ > 1 we have

inf ϕ(A) 6 ϕ
(
λ inf A).

Indeed, if inf A = 0, then the claim follows by limt→0+ ϕ(t) = 0. If inf A >
0, then inf A < λ inf A so there exists t ∈ A with t < λ inf A. Now, the
monotonicity of ϕ implies inf ϕ(A) 6 ϕ

(
λ inf A).
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Let ϕ satisfy (aInc)1 with constant a. Let us show that

– ϕ(θt) 6 aθϕ(t) for all θ ∈ [0, 1] and t > 0; and
– ϕ(Θt) > Θ

a ϕ(t) for all Θ ∈ [1,∞) and t > 0.

This is clear for t = 0, so we assume that t > 0. Since ϕ satisfies (aInc)1 and
θt 6 t 6 Θt, we obtain that

1

a

ϕ(θt)

θt
6
ϕ(t)

t
6 a

ϕ(Θt)

Θt
.

Both claims follow from these inequalities.

Definition 2.1.8. Two functions ϕ and ψ are equivalent, ϕ ' ψ, if there
exists L > 1 such that ϕ( tL ) 6 ψ(t) 6 ϕ(Lt) for all t > 0.

This is the correct notion of equivalence for Φ-functions, as can be seen
from Remarks 2.2.4 and 2.4.5. Later in Proposition 3.2.4 we show that equiv-
alent Φ-functions give the same space with comparable (quasi)norms.

We observe that ' is an equivalence relation in a set of functions from
[0,∞) to [0,∞]:

– ϕ ' ϕ for every ϕ (reflexivity);
– ϕ ' ψ implies ψ ' ϕ (symmetry);
– ϕ1 ' ϕ2 and ϕ2 ' ϕ3 imply ϕ1 ' ϕ3 (transitivity).

The following lemma and example illustrate the reason for using (aInc) and
(aDec) rather than (Inc) and (Dec): the former are compatible with equiv-
alence of Φ-functions, whereas the latter are not. (In addition, the “almost”
part often make the assumptions easier to check, e.g. in Proposition 3.6.2.)
For future reference we also record the fact that the values of a Φ-prefunction
at 0 and ∞ are preserved by equivalence.

Lemma 2.1.9. Let ϕ,ψ : [0,∞)→ [0,∞] be increasing with ϕ ' ψ.

(a) If ϕ is a Φ-prefunction, then ψ is a Φ-prefunction.
(b) If ϕ satisfies (aInc)p, then ψ satisfies (aInc)p.
(c) If ϕ satisfies (aDec)q, then ψ satisfies (aDec)q.

Proof. For (a), we assume that ϕ is a Φ-prefunction. Let L > 1 be such that
ϕ( tL ) 6 ψ(t) 6 ϕ(Lt). With t = 0, this gives ψ(0) = 0. Furthermore,

0 6 lim
t→0+

ψ(t) 6 lim
t→0+

ϕ(Lt) = lim
t→0+

ϕ(t) = 0

and
lim
t→∞

ψ(t) > lim
t→∞

ϕ( tL ) = lim
t→∞

ϕ(t) =∞.

We show only (b), as the proof of (c) is similar but simpler. Let 0 < s < t
and assume first that L2s < t, where L is the constant from the equivalence.
By (aInc)p of ϕ with constant a, we obtain
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ψ(s)

sp
6
ϕ(Ls)

sp
= Lp

ϕ(Ls)

(Ls)p
6 aLp

ϕ(t/L)

(t/L)p
6 aL2pψ(t)

tp
.

Assume then that t ∈ (s, L2s]. Using that ψ is increasing, we find that

ψ(s)

sp
6
ψ(t)

sp
=
tp

sp
ψ(t)

tp
6 L2pψ(t)

tp
.

We have shown that ψ satisfies (aInc)p with constant aL2p. ut

The next example shows that (Inc)p without the “almost” is not invariant
under equivalence of Φ-functions.

0 1 2 3
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6
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Fig. 2.3: Functions ϕ (solid) and ψ (dashed) from Example 2.1.10.

Example 2.1.10. Let ϕ(t) := t2 and ψ(t) := t2 + max{t − 1, 0} for t > 0,
see Figure 2.3. Then ϕ(t) 6 ψ(t) 6 ϕ(2t) so that ϕ ' ψ. Clearly ϕ satisfies
(Inc)2. Suppose that ψ satisfies (Inc)p for p > 1. We write the condition at
points t = 2 and s = 3:

4 + 1

2p
=
ψ(2)

2p
6
ψ(3)

3p
=

9 + 2

3p
,

i.e. ( 3
2 )p 6 11

5 . This means that p < 2, hence ψ does not satisfy (Inc)2.

Recall, that f ≈ g means that c1f(x) 6 g(x) 6 c2f(x) for all relevant
values of x. Next we consider the two notions of equivalence, ' and ≈. The
difference is illustrated by the fact that ϕ∞ ' ϕ∞,2 but ϕ∞ 6≈ ϕ∞,2 from our
earlier examples.
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Lemma 2.1.11. Let ϕ,ψ : [0,∞)→ [0,∞].

(a) If ϕ satisfies (aInc)1 and ϕ ≈ ψ, then ϕ ' ψ and ψ satisfies (aInc)1.
(b) If ϕ satisfies (aDec), then ϕ ' ψ implies ϕ ≈ ψ.
Proof. Assume first that ϕ ≈ ψ with constant L > 1. Then ψ(t) 6 Lϕ(t) 6
ϕ(aLt) by (aInc)1. The lower bound is similar, and thus ϕ(t) ' ψ(t). For
(aInc)1 we argue as follows:

ψ(s)

s
6 L

ϕ(s)

s
6 aL

ϕ(t)

t
6 aL2ψ(t)

t

for 0 < s < t. Note that here we do not need the function to be increasing,
in contrast to Lemma 2.1.9.

Assume next that ϕ ' ψ and ϕ satisfies (aDec)q. Then ψ(t) 6 ϕ(Lt) 6
aLqϕ(t) by (aDec)q. The lower bound is similar, and thus ϕ(t) ≈ ψ(t). ut

2.2 Upgrading Φ-functions

We have seen in the previous section that weak Φ-functions have much better
invariance properties than convex or strong Φ-functions. However, in many
cases it is nicer to work with Φ-functions of the latter classes. This can often
be achieved by upgrading the Φ-function that we obtain from some process.
The tools for doing so are developed in this section. An alternative approach
to upgrading is to use the conjugate function; here we present a direct method,
whereas the conjugate function is used in Section 2.5.

Note that we can always estimate a weak Φ-function as follows:

ϕ(s+ t) 6 ϕ(2 max{s, t}) 6 ϕ(2s) + ϕ(2t).

Next we consider more sophisticated convexity-type properties.

Lemma 2.2.1. If ϕ ∈ Φw satisfies (aInc)p with p > 1, then there exists
ψ ∈ Φc equivalent to ϕ such that ψ1/p is convex. In particular, ψ satisfies
(Inc)p.

Proof. Assume first that ϕ satisfies (aInc)1. Let us define ϕ2(0) := 0 and

ϕ2(t) := t sup
s∈(0,t]

ϕ(s)

s

for t > 0. Then ϕ2 is increasing and satisfies (Inc)1. With the choice s = t > 0
in the supremum, we obtain ϕ 6 ϕ2. If s ∈ (0, t], then by (aInc)1 we have
ϕ(s)
s 6 aϕ(t)

t , so that

ϕ2(t) = t sup
s∈[0,t]

ϕ(s)

s
6 ta

ϕ(t)

t
= aϕ(t).



20 2 Φ-functions

Moreover, ϕ(0) = 0 = ϕ2(0). Thus it follows from Lemma 2.1.11(a) that
ϕ ' ϕ2.

Note that ϕ2(s)
s is measurable since it is increasing. Let us define

ψ(t) :=

ˆ t

0

ϕ2(s)

s
ds.

Since ψ is defined by an integral of a non-negative function, it is continuous
in a closure of {ψ <∞}. Moreover, ψ is continuous in the set {ψ =∞}. Thus
ψ is left-continuous in [0,∞).

We define s∞ := inf{s : ϕ2(s) = ∞}. In (0, s∞), we have that ψ′(t) =
ϕ2(t)
t is increasing. Since ψ is continuous this yields that ψ is convex in [0, s∞].

In (s∞,∞) we have ψ =∞. These together imply that ψ is convex in [0,∞).
Since ϕ2 satisfies (Inc)1 we obtain that

ϕ2( t2 ) =

ˆ t

t/2

ϕ2(t/2)

t/2
ds 6

ˆ t

t/2

ϕ2(s)

s
ds 6 ψ(t) 6 ϕ2(t)

and hence ϕ ' ϕ2 ' ψ. Thus ψ is a Φ-prefunction, by Lemma 2.1.9(a). This
concludes the proof of ψ ∈ Φc in the case p = 1.

Assume next that ϕ satisfies (aInc)p with p > 1. Then ϕ(t)1/p satisfies
(aInc)1. Hence by the first part of the proof there exists ξ ∈ Φc such that
ξ ' ϕ1/p. Set ψ := ξp. A convex function to a power greater than one (i.e.
ξp) is convex, so that ψ ∈ Φc and further ψ ' ϕ, as required. Let p ∈ [1,∞).
Since ψ1/p is convex, ψ(t)1/p

t is increasing by (2.1.4). Hence ψ(t)
tp is increasing,

and so (Inc)p holds. ut

Next we show that weak Φ-functions still have a quasi-convexity property,
even though they are not convex.

Corollary 2.2.2. If ϕ ∈ Φw, then there exists a constant β > 0 such that

ϕ

(
β

∞∑
k=1

akwk

)
6
∞∑
k=1

ϕ(ak)wk

for all ak, wk > 0 with
∑
wk = 1.

Proof. The result is well-known for convex functions, but we provide a proof
in the interest of completeness. So suppose first that ψ ∈ Φc. Denote w′m+1 :=∑∞
k=m+1 ww and a′m+1 = 0. Then by convexity

ψ

( m∑
k=1

akwk

)
= ψ

( m∑
k=1

akwk + a′m+1w
′
m+1

)

6
m∑
k=1

ψ(ak)wk + ψ(a′m+1)w′m+1 6
∞∑
k=1

ψ(ak)wk.
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The inequality follows with β = 1 by left-continuity as m→∞.
Let then ϕ ∈ Φw. By Lemma 2.2.1, there exists ψ ∈ Φc such that ϕ ' ψ

with constant L > 1. Choose β := L−2. Then

ϕ

(
β

∞∑
k=1

akwk

)
6 ψ

(
1

L

∞∑
k=1

akwk

)
6
∞∑
k=1

ψ
(

1
Lak

)
wk 6

∞∑
k=1

ϕ(ak)wk. ut

We next show how to upgrade a weak Φ-function to a strong Φ-function.
Most of the work was done in Lemma 2.2.1; it remains to show that an
equivalent Φ-function is continuous into [0,∞]. The next proof is based on
the idea that changing a Φ-function in a compact subinterval of (0,∞) does
not affect its equivalence class.

Theorem 2.2.3. Every weak Φ-function is equivalent to a strong Φ-function.

Proof. Let ϕ be a weak Φ-function. Since ϕ satisfies (aInc)1, Lemma 2.2.1
implies that there exists ϕc ∈ Φc with ϕc ' ϕ. Convexity implies that ϕc
is continuous in the set {ϕc < ∞}. If this set equals [0,∞) we are done.
Otherwise, denote t∞ := inf{t : ϕc(t) =∞} ∈ (0,∞) and define

ϕs(t) := ϕc(t) +
2t− t∞
t∞ − t

χ( 1
2
t∞,t∞)(t) +∞χ[t∞,∞)(t).

As the sum of three convex functions, ϕs is convex. Furthermore, ϕs = ϕc in
[0, 1

2 t∞] ∪ [t∞,∞). Hence ϕs( t2 ) 6 ϕc(t) 6 ϕs(t), so that ϕs ' ϕc ' ϕ. Since
ϕs is increasing we obtain by Lemma 2.1.9(a) that ϕs is a Φ-prefunction.
Since also limt→t∞ ϕs(t) = ∞, we conclude that ϕs is the required strong
Φ-function. ut

Remark 2.2.4. The functions ϕ∞ and ϕ∞,2 from Example 2.1.5 show that
the previous theorem is not true with the ≈-equivalence. Indeed, if ψ ≈ ϕ∞,
then necessarily ψ = ϕ∞.

Definition 2.2.5. We say that a function ϕ : [0,∞) → [0,∞] satisfies ∆2,
or is doubling if there exists a constant K > 2 such that

ϕ(2t) 6 Kϕ(t) for all t > 0.

Next we show that (aDec) is a quantitative version of doubling.

Lemma 2.2.6.

(a) If ϕ ∈ Φw, then ∆2 is equivalent to (aDec).
(b) If ϕ ∈ Φc, then ∆2 is equivalent to (Dec).

Proof. Assume (aDec) holds. Then there exists q > 1 such that

ϕ(2t)

(2t)q
6 a

ϕ(t)

tq
,
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so ϕ(2t) 6 a2qϕ(t). Thus (aDec) implies ∆2 with K = 2qa.
Assume then that ϕ satisfies ∆2 and let 0 < s < t. Choose an integer

k > 1 such that 2k−1s < t 6 2ks. Then

ϕ(t) 6 ϕ(2ks) 6 Kϕ(2k−1s) 6 · · · 6 Kkϕ(s).

We define q := log2(K) > 1. Then the previous inequality and t > 2k−1s
yield that

ϕ(t)

tq
6 Kkϕ(s)

tq
6 Kk ϕ(s)

2q(k−1)sq
= K

ϕ(s)

sq
.

Thus ϕ satisfies (aDec)q. Hence (a) is proved.
For (b) we are left to show that convexity and ∆2 yield (Dec) for some

q > 1. Let t > 2s and q be the exponent defined in (a). By case (a),

ϕ(t)

ϕ(s)
6 K

( t
s

)q
6
( t
s

)2q

and (Dec) holds for t > 2s with any exponent that is at least 2q. Suppose next
that t ∈ (s, 2s). Choose θ := t

s − 1 ∈ (0, 1) and note that t = (1− θ)s+ θ2s.
By convexity and ∆2, we find that

ϕ(t) 6 (1− θ)ϕ(s) + θϕ(2s) 6 (1− θ +Kθ)ϕ(s).

Therefore by the generalized Bernoulli inequality in the second step we obtain

ϕ(t)

ϕ(s)
6 1 + (K − 1)θ 6 (1 + θ)K−1 =

( t
s

)K−1

Combining the two cases, we see that (Dec)q2 holds with q2 := max{2q,K −
1}. ut

By the previous lemma it follows that if ϕ ∈ Φc satisfies (aDec)q, then
it satisfies (Dec)q2 for some possibly larger q2. The previous lemma and
Lemma 2.1.9(c) yield that if ϕ satisfies ∆2 and ϕ ' ψ, then ψ satisfies
∆2.

Proposition 2.2.7. If ϕ ∈ Φw satisfies (aDec), then there exists ψ ∈ Φs with
ψ ≈ ϕ which is a strictly increasing bijection.

Proof. By Lemma 2.2.1, there exists ψ ∈ Φc with ψ ' ϕ. Then ψ satisfies
(aDec) by Lemma 2.1.9(c) and ψ ≈ ϕ by Lemma 2.1.11. If ψ(t) = 0 for some
t > 0, then it follows from (aDec) that ψ ≡ 0, which contradicts ψ ∈ Φw.
The same holds if ψ(t) =∞ for some t. Hence ψ(t) ∈ (0,∞) for every t > 0.
Then convexity implies that ψ is continuous and strictly increasing. ut
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2.3 Inverse Φ-functions

Since our weak Φ-functions are not bijections, they are not strictly speak-
ing invertible. However, we can define a left-continuous function with many
properties of the inverse, which we call for simplicity left-inverse. Note that
this is not the left-inverse in the sense of abstract algebra. For the elegance
of our presentation, we extend in this section all Φ-functions to the interval
[0,∞] by ϕ(∞) :=∞.

Definition 2.3.1. By ϕ−1 : [0,∞] → [0,∞] we denote the left-inverse of
ϕ : [0,∞]→ [0,∞],

ϕ−1(τ) := inf{t > 0 : ϕ(t) > τ}.

In the Lebesgue case, the inverse of t 7→ tp is t 7→ t
1
p . As a more general

intuition, this means that we flip (mirror) the function over the line y = x,
and choose the value of the discontinuities so as to make the function left-
continuous. This is illustrated in the following example.

0 2 4 6 8

2

4

6

8

10

Fig. 2.4: A weak Φ-function (solid) and its left-inverse (dashed).

Example 2.3.2. We define ϕ : [0,∞]→ [0,∞] by

ϕ(t) :=


0 if t ∈ [0, 2]

t− 2 if t ∈ (2, 4]

3 if t ∈ (4, 6]

t− 3 if t ∈ (6,∞],
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see Figure 2.4. Then ϕ ∈ Φw \ Φc and the left-inverse is given by

ϕ−1(t) =


0 if t = 0

t+ 2 if t ∈ (0, 2]

4 if t ∈ (2, 3]

t+ 3 if t ∈ (3,∞].

With these expressions we can calculate the compositions ϕ◦ϕ−1 and ϕ−1◦ϕ:

ϕ(ϕ−1(t)) :=


t if t ∈ [0, 2]

2 if t ∈ (2, 3]

t if t ∈ (3,∞],

ϕ−1(ϕ(t)) :=


0 if t ∈ [0, 2]

t if t ∈ (2, 4]

4 if t ∈ (4, 6]

t if t ∈ (6,∞].

We next investigate when the composition of ϕ and ϕ−1 is the identity.
Note that the following result holds only for convex Φ-functions. In the set
Φw \ Φc the behaviour of the composition is more complicated, as indicated
by the previous example. In the proof we use t0 := sup{t : ϕ(t) = 0} and
t∞ := inf{t : ϕ(t) =∞} which are illustrated in Figure 2.5.

0 t0 t∞

∞

0

Fig. 2.5: t0 and t∞.

Lemma 2.3.3. Let ϕ ∈ Φc, t0 := sup{t : ϕ(t) = 0} and t∞ := inf{t :
ϕ(t) =∞}. Then

ϕ−1(ϕ(t)) =


0, t 6 t0,

t, t0 < t 6 t∞,

t∞ t > t∞.

and ϕ(ϕ−1(τ)) = min{τ, ϕ(t∞)}.

In particular, if ϕ ∈ Φs, then ϕ(ϕ−1(s)) ≡ s.
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Note that the last property means that ϕ−1 is in fact the right-inverse of
ϕ in the sense of abstract algebra when ϕ ∈ Φs.

Proof. We start with the composition ϕ−1 ◦ ϕ. Since ϕ is left-continuous,
ϕ(t0) = 0. Hence ϕ(t) = 0 for all 0 6 t 6 t0 and thus ϕ−1(ϕ(t)) = 0 for
t 6 t0. Assume then that t0 < t 6 t∞. Since ϕ is convex and positive on
(t0, t∞], it is strictly increasing there, so that ϕ−1 is the usual inverse and
hence ϕ−1(ϕ(t)) = t. Assume finally that t > t∞. Then ϕ(t) = ∞ and thus
ϕ−1(ϕ(t)) = t∞.

Then we consider the composition ϕ ◦ ϕ−1. If τ = 0, then ϕ(ϕ−1(τ)) =
ϕ(0) = 0, so the claim holds. If τ ∈ (0, ϕ(t∞)], then ϕ−1(τ) ∈ (t0, t∞]. Since ϕ
is strictly increasing and continuous in this interval, ϕ(ϕ−1(τ)) = τ . Let then
τ > ϕ(t∞). Since ϕ(t) =∞ > τ for all t > t∞, it follows from the definition
that ϕ−1(τ) 6 t∞. On the other hand for t < t∞ we have ϕ(t) 6 ϕ(t∞) < τ .
These yield that ϕ−1(τ) = t∞ and so ϕ(ϕ−1(τ)) = ϕ(t∞).

The claim for strong Φ-functions follows since ϕ(t∞) =∞ in this case. ut

In the previous proof we used the fact that every convex Φ-function is
strictly increasing on ϕ−1(0,∞) = (t0, t∞). This also yields the following
result.

Corollary 2.3.4. Let ϕ ∈ Φc. If ϕ(s) ∈ (0,∞), then ϕ−1(ϕ(s)) = s.

Of course, if ϕ ∈ Φc satisfies (aDec), then ϕ is bijective and ϕ−1 is just
the regular inverse. Next we move to weak Φ-functions and prove the geo-
metrically intuitive result that −1 maps ' to ≈.

Question 2.3.5. Does the next result hold for all Φ-prefunctions?

Theorem 2.3.6. Let ϕ,ψ ∈ Φw. Then ϕ ' ψ if and only if ϕ−1 ≈ ψ−1.

Proof. Assume first that ϕ ' ψ, i.e. ϕ( tL ) 6 ψ(t) 6 ϕ(Lt) for all t > 0. Then

ψ−1(τ) = inf{t > 0 : ψ(t) > τ} > inf{t > 0 : ϕ(Lt) > τ} = 1
Lϕ
−1(τ)

and

ψ−1(τ) = inf{t > 0 : ψ(t) > τ} 6 inf{t > 0 : ϕ( tL ) > τ} = Lϕ−1(τ).

Thus ϕ ' ψ implies ϕ−1 ≈ ψ−1.
Assume then that ϕ−1 ≈ ψ−1. By Theorem 2.2.3 there exist ϕs, ψs ∈ Φs

such that ϕs ' ϕ and ψs ' ψ. By the first part of the proof, ϕ−1
s ≈ ϕ−1

and ψ−1
s ≈ ψ−1 so that ϕ−1

s ≈ ψ−1
s by transitivity of ≈. If we show that this

implies ϕs ' ψs, then the claim follows, since “'” is an equivalence relation.
Let t0 := sup{t : ϕs(t) = 0} and t∞ := inf{t : ϕs(t) = ∞}. Let us first

assume that t ∈ (t0, t∞). We obtain by Corollary 2.3.4 and ϕ−1
s ≈ ψ−1

s that

1
L t = 1

Lϕ
−1
s (ϕs(t)) 6 ψ−1

s (ϕs(t)) 6 Lϕ−1
s (ϕs(t)) = Lt.
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Then we take ψs of both sides and use Lemma 2.3.3 to obtain that ψs( 1
L t) 6

ψs(ψ
−1
s (ϕs(t))) = ϕs(t) 6 ψs(Lt). We have shown the claim for t ∈ (t0, t∞).

By continuity, ψs( 1
L t0) = limt→t+0 ψs(

1
L t) 6 limt→t+0 ϕs(t) = ϕs(t0) = 0 and

hence ψs( 1
L t) = 0 for t ∈ (0, t0]. The inequality ϕ(t) 6 ψ(Lt) is clear, since

ϕ(t) = 0 when t 6 t0. Similarly, we prove that ψs( 1
L t) 6 ∞ 6 ψs(Lt) when

t > t∞. ut

Proposition 2.3.7. Let ϕ ∈ Φw and p, q > 0. Then

(a) ϕ satisfies (aInc)p if and only if ϕ−1 satisfies (aDec) 1
p
.

(b) ϕ satisfies (aDec)q if and only if ϕ−1 satisfies (aInc) 1
q
.

Proof. Suppose first that ϕ ∈ Φs. Let τ ∈ (0,∞) and t∞ := inf{t : ϕ(t) =
∞}. Since ϕ is surjection, there exists t ∈ (0, t∞) such that ϕ(t) = τ . We
obtain by Corollary 2.3.4 that

ϕ−1(τ)

τ
1
p

=
ϕ−1(ϕ(t))

ϕ(t)
1
p

=
(ϕ(t)

tp

)− 1
p

.

Hence the fraction on the left-hand side is almost decreasing if and only if
the fraction on the right-hand side is almost increasing, and vice versa. This
proves the claim for ϕ restricted to (t0, t∞]. If t 6 t0 or t > t∞, then ϕ(t) = 0
or ϕ(t) =∞, and the claim is vacuous.

Consider then the general case ϕ ∈ Φw. By Theorem 2.2.3 there exists
ψ ∈ Φs with ψ ' ϕ. By Theorem 2.3.6, ψ−1 ≈ ϕ−1, so the claim follows from
the first part of the proof, by Lemma 2.1.9. ut

We next consider properties of ϕ−1 without assuming that ϕ ∈ Φw. This
will allow us to characterize the set {ϕ−1 : ϕ ∈ Φw} and those functions for
which (ϕ−1)−1 = ϕ.

Lemma 2.3.8. Let ϕ,ψ : [0,∞] → [0,∞] be increasing. Then the following
implications hold:

ϕ 6 ψ ⇒ ψ−1 6 ϕ−1,

ϕ−1 < ψ−1 ⇒ ψ < ϕ.

Proof. Suppose that ϕ 6 ψ and τ > 0. Then

{t > 0 : ϕ(t) > τ} ⊂ {t > 0 : ψ(t) > τ},

and so it follows from the definition that ϕ−1(τ) 6 ψ−1(τ). The second
implication is the contrapositive of the first one, so it is logically equivalent.

ut

The next lemma collects results regarding ϕ−1 for general ϕ. Exam-
ple 2.3.10 concerns the sharpness of some of these results.
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Lemma 2.3.9. Let ϕ : [0,∞]→ [0,∞], t, τ > 0 and ε > 0.

(a) Then ϕ−1 is increasing, ϕ−1(0) = 0, ϕ−1(ϕ(t)) 6 t and ϕ(ϕ−1(τ)−ε) < τ
when ϕ−1(τ) > ε.

(b) If ϕ is left-continuous with ϕ(0) = 0, then ϕ(ϕ−1(τ)) 6 τ .
(c) If ϕ is increasing, then ϕ−1 is left-continuous, t 6 ϕ−1(ϕ(t) + ε) and

τ 6 ϕ(ϕ−1(τ) + ε).
(d) If ϕ satisfies (aInc)ε, then ϕ−1(ϕ(t)) ≈ t when ϕ(t) ∈ (0,∞).
(e) If ϕ with limt→0+ ϕ(t) = 0 satisfies (aDec), then ϕ(ϕ−1(τ)) ≈ τ .

Proof. Let 0 6 τ1 < τ2. Then

{t > 0 : ϕ(t) > τ2} ⊂ {t > 0 : ϕ(t) > τ1}

and hence ϕ−1(τ1) 6 ϕ−1(τ2) so that ϕ−1 is increasing. For τ := ϕ(t), the
variable t belongs to the set {s > 0 : ϕ(s) > τ} so that ϕ−1(ϕ(t)) 6 t. Since
ϕ−1(τ) is the infimum of the set {t > 0 : ϕ(t) > τ}, it follows that ϕ−1(τ)−ε
is not a member of the set, hence ϕ(ϕ−1(τ)− ε) < τ .

To prove (b), we use the left-continuity of ϕ and let ε→ 0+ in ϕ(ϕ−1(τ)−
ε) < τ if ϕ−1(τ) > 0. If ϕ−1(τ) = 0, then ϕ(ϕ−1(τ)) = 0, so the claim also
holds.

We then consider (c). Since ϕ is increasing, ϕ(s) > ϕ(t) + ε implies s > t,
and so it follows from the definition that ϕ−1(ϕ(t) + ε) > t. If ϕ(s) < τ , then
ϕ−1(τ) > s; applying this to s := ϕ−1(τ)+ε, we arrive at a contradiction, and
so ϕ(s) > τ . Finally we prove left-continuity. Let τ > 0 and τk → τ−. By (a),
ϕ−1 is increasing and thus ϕ−1(τk) 6 ϕ−1(τ) for every k. This implies that
lim supk→∞ ϕ−1(τk) 6 ϕ−1(τ). Since ϕ and ϕ−1 are increasing, we obtain by
the latter inequality in (c) that

ϕ
(

lim inf
k→∞

ϕ−1(τk) + ε
)
> lim inf

k→∞
ϕ(ϕ−1(τk) + ε) > lim inf

k→∞
τk = τ.

This yields by part (a) that lim infk→∞ ϕ−1(τk)+ε > ϕ−1(τ) for every ε > 0,
and thus lim infk→∞ ϕ−1(τk) > ϕ−1(τ) as required.

For (d), suppose that ϕ(s) > ϕ(t) ∈ (0,∞) and s < t. It follows from
(aInc)ε that ϕ(s) 6 a( st )

εϕ(t) so that s > a−1/εt. We conclude that

ϕ−1(ϕ(t)) = inf{s > 0 : ϕ(s) > ϕ(t)} > a−1/εt.

In view of ϕ−1(ϕ(t)) 6 t from (a), we have shown that ϕ−1(ϕ(t)) ≈ t.
It remains to prove (e). We consider the set {t : ϕ(t) > τ} and its infimum

ϕ−1(τ) > 0. Then there exist (ti) in the set and (si) in the complement with
ti → ϕ−1(τ)+ and si → ϕ−1(τ)−. It follows form (aDec)q that

τ 6 ϕ(ti) 6 a( ti
ϕ−1(τ) )qϕ(ϕ−1(τ)) and τ > ϕ(si) > 1

a (ϕ
−1(τ)
si

)qϕ(ϕ−1(τ)).



28 2 Φ-functions

When i → ∞, we obtain ϕ(ϕ−1(τ)) ≈ τ . Suppose next that ϕ−1(τ) = 0.
Then there exist ti → 0+ with ϕ(ti) > τ . Since limt→0 ϕ(t) = 0, it follows
that τ = 0, and so ϕ(ϕ−1(τ)) ≈ τ holds in this case also. ut

Example 2.3.10. The next example shows that the left-continuity is crucial
in Lemma 2.3.9(b). If

ϕ(t) :=

{
2t if t ∈ [0, 1)

t+ 2 if t ∈ [1,∞],

then

ϕ−1(t) :=


1
2 t if t ∈ [0, 2)

1 if t ∈ [2, 3)

t− 2 if t ∈ [3,∞],

and thus ϕ(ϕ−1(2)) = ϕ(1) = 3.
Let us also note that the inequalities in the previous lemma may be strict.

Let ϕ∞(t) := ∞χ(1,∞)(t) as in Example 2.1.5. Then (ϕ∞)−1 = χ(0,∞] and
thus

(ϕ∞)−1(ϕ∞( 1
2 )) = (ϕ∞)−1(0) = 0 < 1

2

and ϕ∞((ϕ∞)−1(1)) = ϕ∞(1) = 0 < 1.

Lemma 2.3.11. Let ϕ : [0,∞] → [0,∞]. Then ϕ is increasing and left-
continuous if and only if (ϕ−1)−1 = ϕ.

Proof. Assume first that ϕ is increasing and left-continuous. Let 0 < ε < t.
Lemma 2.3.9(a) yields that ϕ−1(τ) 6 ϕ−1(ϕ(t − ε)) 6 t − ε for 0 6 τ 6
ϕ(t− ε). Thus we obtain that

(ϕ−1)−1(t) = inf{τ > 0 : ϕ−1(τ) > t} > ϕ(t− ε).

Since ϕ is left-continuous, this yields (ϕ−1)−1(t) > ϕ(t) as ε→ 0+. If t = 0,
the inequality also holds.

By Lemma 2.3.9(c), ϕ−1(ϕ(t) + ε) > t and hence (ϕ−1)−1(t) 6 ϕ(t) + ε.
Letting ε→ 0+ we obtain (ϕ−1)−1(t) 6 ϕ(t). We have shown that (ϕ−1)−1 =
ϕ.

Assume then conversely that (ϕ−1)−1 = ϕ. By Lemma 2.3.9(a), ϕ−1 is
increasing. Hence Lemma 2.3.9(c) implies that (ϕ−1)−1 is left-continuous.
Furthermore, it is increasing by Lemma 2.3.9(a). Since ϕ = (ϕ−1)−1, also ϕ
is increasing and left-continuous. ut

Definition 2.3.12. We say that ξ : [0,∞] → [0,∞] belongs to Φ−1
w if it is

increasing, left-continuous, satisfies (aDec)1, ξ(t) = 0 if and only if t = 0,
and, ξ(t) =∞ if and only if t =∞.

Let us denote be Φw+ the set of left-continuous weak Φ-functions. We
next show that Φ−1

w characterizes inverses of Φw+-functions and that −1 is
an involution in Φw+.
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Proposition 2.3.13. The transformation ϕ 7→ ϕ−1 is a bijection from Φw+

to Φ−1
w :

(a) If ϕ ∈ Φw+, then ϕ−1 ∈ Φ−1
w and (ϕ−1)−1 = ϕ.

(b) If ξ ∈ Φ−1
w , then ξ−1 ∈ Φw+ and (ξ−1)−1 = ξ.

Proof. Both (ϕ−1)−1 = ϕ and (ξ−1)−1 = ξ follow from Lemma 2.3.11, since
ϕ and ξ are assumed to be increasing and left-continuous.

Let us prove the first claim of (a). Proposition 2.3.7(a) yields that ϕ−1

satisfies (aDec)1 and Lemma 2.3.9(a) and (c) yield that it is increasing
and left-continuous. If ϕ−1(τ) = 0, then ϕ(t) > τ for every t > 0.
Since limt→0 ϕ(t) = 0, it follows that τ = 0. Similarly we conclude from
limt→∞ ϕ(t) = ∞ that ϕ−1(τ) = ∞ implies that τ = ∞. We have proved
that ϕ−1 ∈ Φ−1

w .
We then consider the first claim of (b). Since ξ is increasing, it follows

from Lemma 2.3.9(a) and (c) that ξ−1 is increasing and left-continuous.
Since ξ(0) = 0, we obtain ξ−1(0) = 0. Let ε > 0. By monotonicity and
Lemma 2.3.9(a),

0 6 ξ−1(t) 6 ξ−1(ξ(ε)) 6 ε

for t ∈ [0, ξ(ε)) (note that this interval is non-empty by assumption). Hence
limt→0+ ξ−1(t) = 0. Let m > 0. By Lemma 2.3.9(c),

ξ−1(t) > ξ−1(ξ(m) + 1) > m

for all t > ξ(m) + 1 and hence limt→∞ ξ−1(t) = ∞. Thus ξ−1 is a Φ-
prefunction.

Let σ > 0 and s ∈ ( 1
2ξ
−1(σ), ξ−1(σ)) (notice that the interval is non-

empty by assumption). Then ξ(s) < σ by definition of the inverse. Let a be
from (aDec)1 of ξ and suppose first that τ > aσ. By (aDec)1 it follows that
ξ( τ
aσ s) 6

τ
σ ξ(s) < τ . Hence by the definition of the inverse

ξ−1(τ) >
τ

aσ
s >

τ

2aσ
ξ−1(σ).

If τ ∈ (σ, aσ), then since ξ−1 is increasing,

ξ−1(τ) > ξ−1(σ) >
τ

σa
ξ−1(σ).

We have shown that ξ−1 satisfies (aInc)1. This together with the previous
properties yields that ξ−1 ∈ Φw+. ut

Note that we could not use Proposition 2.3.7 in the previous proof to derive
(aInc)1, since that proposition assumes that ϕ ∈ Φw, which we are proving.
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2.4 Conjugate Φ-functions

Definition 2.4.1. Let ϕ : [0,∞) → [0,∞]. We denote by ϕ∗ the conjugate
function of ϕ which is defined, for u > 0, by

ϕ∗(u) := sup
t>0

(
tu− ϕ(t)

)
.

In the Lebesgue case t 7→ 1
p t
p, the conjugate is given by t 7→ 1

p′ t
p′ , where

p′ is the Hölder conjugate exponent. By definition of ϕ∗,

tu 6 ϕ(t) + ϕ∗(u) (2.4.2)

for every t, u > 0. This is called Young’s inequality.

Lemma 2.4.3. If ϕ ∈ Φw, then ϕ∗ ∈ Φc.

Note that ϕ∗ is convex and left-continuous even if ϕ is not. The previous
lemma does not extend to strong Φ-functions: if ϕ(t) := t, then ϕ ∈ Φs but
ϕ∗(t) =∞χ(1,∞)(t) belongs to Φc \ Φs.

Proof. At the origin we have ϕ∗(0) = supt>0

(
− ϕ(t)

)
= ϕ(0) = 0. If u < v,

then

ϕ∗(u) = sup
t>0

(
tu− ϕ(t)

)
6 sup

t>0

(
t(v − u) + tu− ϕ(t)

)
= ϕ∗(v)

and hence ϕ∗ is increasing. It follows that ϕ∗(t) > ϕ∗(0) = 0 for all t > 0.
Since limt→0 ϕ(t) = 0, there exists t1 > 0 with ϕ(t1) <∞. Then ϕ∗(u) >

ut1 − ϕ(t1) so that limu→∞ ϕ∗(u) = ∞. Likewise, there exists t2 > 0 with
ϕ(t2) > 0. It follows from (aInc)1 that ϕ(t) > ϕ(t2)

at2
t when t > t2. Hence

ϕ∗(u) 6 max
{
t2u, sup

t>t2

(tu− ϕ(t2)t
at2

)
}
.

When u < ϕ(t2)
at2

, the second term is negative, and we see that limu→0+ ϕ∗(u) =
0. Hence ϕ∗ is a Φ-prefunction.

Next we show that ϕ∗ is convex. For that let θ ∈ (0, 1) and u, v > 0. We
obtain

ϕ∗(θu+ (1− θ)v) = sup
t>0

(
t(θu+ (1− θ)v)− ϕ(t)

)
= sup

t>0

(
θ(tu− ϕ(t)) + (1− θ)(tv − ϕ(t))

)
6 θ sup

t>0

(
tu− ϕ(t)

)
+ (1− θ) sup

t>0

(
tv − ϕ(t)

)
= θϕ∗(u) + (1− θ)ϕ∗(v).
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Let u∗∞ := inf{u > 0 : ϕ∗(u) = ∞}. Convexity implies continuity in
[0, u∗∞) and continuity is clear in (u∗∞,∞). So we are left to show left-
continuity at u∗∞. For every λ ∈ (0, 1) we have ϕ∗(λu∗∞) 6 ϕ∗(u∗∞) and
hence lim supλ→1− ϕ

∗(λu∗∞) 6 ϕ∗(u∗∞). Let m < ϕ∗(u∗∞) and t1 be such that
t1u
∗
∞ − ϕ(t1) > m. Then

lim inf
λ→1−

ϕ∗(λu∗∞) > lim inf
λ→1−

(
t1λu

∗
∞ − ϕ(t1)

)
= t1u

∗
∞ − ϕ(t1) > m.

When m→ ϕ∗(u∗∞)− we obtain lim infλ→1− ϕ
∗(λu∗∞) > ϕ∗(u∗∞) and thus ϕ∗

is left-continuous. ut

Lemma 2.4.4. Let ϕ,ψ : [0,∞)→ [0,∞] and a, b > 0.

(a) If ϕ 6 ψ, then ψ∗ 6 ϕ∗.
(b) If ψ(t) = aϕ(bt) for all t > 0, then ψ∗(u) = aϕ∗( uab ) for all u > 0.
(c) If ϕ ' ψ, then ϕ∗ ' ψ∗.

Proof. We begin with the proof of (a). Let ϕ(t) 6 ψ(t) for all t > 0. Then

ψ∗(u) = sup
t>0

(
tu− ψ(t)

)
6 sup

t>0

(
tu− ϕ(t)

)
= ϕ∗(u)

for all u > 0. For the proof of (b), let a, b > 0 and ψ(t) = aϕ(bt) for all t > 0.
Then

ψ∗(u) = sup
t>0

(
tu− ψ(t)

)
= sup

t>0

(
tu− aϕ(bt)

)
= sup

t>0
a
(
bt
u

ab
− ϕ(bt)

)
= aϕ∗

( u
ab

)
for all u > 0. For (c) assume that ϕ(t/L) 6 ψ(t) 6 ϕ(Lt). By (b) and (a), we
obtain that

ϕ∗(Lt) = (ϕ( tL ))∗ > ψ∗(t) > (ϕ(Lt))∗ = ϕ∗( tL ). ut

Remark 2.4.5. In (c) of the previous lemma, it is crucial that we have '-
equivalence, since the claim is false for ≈. Consider for instance ϕ(t) = t and
ψ(t) = 2t. Then clearly ϕ ≈ ψ and ϕ ' ψ . However, ϕ∗ = ∞χ(1,∞) and
ψ∗ =∞χ(2,∞), so that ϕ∗ 6≈ ψ∗.

We denote ϕ∗∗ = (ϕ∗)∗. For ϕ ∈ Φw \ Φc we have ϕ∗∗ 6= ϕ, since ϕ∗∗ is
convex and left-continuous (Lemma 2.4.3) but ϕ is not. However, on Φc, the
operation ∗ is an involution.

Proposition 2.4.6. Let ϕ ∈ Φw. Then ϕ∗∗ ' ϕ and ϕ∗∗ is the greatest
convex minorant of ϕ.

In particular, if ϕ ∈ Φc, then ϕ∗∗ = ϕ and

ϕ(t) = sup
u>0

(
tu− ϕ∗(u)

)
for all t > 0.
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Proof. Let us first assume that ϕ ∈ Φc and prove the latter part of the
proposition. By Lemma 2.4.3 we have ϕ∗∗ ∈ Φc. By definition of ϕ∗∗ and
Young’s inequality (2.4.2) we obtain

ϕ∗∗(t) = sup
u>0

(
ut− ϕ∗(u)

)
6 sup

u>0

(
ϕ(t) + ϕ∗(u)− ϕ∗(u)

)
= ϕ(t). (2.4.7)

It remains to show ϕ∗∗(t) > ϕ(t). We prove this by contradiction. Assume
to the contrary that there exists t0 > 0 with ϕ∗∗(t0) < ϕ(t0), see Figure 2.6.
Suppose first that ϕ(t0) <∞. Since ϕ is left-continuous, there exists t1 < t0
with ϕ(t1) > 1

2 (ϕ(t0) + ϕ∗∗(t0)). Let k := ϕ(t0)−ϕ(t1)
t0−t1 . Since ϕ is increasing,

it follows by convexity that

ϕ(t) > k(t− t0) + 1
2 (ϕ(t0) + ϕ∗∗(t0)).

Therefore, by Young’s inequality for ϕ∗,

ϕ∗(k) = sup
t>0

(
kt− ϕ(t)

)
6 kt0 − 1

2 (ϕ(t0) + ϕ∗∗(t0))

6 ϕ∗(k) + ϕ∗∗(t0)− 1
2 (ϕ(t0) + ϕ∗∗(t0)) < ϕ∗(k),

a contradiction. The case ϕ(t0) = ∞ is handled similarly, with the estimate
ϕ(t) > k(t− t∞) + 2ϕ∗∗(t0) for suitably big k.

t1 t0

ϕ∗∗(t0)

ϕ(t0)

ϕ(t1)

Fig. 2.6: Sketch of the case ϕ∗∗(t0) < ϕ(t0).

We next consider the general case ϕ ∈ Φw. By Theorem 2.2.3, there exists
ψ ∈ Φs with ϕ ' ψ. Using Lemma 2.4.4(c) twice we obtain ϕ∗∗ ' ψ∗∗. By
the first part of the proof, ψ = ψ∗∗ and thus ϕ∗∗ ' ψ ' ϕ.
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We already know by (2.4.7) that ϕ∗∗ is a convex minorant of ϕ. Suppose
that ψ is also a convex minorant of ϕ. By taking max{ψ, 0} we may assume
that ψ is non-negative. By Lemma 2.4.4(a), used twice, we have ψ∗∗ 6 ϕ∗∗.
But since ψ is convex, the first part of the proof implies that ψ∗∗ = ψ so that
ψ 6 ϕ∗∗. Hence ϕ∗∗ is the greatest convex minorant. ut

Corollary 2.4.8. Let ϕ,ψ ∈ Φc. Then ϕ 6 ψ if and only if ψ∗ 6 ϕ∗.

Proof. Lemma 2.4.4(a) yields the implication from Φ-functions to conjugate
functions. The reverse implication follows using Lemma 2.4.4(a) for ϕ∗ and
ψ∗ and Proposition 2.4.6 that gives ϕ∗∗ = ϕ and ψ∗∗ = ψ. ut

Lemma 2.4.9. Let ϕ ∈ Φc and b := lim
t→0+

ϕ(t)
t = ϕ′(0). Then ϕ∗(s) = 0 if

and only if s 6 b.

Here ϕ′(0) is the right derivative of a convex function at the origin.

Proof. Since ϕ is convex, it satisfies (Inc)1. In particular, ϕ(t)
t > ϕ′(0) = b.

We observe that
ϕ∗(s) = sup

t>0
t
(
s− ϕ(t)

t

)
.

If s 6 b, then the parenthesis is non-positive, so ϕ∗(s) = 0. If s > b, then the
parenthesis is positive for some sufficiently small t > 0, and so ϕ∗(s) > 0. ut

The following theorem gives a simple formula for approximating the inverse
of ϕ∗. This results was previously shown for N-functions in [35, Lemma 2.6.11]
and for generalized Φ-functions in [30, Lemma 2.3] but the later proof includes
a mistake.

Theorem 2.4.10. If ϕ ∈ Φw, then ϕ−1(t)(ϕ∗)−1(t) ≈ t.

Proof. By Theorem 2.3.6 and Lemma 2.4.4(c), the claim is invariant under
equivalence of Φ-functions, so by Theorem 2.2.3 we may assume that ϕ ∈ Φs.

The convexity of ϕ implies (Inc)1. If we combine this with the definition
of the conjugate function, we get, for s > 0, that

ϕ∗
(ϕ(s)

s

)
= sup

t>0
t
(ϕ(s)

s −
ϕ(t)
t

)
= sup
t∈[0,s]

t
(ϕ(s)

s −
ϕ(t)
t

)
6 sup
t∈[0,s]

tϕ(s)
s = ϕ(s).

On the other hand, choosing t = s in the supremum, we find that

ϕ∗
(
2ϕ(s)

s

)
= sup

t>0

(
2ϕ(s)

s t− ϕ(t)
)
> 2ϕ(s)− ϕ(s) = ϕ(s).

Thus we have shown that

ϕ∗
(ϕ(s)

s

)
6 ϕ(s) 6 ϕ∗

(
2ϕ(s)

s

)
.
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The claim of the lemma is immediate for t = 0, so we may assume that
0 < t <∞. In this case we can find s > 0 such that t = ϕ(s) and ϕ−1(t) = s

since ϕ ∈ Φs; then
ϕ(s)
s = t

ϕ−1(t) =: u and the previous inequality can be
written as

ϕ∗(u) 6 t 6 ϕ∗(2u). (2.4.11)

By Lemma 2.3.9, (ϕ∗)−1 is increasing and (ϕ∗)−1(ϕ∗(2u)) 6 2u. We obtain

(ϕ∗)−1(t) 6 (ϕ∗)−1
(
ϕ∗(2u)

)
6 2u =

2t

ϕ−1(t)
,

so that ϕ−1(t)(ϕ∗)−1(t) 6 2t.
It remains to prove the lower bound. We assume first that ϕ′(0) = 0, where

ϕ′(0) is the right-derivative of a convex function at the origin. Lemma 2.4.9
implies that ϕ∗(v) > 0 for all v > 0. Then Lemma 2.3.3 gives that

(ϕ∗)−1
(
ϕ∗(u)

)
= min

{
u, ϕ∗(u∗∞)

}
,

where u∗∞ := inf{v : ϕ∗(v) = ∞}. If u 6 ϕ∗(u∗∞), then this and (2.4.11)
imply the desired lower bound: t

ϕ−1(t) = u 6 (ϕ∗)−1(t). If u > ϕ∗(u∗∞), then
∞ = ϕ∗(u) 6 t <∞ by (2.4.11) and by the choice of t this case cannot occur.

We have proved the claim in the case ϕ′(0) = 0. Suppose then that ϕ′(0) =:
b > 0. Let us define ψ(t) := ϕ(t)−bt. Straight from the definition we find that
ψ is convex, and so ψ(t)

t is increasing. Thus ψ(t) = t
(ϕ(t)

t − b) belongs to Φc

and moreover ψ′(0) = 0. Since ϕ(t) 6 2 max{bt, ψ(t)}, we obtain ϕ−1(s) >
1
2 min{ sb , ψ

−1(s)} by Lemma 2.3.8. On the other hand,

ϕ∗(s) = sup
t>0

((s− b)t− ψ(t)) = ψ∗
(

max{s− b, 0}
)
.

Hence (ϕ∗)−1(t) = b+(ψ∗)−1(t) for t > 0. With these expressions we calculate
that

ϕ−1(t)(ϕ∗)−1(t) > 1
2 min{ tb , ψ

−1(t)}
(
b+ (ψ∗)−1(t)

)
> 1

2 min{t, ψ−1(t)(ψ∗)−1(t)}.

By the first part of the proof, ψ−1(t)(ψ∗)−1(t) & t since ψ′(0) = 0. Thus we
have proved the lower bound also in the case ϕ′(0) > 0. ut

As part of the previous proof, we found that

ϕ∗
(ϕ(t)

t

)
6 ϕ(t)

for convex Φ-functions. If ϕ ∈ C1, then (Inc)1 is equivalent to the inequality
ϕ(t)
t 6 ϕ′(t), since the derivative of ϕ(t)

t is non-negative. In this case we can
derive the following variant of the previous inequality (from [62, Proposi-
tion 3.6(4)]):
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ϕ∗(x, ϕ′(x, t)) 6 tϕ′(x, t). (2.4.12)

The proof is as follows. Since ϕ is convex, ϕ(x, s) > ϕ(x, t) + k(s− t), where
k := ϕ′(x, t) is the slope. Then from the definition of the conjugate function
we have

ϕ∗(x, ϕ′(x, t)) = sup
s>0

(sk − ϕ(x, s))

6 sup
s>0

(sk − ϕ(x, t)− k(s− t)) = tk − ϕ(x, t) 6 tϕ′(x, t).

The next results was previously shown for N-functions in [53, Lemma 5.2].
Note that the next result could also be derived as consequence of Theo-
rem 2.4.10 and Proposition 2.3.7, but here we provide a direct proof which
avoids the inverse function.

Proposition 2.4.13. Let ϕ ∈ Φw. Then ϕ satisfies (aInc)p or (aDec)q if and
only if ϕ∗ satisfies (aDec)p′ or (aInc)q′ , respectively.

Proof. We start with the special cases (Inc)p and (Dec)q. We have that ϕ
satisfies (Inc)p if and only if ϕ(t1/p)

t is increasing, similarly for ϕ∗ and (Dec)q.
From the definition of the conjugate function,

ϕ∗(s
1
p )

s
=

1

s
sup
t>0

(
ts

1
p − ϕ(t)

)
= sup

v>0
v

(
v−

1
p −

ϕ
(
(sv)

1
p′
)

sv

)
,

where we used the change of variables t =: (sv)
1
p′ . From this expression, we

see that ϕ∗ satisfies (Dec)q and (Inc)p if ϕ satisfies (Inc)q′ and (Dec)p′ , respec-
tively. For the opposite implication, we use (ϕ∗)∗ ' ϕ from Proposition 2.4.6.

Suppose now that ϕ satisfies (aInc)p. Then ψ(s) := sp inft>s t
−pϕ(t) sat-

isfies (Inc)p. A short calculation shows that ϕ ≈ ψ: by (aInc) we obtain

1
aϕ(s) = 1

as
pϕ(s)

sp
6 ψ(s) 6 sp

ϕ(s)

sp
= ϕ(s).

By the above argument, ψ∗ satisfies (Dec)q and by Lemma 2.4.4(c), ϕ∗ '
ψ∗. For (aDec)q, we can argue in the same way with the auxiliary function
ψ(s) := sq supt6s t

−qϕ(t). ut

Definition 2.4.14. We say that ϕ ∈ Φw satisfies ∇2, if ϕ∗ satisfies ∆2.

We can now connect this concept from the theory of Orlicz spaces to our
assumptions as Proposition 2.4.13 and Lemma 2.2.6 yield the following result.

Corollary 2.4.15. A function ϕ ∈ Φw satisfies ∇2 if and only if it satisfies
(aInc).
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2.5 Generalized Φ-functions

Next we generalize Φ-functions in such a way that they may depend on the
space variable. Let (A,Σ, µ) be a σ-finite, complete measure space. In what
follows we always make the natural assumption that our measure µ is not
identically zero.

Definition 2.5.1. Let f : A×[0,∞)→ R and p, q > 0. We say that f satisfies
(aInc)p or (aDec)q, if there exists a > 1 such that the function t 7→ f(x, t)
satisfies (aInc)p or (aDec)q with a constant a, respectively, for µ-almost every
x ∈ A. When a = 1, we use the notation (Inc)p and (Dec)q.

Note that in the almost increasing and decreasing conditions we require
that the same constant applies to almost every point. Furthermore, if we de-
fine f(x, t) = g(t) for every x, then f satisfies (aInc) in the sense of the previ-
ous definition if and only if g satisfies (aInc) in the sense of Definition 2.1.2.
The same applies to the other terms. Therefore, there is no need to distin-
guish between the conditions based on whether there is an x-dependence of
the function or not.

Definition 2.5.2. Let (A,Σ, µ) be a σ-finite, complete measure space. A
function ϕ : A× [0,∞)→ [0,∞] is said to be a (generalized) Φ-prefunction on
(A,Σ, µ) if x 7→ ϕ(x, |f(x)|) is measurable for every f ∈ L0(A,µ) and ϕ(x, ·)
is a Φ-prefunction for µ-almost every x ∈ A. We say that the Φ-prefunction
ϕ is

– a (generalized weak) Φ-function if ϕ satisfies (aInc)1;
– a (generalized) convex Φ-function if ϕ(x, ·) ∈ Φc for µ-almost all x ∈ A;
– a (generalized) strong Φ-function if ϕ(x, ·) ∈ Φs for µ-almost all x ∈ A.

If ϕ is a generalized weak Φ-function on (A,Σ, µ), we write ϕ ∈ Φw(A,µ)
and similarly we define ϕ ∈ Φc(A,µ) and ϕ ∈ Φs(A,µ). If Ω is an open
subset of Rn and µ is the n-dimensional Lebesgue measure we omit µ
and abbreviate Φw(Ω), Φc(Ω) or Φs(Ω). Or we say that ϕ is a generalized
(weak/convex/strong) Φ-function on Ω. Unless there is danger of confusion,
we will omit the word “generalized”.

Clearly Φs(A,µ) ⊂ Φc(A,µ) ⊂ Φw(A,µ). Every Φ-function is a generalized
Φ-function if we set ϕ(x, t) := ϕ(t) for x ∈ A and t ∈ [0,∞). Next we give
some examples of non-trivial generalized Φ-functions.

Example 2.5.3. Let p : A→ [1,∞] be a measurable function and define p∞ :=
lim sup|x|→∞ p(x). Let us interpret t∞ :=∞χ(1,∞](t). Let a : A→ (0,∞) be
a measurable function and 1 6 r < q <∞. Let us define, for t > 0,
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ϕ1(x, t) := tp(x)a(x),

ϕ2(x, t) := tp(x) log(e+ t),

ϕ3(x, t) := min{tp(x), tp∞},
ϕ4(x, t) := tp(x) + sin(t),

ψ1(x, t) := tp + a(x)tq,

ψ2(x, t) := (t− 1)r+ + a(x)(t− 1)q+.

We observe that

– ϕ3 ∈ Φw(A,µ) \ Φc(A,µ) when p is non-constant,
– ϕ4 ∈ Φw(A,µ) \ Φc(A,µ) when infx∈A p(x) 6 3

2 ,
– ϕ1, ϕ2 ∈ Φc(A,µ) \ Φs(A,µ) when p = ∞ in a set of positive measure,
and

– ψ1, ψ2 ∈ Φs(A,µ) when p, q ∈ [1,∞).

Moreover, if p(x) <∞ for µ-almost every x, then ϕ1, ϕ2 ∈ Φs(A,µ).

Measurability

Note that in the definition of generalized Φ-functions we have directly as-
sumed that x 7→ ϕ(x, |f(x)|) is measurable. If ϕ is left-continuous, then this
assumption can be replaced with the conditions from the next theorem.

Theorem 2.5.4. Let ϕ : A× [0,∞)→ [0,∞], x 7→ ϕ(x, t) be measurable for
every t > 0 and t 7→ ϕ(x, t) be increasing and left-continuous for µ-almost
every x. If f ∈ L0(A,µ) is measurable, then x 7→ ϕ(x, |f(x)|) is measurable.

Proof. We have to show that Ea := {x ∈ A : ϕ(x, |f(x)|) > a} is measurable
for every a ∈ R. Let us write Fa(t) := {x ∈ A : ϕ(x, t) > a} ∩ {x ∈
A : |f(x)| > t}, for t > 0. Then for each t we have Fa(t) ⊂ Ea since ϕ is
increasing. Assume then that x ∈ Ea. Let (tj) be a sequence of non-negative
rational numbers converging to |f(x)| from below. By the left-continuity of
ϕ, we have limj→∞ ϕ(x, tj) = ϕ(x, |f(x)|). Thus there exists j0 such that
ϕ(x, tj0) > a and 0 6 tj0 6 |f(x)|. This yields that x ∈ Fa(tj0). We have
shown Ea =

⋃
t∈Q∩[0,∞) Fa(t). Since each Fa(t) is measurable by assumption

and the union is countable, the set Ea is measurable. ut

The next example shows that x 7→ ϕ(x, |f(x)|) need not to be measurable
if we omit left-continuity of ϕ.

Example 2.5.5. Consider the Lebesgue measure on [1, 2] and let F ⊂ [1, 2] be
a non-measurable set. We define ϕ : [1, 2]× [0,∞)→ [0,∞] by

ϕ(x, t) := χF (t)χ{x}(t) +∞χ(x,∞)(t).



38 2 Φ-functions

For constant t > 0, x 7→ ϕ(x, t) is decreasing and hence measurable. For
each x ∈ [1, 2], t 7→ ϕ(x, t) belongs to Φw, but it is left-continuous only
when χF (x) = 0 i.e. when x /∈ F . Let f : [1, 2] → R, f(x) := x. Then f is
continuous, and hence measurable. But ϕ(x, |f(x)|) = ϕ(x, x) = χF (x) is not
a measurable function.

Properties of Φ-functions are generalized point-wise uniformly to the gen-
eralized Φ-function case. For instance we define equivalence as follows.

Definition 2.5.6. We say that ϕ,ψ : A × [0,∞) → [0,∞] are equivalent,
ϕ ' ψ, if there exist L > 1 such that for all t > 0 and µ-almost all x ∈ A we
have

ψ(x, tL ) 6 ϕ(x, t) 6 ψ(x, Lt).

The above definitions have been chosen so all the results from Sections 2.1–
2.4 can be adapted to generalized (weak/convex/strong) Φ-functions. Most of
the results are point-wise and thus can be used in the generalized case without
problems. The issue is that equivalence does not ensure measurability with
respect to the first variable: consider for example ϕ from Example 2.5.5 and
the equivalent, left-continuous Φ-function ϕ∞. Results which assert the exis-
tence of a new Φ-function are Lemma 2.1.9(a), Lemma 2.2.1, Theorem 2.2.3,
Proposition 2.2.7, Proposition 2.3.13 and Lemma 2.4.3. Next we show that
the proofs have been chosen so that they preserve measurability. We have
collected the correspondence between results in Table 2.7.

Φw Φw(A,µ)
Equivalence of Φ-prefunctions Lem 2.1.9 Lem 2.5.7
Equivalent convex function Lem 2.2.1 Lem 2.5.9
Equivalent strong Φ-function Thm 2.2.3 Thm 2.5.10
Equivalent strong bijection Prop 2.2.7 Prop 2.5.11
Inverse is Φ-function Prop 2.3.13 Prop 2.5.14
Conjugate is Φ-function Lem 2.4.3 Lem 2.5.8

Fig. 2.7: Correspondence bewteen results for Φ-functions (column Φw) and
generalized Φ-functions (column Φw(A,µ)).

Let us start from Lemma 2.1.9, where the crucial point is that measurabil-
ity is placed as an a priori assumption for both ϕ and ψ, rather than being
a consequence in (a). With this modification, the proof remains the same.

Lemma 2.5.7. Let ϕ,ψ : A × [0,∞) → [0,∞], ϕ ' ψ, be increasing with
respect to the second variable, and x 7→ ϕ(x, |f(x)|) and x 7→ ψ(x, |f(x)|) be
measurable for every measurable f .

(a) If ϕ is a generalized Φ-prefunction, then ψ is a generalized Φ-prefunction.
(b) If ϕ satisfies (aInc)p, then ψ satisfies (aInc)p.
(c) If ϕ satisfies (aDec)q, then ψ satisfies (aDec)q.
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Let us here show how the upgrading results can be conveniently obtained
by means of the conjugate function. We first show that ϕ∗ is measurable, i.e.
we generalize Lemma 2.4.3.

Lemma 2.5.8. If ϕ ∈ Φw(A,µ), then ϕ∗ ∈ Φc(A,µ).

Proof. By Lemma 2.4.3 and Theorem 2.5.4, it is enough to show that x 7→
ϕ∗(x, t) is measurable for every t > 0. We first show that

sup
u>0

(ut− ϕ(x, u)) = sup
u∈Q∩[0,∞)

(ut− ϕ(x, u)).

The inequality “>” is obvious. Suppose that u ∈ (0,∞) \ Q and let ui ∈
(u− 1

i , u)∩Q. Since ϕ is increasing, we obtain ut−ϕ(x, u) 6 ut−ϕ(x, ui) 6
uit− ϕ(x, ui) + t

i . When i→∞, we obtain the inequality “6”.
Let a > 0. Then ϕ∗(x, t) 6 a if and only if ut − ϕ(x, u) 6 a for all

u ∈ Q ∩ [0,∞). Thus

{x : ϕ∗(x, t) 6 a} =
⋂

u∈Q∩[0,∞)

{x : ut− ϕ(x, u) 6 a}

is measurable as a countable intersection of measurable sets, and hence x 7→
ϕ∗(x, t) is measurable. ut

Let us then consider Lemma 2.2.1 and Theorem 2.2.3 which show that
every weak Φ-function is equivalent to a strong Φ-function.

Lemma 2.5.9. If ϕ ∈ Φw(A,µ) satisfies (aInc)p with p > 1, then there ex-
ists ψ ∈ Φc(A,µ) equivalent to ϕ such that ψ1/p is convex. In particular, ψ
satisfies (Inc)p.

Proof. We first observe that ξ := ϕ
1
p ∈ Φw(A,µ). It follows by Lemma 2.5.8

that ξ∗∗ ∈ Φc(A,µ) and by Proposition 2.4.6 that ξ ' ξ∗∗. Then ψ := (ξ∗∗)p

is the required convex Φ-function. ut

Theorem 2.5.10. Every weak Φ-function is equivalent to a strong Φ-function.

Proof. Let ϕc be from Lemma 2.5.9. By the proof of Theorem 2.2.3 we need
only to show that the functions in the proof satisfy the measurability property.

There we defined t∞(x) := inf{t : ϕc(x, t) =∞} ∈ (0,∞) and

ϕs(x, t) := ϕc(x, t) +
2t− t∞(x)

t∞(x)− t
χ( 1

2
t∞(x),t∞(x))(t) +∞χ[t∞(x),∞)(t).

Then ϕs is left-continuous and hence by Theorem 2.5.4 we need to show that
x 7→ ϕs(x, t) is measurable for every t > 0.

This is clear if x 7→ t∞(x) is measurable. Let a > 0. Then inf{t : ϕc(x, t) =
∞} 6 a if and only if ϕc(x, a + ε) = ∞ for all ε > 0. The later implies that
ϕc(x, a+ r) =∞ for all r ∈ Q ∩ (0,∞). We obtain that
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{x : t∞(x) 6 a} =
⋂

r∈Q∩(0,∞)

{x : ϕ(x, a+ r) =∞}

is measurable as a countable intersection of measurable sets, and hence t∞ is
measurable. ut

The proof of following proposition is the same as the proof of Proposi-
tion 2.2.7 except that it is based on Lemma 2.5.9, not its preliminary version
Lemma 2.2.1.

Proposition 2.5.11. If ϕ ∈ Φw(A,µ) satisfies (aDec), then there exists ψ ∈
Φs(A,µ) with ψ ≈ ϕ such that t 7→ ψ(x, t) is a strictly increasing bijection
for µ-almost every x ∈ A.

Then we consider the inverse of a generalized Φ-function. For that we prove
an extra lemma.

Lemma 2.5.12. Let ϕ : A × [0,∞) → [0,∞]. If t 7→ ϕ(x, t) is increasing
for µ-almost every x and if x 7→ ϕ(x, t) is measurable for every t > 0, then
x 7→ ϕ−1(x, |f(x)|) is measurable for every measurable f .

Proof. By Lemma 2.3.9(c), ϕ−1 is left-continuous and hence by Theorem 2.5.4
we need to show that x 7→ ϕ−1(x, τ) is measurable for every τ > 0.

Let a, τ > 0. Then ϕ−1(x, τ) = inf{t : ϕ(x, t) > τ} > a if and only if there
exists ε > 0 such that ϕ(x, a + ε) < τ . Since ϕ is increasing with respect to
the second variable, the later implies that ϕ(x, a+r) < τ for all r ∈ Q∩(0, ε].
Thus

{x : ϕ−1(x, τ) > a} =
⋃

r∈Q∩(0,∞)

{x : ϕ(x, a+ r) < τ}

is measurable as a countable union of measurable sets, and hence x 7→
ϕ−1(x, τ) is measurable. ut

Next we generalize Definition 2.3.12 to Φw(A,µ)-functions.

Definition 2.5.13. We say that ξ : A× [0,∞]→ [0,∞] belongs to Φ−1
w (A,µ)

if it satisfies (aDec)1, x 7→ ξ(x, t) is measurable for all t and if for µ-almost
every x ∈ A the function t 7→ ξ(x, t) is increasing, left-continuous, and
ξ(x, t) = 0 if and only if t = 0 and ξ(x, t) =∞ if and only if t =∞.

Lemma 2.5.12 and Proposition 2.3.13 show that this class characterizes
inverses of left-continuous generalized weak Φ-functions and that −1 is an
involution on the set of left-continuous generalized weak Φ-functions. We
denote be Φw+(A,µ) the set of left-continuous generalized weak Φ-functions.

Proposition 2.5.14. The transformation ϕ 7→ ϕ−1 is a bijection from Φw+

to Φ−1
w :

(a) If ϕ ∈ Φw+(A,µ), then ϕ−1 ∈ Φ−1
w (A,µ) and (ϕ−1)−1 = ϕ.

(b) If ξ ∈ Φ−1
w (A,µ), then ξ−1 ∈ Φw+(A,µ)) and (ξ−1)−1 = ξ.
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Limits of weak Φ-functions

In this subsection, we consider two types of limits of functions in Φw(Ω),
Ω ⊂ Rn, with respect to x which are used in Chapter 4 in the conditions (A1)
and (A2). In each case we end up with a function ϕ̃ in Φw independent of x.
Note that there is never any problem with measurability in this case, since
ϕ̃ is increasing and hence {x : ϕ̃(|g(x)|) > a} is either {x : |g(x)| > ϕ̃−1(a)}
or {x : |g(x)| > ϕ̃−1(a)}.

For ϕ ∈ Φw(Ω) and B ⊂ Rn, we define

ϕ+
B(t) := ess sup

x∈B∩Ω
ϕ(x, t) and ϕ−B(t) := ess inf

x∈B∩Ω
ϕ(x, t).

Example 2.5.15. Let ϕ1(x, t) := t2|x| and ϕ2(x, t) := t2 1
|x| . Then ϕ1, ϕ2 ∈

Φs(Rn) but (ϕ1)−B ≡ 0 and (ϕ2)+
B ≡ ∞ for every ball B containing the origin.

We say that ϕ ∈ Φw is degenerate if ϕ|(0,∞) ≡ 0 or ϕ|(0,∞) ≡ ∞.

Lemma 2.5.16. Let ϕ ∈ Φw(B). If ϕ+
B or ϕ−B is non-degenerate, then it is

a weak Φ-function.

Proof. We only consider ϕ−B , as the proof for ϕ+
B is analogous. Clearly

ϕ−B(0) = 0 and limt→0+ ϕ−B(t) 6 limt→0+ ϕ(x, t) = 0. Let 0 < s < t and
ε > 0. Choose x ∈ B such that ϕ(x, t) 6 ϕ−B(t) + ε. Then ϕ−B(s) 6 ϕ(x, s) 6
ϕ(x, t) 6 ϕ−B(t) + ε and by letting ε → 0+ we see that ϕ−B is increasing.
Similarly

ϕ−B(s)

s
6
ϕ(x, s)

s
6 a

ϕ(x, t)

t
6 a

ϕ−B(t) + ε

t

and (aInc)1 follows by letting ε→ 0+. If ϕ−B is not degenerate, then (aInc)1
implies that limt→∞ ϕ−B(t) =∞. ut

In fact, if ϕ in the previous lemma is left-continuous, then the same is
true for ϕ+

B , as well: Let 0 < s < t and ε > 0. We choose x ∈ B such that
ϕ(x, t) > ϕ+

B(t)− ε. Then

lim inf
s→t−

ϕ+
B(s) > lim inf

s→t−
ϕ(x, s) = ϕ(x, t) > ϕ+

B(t)− ε

and letting ε→ 0+ we obtain lim infs→t− ϕ
+
B(s) > ϕ+

B(t). Since ϕ+
B is increas-

ing we have lim sups→t− ϕ
+
B(s) 6 ϕ+

B(t).
Even if ϕ is left-continuous and non-degenerate, ϕ−B need not to be left-

continuous. This is one of the main reasons why we did not include left-
continuity as a requirement in the definition of Φw.

Example 2.5.17. Let ϕ(x, t) := t1+1/|x|. Then ϕ(x, 1) = 1 and hence ϕ is
non-degenerate. Let B := B(0, r), r > 0. A short calculation gives



42 2 Φ-functions

ϕ−B(t) =

{
0, if t ∈ [0, 1)

t1+1/r, if t > 1

and

ϕ+
B(t) =

{
t1+1/r, if t ∈ [0, 1]

∞, if t > 1.

Thus ϕ−B is not left-continuous at 1.

The second limit that we consider is the behavior “at infinity”. For this we
define some asymptotical Φ-functions:

ϕ+
∞(t) := lim sup

|x|→∞
ϕ(x, t) and ϕ−∞(t) := lim inf

|x|→∞
ϕ(x, t).

If ϕ ' ψ, then a short calculation gives ϕ±∞ ' ψ±∞.
Note that ϕ±∞ can be degenerate. For instance, if ϕ(x, t) := t2|x|−1, then

ϕ±∞(t) = 0 for every t > 0, and if ϕ(x, t) := t(1 + |x|), then ϕ±∞(t) = ∞ for
every t > 0. However, if this is not the case, then it is a weak Φ-function:

Lemma 2.5.18. If ϕ ∈ Φw(Ω) and ϕ+
∞ or ϕ−∞ is non-degenerate, then it is

a weak Φ-function.

Proof. Note first that ϕ+
∞(0) = lim sup|x|→∞ ϕ(x, 0) = 0. Let 0 < s < t. Since

ϕ is increasing we have ϕ(x, s) 6 ϕ(x, t) and hence lim sup|x|→∞ ϕ(x, s) 6
lim sup|x|→∞ ϕ(x, t) so ϕ∞ is increasing. Since ϕ satisfies (aInc)1 we obtain

lim sup
|x|→∞

ϕ(x, s)

s
. lim sup
|x|→∞

ϕ(x, t)

t

and hence ϕ+
∞ satisfies (aInc)1. If we choose t > 0 with ϕ+

∞(t) < ∞, then
this yields lims→0 ϕ

+
∞(s) = 0. Conversely, s > 0 with ϕ+

∞(s) > 0 yields that
limt→∞ ϕ+

∞(t) = ∞. Such s and t exist since ϕ+
∞ is non-degenerate. Thus

ϕ+
∞ ∈ Φw. The proof for ϕ−∞ is analogous. ut

Moreover, if ϕ in the previous lemma is convex, then so is ϕ+
∞, as we now

show. Let r > 0, t, s > 0 and θ ∈ [0, 1]. We obtain

sup
|x|>r

{
ϕ(x, θt+ (1− θ)s)

}
6 sup
|x|>r

{
θϕ(x, t) + (1− θ)ϕ(x, s)

}
6 sup
|x|>r

{
θϕ(x, t)

}
+ sup
|x|>r

{
(1− θ)ϕ(x, s)

}
= θ sup

|x|>r

{
ϕ(x, t)

}
+ (1− θ) sup

|x|>r

{
ϕ(x, s)

}
and by taking r →∞ we obtain ϕ+

∞(θt+ (1− θ)s) 6 θϕ+
∞(t) + (1− θ)ϕ+

∞(s).
Hence ϕ+

∞ is convex.
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Example 2.5.19. Let ϕ(x, t) = t1+|x|. Then ϕ ∈ Φs(Rn). A short calculation
gives

ϕ+
∞(t) = ϕ−∞(t) =


0, if t ∈ [0, 1)

1, if t = 1

∞ if t > 1

Then ϕ+
∞ and ϕ−∞ are not left-continuous at 1 and hence ϕ+

∞, ϕ
−
∞ ∈ Φw \ Φs

even though ϕ ∈ Φs(Ω).

Weak equivalence and weak doubling

We can also define some properties which are properly generalized in the
sense that they have no analogue in the case that ϕ does not depend on the
space variable.

Definition 2.5.20. We say that ϕ,ψ : A× [0,∞)→ [0,∞] are weakly equiv-
alent, ϕ ∼ ψ, if there exist L > 1 and h ∈ L1(A,µ) such that

ϕ(x, t) 6 ψ(x, Lt) + h(x) and ψ(x, t) 6 ϕ(x, Lt) + h(x)

for all t > 0 and µ-almost all x ∈ A.

An easy calculation shows that ∼ is an equivalence relation. It clear from
the definitions that ϕ ' ψ implies ϕ ∼ ψ (with h = 0). Later in Theorem 3.2.6
we show that ϕ ∼ ψ if and only if Lϕ(A,µ) = Lψ(A,µ). Also weak equivalence
is preserved under conjugation:

Lemma 2.5.21. Let ϕ,ψ : A× [0,∞)→ [0,∞]. If ϕ ∼ ψ, then ϕ∗ ∼ ψ∗.

Proof. Let ϕ ∼ ψ. Then we obtain

ϕ∗(x, Lu) = sup
t>0

(tLu− ϕ(x, t)) > sup
t>0

(tLu− ψ(x, Lt)− h(x))

= sup
t>0

(Ltu− ψ(x, Lt))− h(x) = ψ∗(x, u)− h(x)

and similarly ϕ∗(x, u) 6 ψ∗(x, Lu) + h(x). ut

Definition 2.5.22. We say that ϕ : A × [0,∞) → [0,∞] satisfies the weak
doubling condition ∆w

2 if there exist a constant K > 2 and h ∈ L1(A,µ) such
that

ϕ(x, 2t) 6 Kϕ(x, t) + h(x)

for µ-almost every x ∈ A and all t > 0. We say that ϕ satisfies condition ∇w
2

if ϕ∗ satisfies ∆w
2 .

If h ≡ 0, then we say that the (strong) ∆2 and ∇2 conditions hold.
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Note that the ∆2 and ∇2-conditions for x-independent Φ-prefunctions
have been defined in Definition 2.2.5. By writing ϕ(x, t) := ϕ(t) we see that
the definitions are equivalent. Since the constant K in Definition 2.5.22 is the
same for µ-almost every x ∈ A, we see by Lemma 2.2.6 that ∆2 is equivalent
to (aDec) and by Corollary 2.4.15 that ∇2 is equivalent to (aInc).

Lemma 2.5.23. Let ϕ,ψ : A× [0,∞)→ [0,∞] with ϕ ∼ ψ.

(a) If ϕ satisfies ∆w
2 , then ψ satisfies ∆w

2 .
(b) If ϕ satisfies ∇w

2 , then ψ satisfies ∇w
2 .

Proof. (a) Choose an integer k > 1 such that 2k−1 < 2L2 6 2k. Then, by
iterating the ∆w

2 assumption, we conclude that

ϕ(x, 2Lt) 6 ϕ(x, 2k tL ) 6 Kϕ(x, 2k−1 t
L ) + h(x) 6 · · · . ϕ(x, tL ) + h(x).

Denote by h2 the function from ∼. We find that

ψ(x, 2t) 6 ϕ(x, 2Lt) + h2(x) . ϕ(x, tL ) + h(x) + h2(x)

6 ψ(x, t) + h(x) + 2h2(x).

(b) Since ϕ ∼ ψ, Lemma 2.5.21 yields ϕ∗ ∼ ψ∗. Since ϕ∗ satisfies ∆w
2 so

does ψ∗ by (a). This means that ψ satisfies ∇w
2 . ut

Next we show that weak doubling can be upgraded to strong doubling via
weak equivalence of Φ-functions.

Theorem 2.5.24. If ϕ ∈ Φw(A,µ) satisfies ∆w
2 and/or ∇w

2 , then there exists
ψ ∈ Φw(A,µ) with ϕ ∼ ψ satisfying ∆2 and/or ∇2.

Proof. By Theorem 2.5.10 and Lemmas 2.5.21 and 2.5.23, we may assume
without loss of generality that ϕ ∈ Φs(A,µ). By the assumptions,

ϕ(x, 2t) 6 Kϕ(x, t) + h(x) and/or ϕ∗(x, 2t) 6 Kϕ∗(x, t) + h(x)

for some K > 2, h ∈ L1, t > 0 and µ-almost all x ∈ A. Using ϕ = ϕ∗∗ (Propo-
sition 2.4.6), the definition of the conjugate Φ-function and Lemma 2.4.4(b),
we rewrite the second inequality as

ϕ(x, 2t) = sup
u>0

(2tu− ϕ∗(x, u))

6 sup
u>0

(
2tu− 1

K (ϕ∗(x, 2u)− h(x))
)

= sup
u>0

(
2tu− 1

Kϕ
∗(x, 2u)

)
+ 1

Kh(x)

= 1
Kϕ
∗∗(x,Kt) + 1

Kh(x) = 1
Kϕ(x,Kt) + 1

Kh(x).

Define tx := ϕ−1(x, h(x)) and suppose that t > tx so that h(x) 6 ϕ(x, t)
by Lemma 2.3.3. By (Inc)1, we conclude that Kh(x) 6 Kϕ(x, t) 6 ϕ(x,Kt).
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Hence in the case t > tx we have

ϕ(x, 2t) 6 (K + 1)ϕ(x, t) and/or ϕ(x, 2t) 6 K+1
K2 ϕ(x,Kt).

Let q := log2(K+ 1) and p := log(K2/(K+1))
log(K/2) . Note that p > 1 since K2

K+1 >
K
2

and K > 2. Divide the first inequality by (2t)q and the second one by (2t)p:

ϕ(x, 2t)

(2t)q
6
K + 1

2q
ϕ(x, t)

tq
=
ϕ(x, t)

tq
and/or

ϕ(x, 2t)

(2t)p
6

(K + 1)Kp

K22p
ϕ(x,Kt)

(Kt)p
=
ϕ(x,Kt)

(Kt)p
.

Let s > t > tx. Then there exists k ∈ N such that 2kt < s 6 2k+1t. Hence

ϕ(x, s)

sq
6
ϕ(x, 2k+1t)

(2kt)q
= 2q

ϕ(x, 2k+1t)

(2k+1t)q
6 2q

ϕ(x, 2kt)

(2kt)q
6 · · · 6 2q

ϕ(x, t)

tq
,

so ϕ satisfies (aDec)q for t > tx. Similarly, we find that ϕ satisfies (aInc)p for
t > tx.

Define

ψ(x, t) :=

{
ϕ(x, t), for t > tx

cxt
p otherwise,

where cx is chosen so that the ψ is continuous at tx. Then ψ satisfies (aInc)p
and/or (aDec)q on [0, tx] and [tx,∞), hence on the whole real axis.

Furthermore, ϕ(x, t) = ψ(x, t) when t > tx, and so it follows that |ϕ(x, t)−
ψ(x, t)| 6 ϕ(x, tx) 6 h(x) (Lemma 2.3.3). Since h ∈ L1, this means that
ϕ ∼ ψ, so ψ is the required function.

Finally we show that ψ ∈ Φw(A,µ). The function x 7→ cx = ϕ(x,tx)
tpx

is
measurable since tx = ϕ−1(x, h(x)) is measurable (Lemma 2.5.12), thus we
obtain that x 7→ ψ(x, t) is measurable. It is clear that t 7→ ψ(x, t) is a left-
continuous Φ-prefunction for µ-almost every x and hence the measurability
property follows from Theorem 2.5.4. Since ψ satisfies (aInc)1 on [0, tx] and
[tx,∞) for µ-almost every x, it satisfies (aInc)1. ut





Chapter 3
Generalized Orlicz spaces

In the previous chapter, we investigated properties of Φ-functions. In this
chapter, we use them to derive results for function spaces defined by means of
Φ-functions. We first define the spaces and prove the they are quasi-Banach
spaces (Sections 3.1–3.3). Related to the conjugate Φ-functions, we study
associate spaces in Section 3.4. Separability and uniform convexity require
some restrictions on the Φ-function; they are considered in Sections 3.5 and
3.6. Finally, in Section 3.7 we introduce the first of our central conditions,
(A0), and prove density of smooth functions.

Recall that we always assume that (A,Σ, µ) is a σ-finite, complete measure
space and that µ is not identically zero.

3.1 Modulars

Modular spaces and modular function spaces have been investigated by many
researchers in an abstract setting, starting from appropriate axioms, see, e.g.,
the monographs [20, 72, 75, 97, 99, 100]. We do not treat the abstract case,
but rather focus on the particular modular defined by a Φ-function:

Definition 3.1.1. Let ϕ ∈ Φw(A,µ) and let %ϕ be given by

%ϕ(f) :=

ˆ
A

ϕ(x, |f(x)|) dµ(x)

for all f ∈ L0(A,µ). The function %ϕ is called a modular. The set

Lϕ(A,µ) :=
{
f ∈ L0(A,µ) : %ϕ(λf) <∞ for some λ > 0

}
is called a generalized Orlicz space. If the set and measure are obvious from
the context we abbreviate Lϕ(A,µ) = Lϕ.

47
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Note that many sources require more conditions for %ϕ to be called a
modular: ϕ should be convex and %ϕ(f) = 0 should imply f = 0. These
conditions hold if ϕ ∈ Φc(A,µ) is strictly increasing. Some might call the
function %ϕ from the previous definition a quasisemimodular, but we prefer
the simpler name “modular”. The modular % is said to be left-continuous if
limλ→1− %(λf) = %(f).

Generalized Orlicz spaces are also called Musielak–Orlicz spaces. They
provide a good framework for many function spaces.

Example 3.1.2. Let us consider the Φ-functions from Example 2.1.5, namely

ϕp(t) :=
1

p
tp, p ∈ (0,∞),

ϕmax(t) := (max{0, t− 1})2,

ϕsin(t) := t+ sin(t),

ϕexp(t) := et − 1,

ϕ∞(t) :=∞ · χ(1,∞)(t),

ϕ∞,2(t) := ϕ∞(t) + 2t−1
1−t χ( 1

2
,1)(t).

These generate the Orlicz spaces

Lϕ
p

= Lp , Lϕmax = L2 + L∞ , Lϕsin = L1 , Lϕexp = expL

Lϕ
∞

= Lϕ
∞,2

= L∞.

Note that there is no x-dependence in these examples. Typical general-
ized Orlicz spaces are the variable exponent Lebesgue space Lp(·) given
by ϕ(x, t) = tp(x) and the double phase space given by the functional
ϕ(x, t) = tp + a(x)tq, see Example 2.5.3.

Lemma 3.1.3. Let ϕ ∈ Φw(A,µ).

(a) Then Lϕ(A,µ) =
{
f ∈ L0(A,µ) : lim

λ→0+
%ϕ(λf) = 0

}
.

(b) If, additionally, ϕ satisfies (aDec), then

Lϕ(A,µ) =
{
f ∈ L0(A,µ) : %ϕ(f) <∞

}
.

Proof. (a) If limλ→0+ %ϕ(λf) = 0, then there exists λ > 0 such that %ϕ(λf) <
∞. Hence {

f ∈ L0(A,µ) : lim
λ→0+

%ϕ(λf) = 0
}
⊂ Lϕ(A,µ).

For the other direction, suppose there exists λ > 0 such that %ϕ(λf) <∞.
Then (aInc)1 implies that

ϕ(x, tλ|f(x)|) 6 atϕ(x, λ|f(x)|)

for t ∈ (0, 1) and µ-almost all x ∈ A. This yields that
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ˆ
A

ϕ(x, tλ|f(x)|) dµ(x) 6 at

ˆ
A

ϕ(x, λ|f(x)|) dµ(x)

and hence limt→0+ %ϕ(tf) = 0.
(b) The inclusion

{
f ∈ L0(A,µ) : %ϕ(f) <∞

}
⊂ Lϕ(A,µ) is obvious. For

the other direction, suppose there exists λ ∈ (0, 1) such that %ϕ(λf) < ∞
(the case λ > 1 is clear). Then (aDec)q implies

%ϕ(f) 6
ˆ
A

aλ−qϕ(x, λ|f |) dµ(x) = aλ−q%ϕ(λf) <∞. ut

The next lemma collects analogues of the classical Lebesgue integral con-
vergence results. These properties are called Fatou’s lemma, monotone con-
vergence and dominated convergence for the modular, respectively.

Lemma 3.1.4. Let ϕ ∈ Φw(A,µ) and fk, f, g ∈ L0(A,µ). In (a) and (b), we
assume also that ϕ is left-continuous.

(a) If fk → f µ-almost everywhere, then %ϕ(f) 6 lim infk→∞ %ϕ(fk).
(b) If |fk| ↗ |f | µ-almost everywhere, then %ϕ(f) = limk→∞ %ϕ(fk).
(c) If fk → f µ-almost everywhere, |fk| 6 |g| µ-almost everywhere, and

%ϕ(λg) < ∞ for every λ > 0, then limk→∞ %ϕ(λ|f − fk|) = 0 for every
λ > 0.

Proof. Let us first prove (a). Since ϕ is left-continuous, the mapping ϕ(x, ·)
is lower semicontinuous by Lemma 2.1.6. Thus Fatou’s lemma implies

%ϕ(f) =

ˆ
A

ϕ(x, lim
k→∞

|fk|) dµ 6
ˆ
A

lim inf
k→∞

ϕ(x, |fk|) dµ

6 lim inf
k→∞

ˆ
A

ϕ(x, |fk|) dµ = lim inf
k→∞

%ϕ(fk).

To prove (b), let |fk| ↗ |f |. If %ϕ(f) = ∞, then by (a) the claim holds.
So let us assume that %ϕ(f) <∞. By the left-continuity and monotonicity of
ϕ(x, ·), we have 0 6 ϕ(x, |fk|)↗ ϕ(x, |f |) µ-almost everywhere. So, monotone
convergence gives

%ϕ(f) =

ˆ
A

ϕ(x, lim
k→∞

|fk|) dµ =

ˆ
A

lim
k→∞

ϕ(x, |fk|) dµ

= lim
k→∞

ˆ
A

ϕ(x, |fk|) dµ = lim
k→∞

%ϕ(fk).

To prove (c), assume that fk → f µ-almost everywhere, |fk| 6 |g|, and
%(λg) <∞ for every λ > 0. Then |fk − f | → 0 µ-almost everywhere, |f | 6 |g|
and λ|fk − f | 6 2λ|g|. Since %ϕ(2λg) <∞, we can use dominated convergence
to conclude that

lim
k→∞

%ϕ(λ|f − fk|) =

ˆ
A

ϕ
(
x, lim
k→∞

λ|f − fk|
)
dµ = 0. ut
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In the next lemma we require (Dec) rather than (aDec). Recall that the
latter implies the former if ϕ is convex (Lemma 2.2.6).

Question 3.1.5. Is the next lemma true if we assume (aDec) instead of (Dec)?

Lemma 3.1.6. Let ϕ ∈ Φw(A,µ) satisfy (Dec). Let fj , gj ∈ Lϕ(Rn) for
j = 1, 2, . . . with (%ϕ(fj))

∞
j=1 bounded. If %ϕ(fj − gj)→ 0 as j →∞, then

|%ϕ(fj)− %ϕ(gj)| → 0 as j →∞.

Proof. Using that ϕ is increasing and and satisfies (Dec)q, we obtain

ϕ(x, gj) 6 ϕ(x, |gj − fj |+ |fj |) 6 ϕ
(
x, 2|gj − fj |

)
+ ϕ(x, 2|fj |)

6 2qϕ
(
x, |gj − fj |

)
+ 2qϕ(x, |fj |)

and hence (%ϕ(gj))
∞
j=1 is bounded. Let us choose c > 0 such that %ϕ(fj) 6 c

and %ϕ(gj) 6 c. Let λ > 0 and note that |fj | 6 |fj − gj |+ |gj |. If |fj − gj | 6
λ|gj |, then by (Dec)q we have

ϕ(x, |fj |) 6 ϕ(x, (1 + λ)|gj |) 6 (1 + λ)qϕ(x, |gj |).

If, on the other hand, |fj − gj | > λ|gj |, then we estimate by (Dec)q

ϕ(x, |fj |) 6 ϕ(x, (1 + 1
λ )|fj − gj |) 6 (1 + 1

λ )qϕ(x, |fj − gj |)

Taking into account both cases and integrating over x ∈ A, we find that

%ϕ(fj)− %ϕ(gj) =

ˆ
Rn
ϕ(x, |fj − gj + gj |)− ϕ(x, |gj |) dµ(x)

6 (1 + 1
λ )q%ϕ(fj − gj) + ((1 + λ)q − 1)%ϕ(gj).

Swapping fj and gj gives a similar inequality, and combining the inequalities
gives, we find that that

|%ϕ(fj)− %ϕ(gj)| 6 (1 + 1
λ )q%ϕ(fj − gj) + ((1 + λ)q − 1)(%ϕ(fj) + %ϕ(gj)).

Let ε > 0 be given. Since %ϕ(fj) + %ϕ(gj) 6 2c, we can choose λ so small
that

((1 + λ)q − 1)(%ϕ(fj) + %ϕ(gj)) 6
ε

2
.

We can then choose j0 so large that

(1 + 1
λ )q%ϕ(fj − gj) 6

ε

2

when j > j0 and it follows that |%ϕ(fj)− %ϕ(gj)| 6 ε. ut
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3.2 Quasinorm and the unit ball property

Next we define our quasinorm.

Definition 3.2.1. Let ϕ ∈ Φw(A,µ). For f ∈ L0(A,µ) we denote

‖f‖Lϕ(A,µ) := inf
{
λ > 0 : %ϕ

(f
λ

)
6 1
}
.

We abbreviate ‖f‖Lϕ(A,µ) = ‖f‖ϕ if the set and measure are clear from the
context.

Note that we can write the space Lϕ with this functional as follows:

Lϕ(A,µ) = {f ∈ L0(A,µ) : ‖f‖Lϕ(A,µ) <∞}.

Let us show that ‖ · ‖Lϕ(A,µ) is in fact a (quasi)norm. For simplicity we
will often omit the prefix “quasi” when there is no danger of confusion.
For instance, we write “norm convergence” for convergence with respect to
‖ · ‖ϕ, regardless of whether it is a norm or a quasinorm. As is the case for
Lebesgue spaces, we identify functions which coincide µ-almost everywhere,
since ‖f‖ϕ = 0 only implies that f = 0 a.e. In the next lemma, we show
that ‖ · ‖ϕ satisfies the quasi-triangle inequality or triangle inequality when
ϕ ∈ Φw or ϕ ∈ Φc, respectively.

Lemma 3.2.2.

(a) If ϕ ∈ Φw(A,µ), then ‖ · ‖ϕ is a quasinorm.
(b) If ϕ ∈ Φc(A,µ), then ‖ · ‖ϕ is a norm.

Proof. Assume first that ϕ ∈ Φw(A,µ). If f = 0 a.e., then ‖f‖ϕ = 0. If
‖f‖ϕ = 0, then %ϕ( fλ ) 6 1 for all λ > 0. When f(x) 6= 0, we have |f(x)|

λ →∞
when λ → 0+. Since limt→∞ ϕ(x, t) = ∞ for µ-almost every x, we obtain
that f(x) = 0 for µ-almost every x ∈ A.

Let f ∈ Lϕ(A,µ) and a ∈ R. By definition, %ϕ(f) = %ϕ(|f |). With the
change of variables λ′ := λ/|a|, we have

‖af‖ϕ = inf
{
λ > 0 : %ϕ

(af
λ

)
6 1
}

= inf
{
λ > 0 : %ϕ

( f

λ/|a|

)
6 1
}

= |a| inf
{
λ′ > 0 : %ϕ

( f
λ′

)
6 1
}

= |a|‖f‖ϕ.

Hence ‖ · ‖ϕ is homogeneous.
Let f, g ∈ Lϕ(A,µ) and u > ‖f‖ϕ and v > ‖g‖ϕ. Then %ϕ(f/u) 6 1 and

%ϕ(g/v) 6 1 by the definition of the norm. By (aInc)1,

ϕ
(
x,
|f |
2au

)
6

1

2
ϕ
(
x,
|f |
u

)
and ϕ

(
x,
|g|
2av

)
6

1

2
ϕ
(
x,
|g|
v

)
.
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Thus we obtain that
ˆ
A

ϕ
(
x,
|f + g|

4a(u+ v)

)
dµ 6

ˆ
A

ϕ
(
x,
|2f |
4au

)
+ ϕ

(
x,
|2g|
4av

)
dµ

6
1

2

ˆ
A

ϕ
(
x,
|f |
u

)
+ ϕ

(
x,
|g|
v

)
dµ

6
1

2
+

1

2
= 1

and hence ‖f+g‖ϕ 6 4au+4av which yields that ‖f+g‖ϕ 6 4a‖f‖ϕ+4a‖g‖ϕ.
This completes the proof of (a).

For (b), assume that ϕ is convex. Let u > ‖f‖ϕ and v > ‖g‖ϕ. By the
convexity of ϕ,

ˆ
A

ϕ
(
x,
|f + g|
u+ v

)
dµ 6

ˆ
A

ϕ
(
x,

u

u+ v

|f |
u

+
v

u+ v

|g|
v

)
dµ

6
ˆ
A

u

u+ v
ϕ
(
x,
|f |
u

)
+

v

u+ v
ϕ
(
x,
|g|
v

)
dµ

6
u

u+ v
+

v

u+ v
= 1.

Thus ‖f + g‖ϕ 6 u + v, which yields ‖f + g‖ϕ 6 ‖f‖ϕ + ‖g‖ϕ, as required
for (b). ut

The following is a fundamental relation between the norm and the mod-
ular. When working without left-continuity, we need to pay closer attention
to when the norm is strictly smaller than 1.

Lemma 3.2.3 (Unit ball property). Let ϕ ∈ Φw(A,µ). Then

‖f‖ϕ < 1 ⇒ %ϕ(f) 6 1 ⇒ ‖f‖ϕ 6 1.

If ϕ is left-continuous, then %ϕ(f) 6 1⇔ ‖f‖ϕ 6 1.

Proof. If %ϕ(f) 6 1, then ‖f‖ϕ 6 1 by definition of ‖·‖ϕ. If, on the other
hand, ‖f‖ϕ < 1, then %ϕ(f/λ) 6 1 for some λ < 1 . Since % is increasing, it
follows that %ϕ(f) 6 1.

If ‖f‖ϕ 6 1, then %ϕ(f/λ) 6 1 for all λ > 1. When % is left-continuous it
follows that %ϕ(f) 6 1. ut

The next example show that ‖f‖ϕ = 1 does not imply %ϕ(f) 6 1 if the
Φ-function is not left-continuous. Let ϕ(t) := ∞χ[1,∞)(t) and f ≡ 1. Then
ϕ ∈ Φw and %ϕ(f) = ∞. Since %ϕ(f/λ) 6 1 if and only if λ > 1, we have
‖f‖ϕ = 1.

We stated previously that equivalent Φ-functions give rise to the same
space. Let us now prove this.
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Proposition 3.2.4. Let ϕ,ψ ∈ Φw(A,µ). If ϕ ' ψ, then Lϕ(A,µ) =
Lψ(A,µ) and the norms are comparable.

Proof. Assume that ψ(x, tL ) 6 ϕ(x, t) 6 ψ(x, Lt) and f ∈ Lϕ(A,µ). Then
there exists λ > 0 such that %ψ( λLf) 6 %ϕ(λf) <∞. Thus f ∈ Lψ(A,µ). The
other direction is similar and hence Lϕ(A,µ) = Lψ(A,µ) as sets.

Let ε > 0 and λ = ‖f‖ϕ + ε. Then

%ψ

( f

Lλ

)
6 %ϕ

(f
λ

)
6 1

and hence ‖f‖ψ 6 Lλ = L(‖f‖ϕ+ε). Letting ε→ 0+ we obtain that ‖f‖ψ 6
L‖f‖ϕ. The other direction is similar and so the norms are comparable. ut

For ϕ ∈ Φw(A,µ) \Φc(A,µ), ‖ · ‖ϕ is a quasinorm, not a norm, but still it
has the following quasi-convexity property.

Corollary 3.2.5. Let ϕ ∈ Φw(A,µ). Then∥∥∥ ∞∑
i=1

fi

∥∥∥
ϕ
.
∞∑
i=1

‖fi‖ϕ.

Proof. By Theorem 2.5.10, there exists ψ ∈ Φs(A,µ) such that ϕ ' ψ. Thus
‖ · ‖ψ is a norm by Lemma 3.2.2 and hence ‖

∑∞
i=1 fi‖ψ 6

∑∞
i=1 ‖fi‖ψ. By

Proposition 3.2.4, ‖·‖ψ and ‖·‖ϕ are comparable and hence the claim follows.
ut

Next we prove a general embedding theorem, refining Proposition 3.2.4.
The argument follows [35, Theorem 2.8.1].

Note that the inequality implies the embedding even without the extra
atom-less assumption. A measure µ is called atom-less if for any measurable
set A with µ(A) > 0 there exists a measurable subset A′ of A such that
µ(A) > µ(A′) > 0.

Theorem 3.2.6. Let ϕ,ψ ∈ Φw(A,µ) and let the measure µ be atom-less.
Then Lϕ(A,µ) ↪→ Lψ(A,µ) if and only if there exist K > 0 and h ∈ L1(A,µ)
with ‖h‖1 6 1 such that

ψ
(
x,

t

K

)
6 ϕ(x, t) + h(x)

for µ-almost all x ∈ A and all t > 0.

Proof. Let us start by showing that the inequality implies the embedding.
Let ‖f‖ϕ < 1, which yields by the unit ball property (Lemma 3.2.3) that
%ϕ(f) 6 1. Then, by (aInc)1 and the assumption,

%ψ

( f

2aK

)
6 a

1

2a
%ψ

( f
K

)
6

1

2
%ϕ(f) +

1

2

ˆ
A

h dy 6 1.
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This and the unit ball property yield ‖f/(2aK)‖ψ 6 1 for ‖f‖ϕ < 1. We
finish the proof with the scaling argument. If ‖f‖ϕ > 1, then we use the
above result for f/(‖f‖ϕ + ε) which yields the claim as ε→ 0+ since∥∥∥ f

2aK(‖f‖ϕ + ε)

∥∥∥
ψ
< 1 ⇔ ‖f‖ψ < 2aK(‖f‖ϕ + ε).

Assume next that the embedding Lϕ(A,µ) ↪→ Lψ(A,µ) holds with embed-
ding constant c1. By Proposition 3.2.4 and Theorem 2.5.10, we may assume
that ϕ,ψ ∈ Φs(Ω). For x ∈ A and t > 0 define

α(x, t) :=

{
ψ(x, tc1 )− ϕ(x, t) if ϕ(x, t) <∞,
0 if ϕ(x, t) =∞.

Since ϕ(x, ·) and ψ(x, ·) are left-continuous for µ-almost every x ∈ A, also
α(x, ·) is left-continuous for µ-almost every x ∈ A. Let (rk) be a sequence of
distinct numbers with {rk : k ∈ N} = Q ∩ [0,∞) and r1 = 0. Then

ψ(x, rkc1 ) 6 ϕ(x, rk) + α(x, rk)

for all k ∈ N and µ-almost all x ∈ A. Define

bk(x) := max
16j6k

α(x, rj).

Since r1 = 0 and α(x, 0) = 0, we have bk > 0. Moreover, the functions bk
are measurable and increasing in k. The function b := supk bk is measurable,
non-negative, and satisfies

b(x) = sup
t>0

α(x, t),

ψ(x, tc1 ) 6 ϕ(x, t) + b(x)

for µ-almost all x ∈ A and all t > 0, where we have used the left-continuity
of α(x, ·) and the density of {rk : k ∈ N} in [0,∞).

We now show that b ∈ L1(A,µ) with ‖b‖1 6 1. We consider first the case
|b| < ∞ µ-almost everywhere, and assume to the contrary that there exists
ε > 0 such that

ˆ
A

b dµ > 1 + 2ε.

Define

Vk :=
{
x ∈ A : α(x, rk) > 1

1+εb(x)
}
,

Wk+1 := Vk+1 \
(
V1 ∪ · · · ∪ Vk)
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for all k ∈ N. Note that V1 = ∅ due to the special choice r1 = 0. Since
{rk : k ∈ N} is dense in [0,∞) and α(x, ·) is left-continuous for every x ∈ A,
we have

⋃∞
k=1 Vk =

⋃∞
k=2Wk = {x ∈ A : b(x) > 0}.

Let f :=
∑∞
k=2 rk χWk

. For every x ∈ Wk we have α(x, rk) > 0 and
therefore ϕ(x, rk) < ∞. If x is not in

⋃∞
k=2Wk, then ϕ(x, |f(x)|) = 0. This

implies that ϕ(x, |f(x)|) is everywhere finite. Moreover, by the definition of
Wk and α we get

ψ
(
x,
|f(x)|
c1

)
> ϕ

(
x, |f(x)|

)
+

1

1 + ε
b(x) (3.2.7)

for µ-almost all x ∈ A.
If %ϕ(f) 6 1, then %ψ( fc1 ) 6 1 by the unit ball property since c1 is the

embedding constant. However, this contradicts

%ψ( fc1 ) > %ϕ(f) +
1

1 + ε

ˆ
A

b dµ >
1 + 2ε

1 + ε
> 1,

where we have used (3.2.7) and
⋃∞
k=2Wk = {x ∈ A : b(x) > 0}. So we

can assume that %ϕ(f) > 1. Since µ is atom-less and ϕ(x, |f(x)|) is µ-almost
everywhere finite, there exists U ⊂ A with %ϕ(fχU ) = 1. Thus by (3.2.7)

%ψ( fc1 χU ) > %ϕ(f χU ) + 1
1+ε

ˆ
U

b dµ

= 1 + 1
1+ε

ˆ
U

b dµ.

(3.2.8)

Now, %ϕ(fχU ) = 1 implies that µ(U ∩ {f 6= 0}) > 0. Since {f 6= 0} =⋃∞
k=2Wk = {b > 0} we get µ(U ∩ {b > 0}) > 0 and

ˆ
U

b dµ > 0.

This and (3.2.8) imply that %ψ
(

1
c1
fχU

)
> 1. On the other hand, Lϕ ↪→ Lψ,

%ϕ(fχU ) = 1 and the unit ball property yield that %ψ
(

1
c1
fχU

)
6 1, which is a

contradiction. Thus the case where |b| <∞ µ-almost everywhere is complete.
If we assume that there exists E ⊂ A with b|E = ∞ and µ(E) > 0,

then a similar argument with Vk := {x ∈ E : α(x, rk) > 2
µ(E)} yields a

contradiction. Hence this case cannot occur, and the proof is complete by
what was shown previously. ut

Theorem 3.2.6 yields the following corollary.

Corollary 3.2.9. Let ϕ,ψ ∈ Φw(A,µ), ϕ ∼ ψ. Then Lϕ(A,µ) = Lψ(A,µ)
and the norms are comparable.
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We also have a different line of results following from the unit ball property.
When working with estimates based on (aInc)1, as we mostly do, the left-
continuity plays no role, as the following result shows.

Corollary 3.2.10. Let ϕ ∈ Φw(A,µ) and f ∈ Lϕ(A,µ) and let a be the
constant from (aInc)1.

(a) If ‖f‖ϕ < 1, then %ϕ(f) 6 a‖f‖ϕ.
(b) If ‖f‖ϕ > 1, then ‖f‖ϕ 6 a%ϕ(f).
(c) In any case, ‖f‖ϕ 6 a%ϕ(f) + 1.

Proof. The claim (a) is obvious for f = 0, so let us assume that 0 < ‖f‖ϕ < 1.
Let λ > 1 be so small that λ‖f‖ϕ < 1. By unit ball property (Lemma 3.2.3)
and ‖ f

λ‖f‖ϕ ‖ϕ < 1, it follows that %ϕ
(

f
λ‖f‖ϕ

)
6 1. Since λ‖f‖ϕ 6 1, it follows

from (aInc)1 that

1

aλ‖f‖ϕ
%ϕ(f) 6 %ϕ

(
f

λ‖f‖ϕ

)
6 1.

And hence (a) follows as λ→ 1+.
For (b) assume that ‖f‖ϕ > 1. Then %ϕ( fλ ) > 1 for 1 < λ < ‖f‖ϕ and

by (aInc)1 it follows that

a

λ
%ϕ(f) > %ϕ

(f
λ

)
> 1.

As λ→ ‖f‖−ϕ we obtain that a%ϕ(f) > ‖f‖ϕ.
Claim (c) follows immediately from (b). ut

Note that in Corollary 3.2.10(a) and (b) the case ‖f‖ϕ = 1 is excluded.
Indeed, let f ≡ 1, ϕ(x, t) := ∞χ(1,∞)(t) and ψ(x, t) := ∞χ[1,∞)(t). Then ϕ
and ψ are Φ-functions and ‖f‖ϕ = ‖f‖ψ = 1 but %ϕ(f) = 0 and %ψ(f) =∞.

Let us next investigate the relationship between norm and modular further,
refining Corollary 3.2.10.

Lemma 3.2.11. Let ϕ ∈ Φw(A,µ) satisfy (aInc)p and (aDec)q, 1 6 p 6 q <
∞. Then

min
{

( 1
a%ϕ(f))

1
p , ( 1

a%ϕ(f))
1
q

}
6 ‖f‖ϕ 6 max

{
(a%ϕ(f))

1
p , (a%ϕ(f))

1
q

}
for f ∈ L0(A,µ), where a is the maximum of the constants from (aInc)p and
(aDec)q.

Proof. We start with the second inequality. Let u > %ϕ(f) and assume first
that au 6 1. Then (aDec)q gives that

ϕ

(
x,
|f(x)|
(au)

1
q

)
6

a

au
ϕ(x, |f(x)|) =

1

u
ϕ(x, |f(x)|).
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Integrating over A, we find that %ϕ
(
f/(au)1/q

)
6 1, which yields ‖f‖ϕ 6

(au)
1
q . If au > 1, we similarly use (aInc)p to conclude that ‖f‖ϕ 6 (au)

1
p .

The second inequality follows as u→ %ϕ(f)+.
Let us then prove the first inequality. Let u ∈ (0, %ϕ(f)) and assume first

that u
a 6 1. Then (aInc)p gives that

ϕ

(
x,
|f(x)|
(u/a)

1
p

)
>

a

au
ϕ(x, |f(x)|) =

1

u
ϕ(x, |f(x)|).

Integrating over A, we find that %ϕ
(
f/(u/a)1/p)

)
> 1, which yields ‖f‖ϕ >

(u/a)
1
p . If u

a > 1, we similarly use (aDec)q to conclude that ‖f‖ϕ > (ua )
1
q .

The first inequality follows as u→ %ϕ(f)−. ut

When q =∞, we get the following corollary.

Corollary 3.2.12. Let ϕ ∈ Φw(A,µ) satisfy (aInc)p, 1 6 p <∞. Then

min
{

( 1
a%ϕ(f))

1
p , 1
}
6 ‖f‖ϕ 6 max

{
(a%ϕ(f))

1
p , 1
}

for f ∈ L0(A,µ), where a is the constant from (aInc)p.

The following result is the generalization of the classical Hölder inequality´
|f ||g| dµ 6 ‖f‖p‖g‖p′ to generalized Orlicz spaces.

Lemma 3.2.13 (Hölder’s inequality). Let ϕ ∈ Φw(A,µ). Then
ˆ
A

|f | |g| dµ 6 2‖f‖ϕ ‖g‖ϕ∗

for all f ∈ Lϕ(A,µ) and g ∈ Lϕ∗(A,µ). Moreover, the constant 2 cannot in
general be replaced by any smaller number.

Proof. Let f ∈ Lϕ and g ∈ Lϕ
∗
with u > ‖f‖ϕ and v > ‖g‖ϕ∗. By the

unit ball property, %ϕ(f/u) 6 1 and %ϕ∗(g/v) 6 1. Thus, using Young’s
inequality (2.4.2), we obtain

ˆ
A

|f |
u

|g|
v
dµ 6

ˆ
A

ϕ
(
x,
|f |
u

)
+ ϕ∗

(
x,
|g|
v

)
dµ = %ϕ

(f
u

)
+ %ϕ∗

(g
v

)
6 2.

Multiplying by uv, we get the inequality as u→ ‖f‖+ϕ and v → ‖g‖+ϕ∗.
The next example shows that the extra constant 2 in Hölder’s inequal-

ity cannot be omitted. Let ϕ(t) = 1
2 t

2. Then a short calculation gives that
ϕ∗(t) = supu>0(ut− 1

2u
2) = 1

2 t
2. Let f ≡ g ≡ 1. Then

´ 1

0
fg dy = 1. On the

other hand,

inf

{
λ > 0 :

ˆ 1

0

1

2

( 1

λ

)2

dy 6 1

}
= 1√

2

and thus ‖f‖Lϕ(0,1) = ‖g‖Lϕ∗ (0,1) = 1√
2
and ‖f‖Lϕ(0,1)‖g‖Lϕ∗ (0,1) = 1

2 . ut
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3.3 Convergence and completeness

Norm-convergence can be expressed using only the modular, as the following
lemma shows. This is often useful, since calculating the precise value of the
norm may be difficult.

Lemma 3.3.1. Let ϕ ∈ Φw(A,µ). Then ‖fk‖ϕ → 0 as k →∞ if and only if
limk→∞ %ϕ(λfk) = 0 for all λ > 0.

Proof. Assume that ‖fk‖ϕ → 0. LetK > 1 and λ > 0. Then ‖Kλfk‖ϕ < 1 for
large k. Thus %ϕ(Kλfk) 6 1 for large k by unit ball property (Lemma 3.2.3).
Hence by (aInc)1

%ϕ(λfk) =

ˆ
A

ϕ(x, λ|fk|) dµ 6
ˆ
A

a

K
ϕ(x,K |λfk|) dµ

=
a

K
%ϕ(Kλfk) 6

a

K

for all K > 1 and all large k. This implies %ϕ(λfk)→ 0.
Assume now that %ϕ(λfk) → 0 for all λ > 0. Then %ϕ(λfk) 6 1 for large

k. By unit ball property (Lemma 3.2.3), ‖fk‖ϕ 6 1/λ for the same k. Since
λ > 0 was arbitrary, we get ‖fk‖ϕ → 0. ut

Definition 3.3.2. Let ϕ ∈ Φw(A,µ) and fk, f ∈ Lϕ(A). We say that fk is
modular convergent (%ϕ-convergent) to f if %(λ(fk − f)) → 0 as k → ∞ for
some λ > 0 .

It is clear from Lemma 3.3.1 that modular convergence is weaker than norm
convergence. Indeed, for norm convergence we have limk→∞ %(λ(xk − x)) =
0 for all λ > 0, while for modular convergence this only has to hold for
some λ > 0.

In some cases, modular convergence and norm convergence coincide and
in others they differ:

Lemma 3.3.3. Let ϕ ∈ Φw(A,µ). Modular convergence and norm conver-
gence are equivalent if and only if %ϕ(fk)→ 0 implies %ϕ(2fk)→ 0.

Proof. Let modular convergence and norm convergence be equivalent and
let %(fk) → 0 with fk ∈ Lϕ. Then fk → 0 (norm convergence) and by
Lemma 3.3.1 it follows that %(2fk)→ 0.

Let us then assume that %ϕ(fk) → 0 implies %ϕ(2fk) → 0. Let fk ∈ Lϕ
with %ϕ(λ0fk) → 0 for some λ0 > 0. We have to show that %ϕ(λfk) → 0
for all λ > 0. For fixed λ > 0 choose m ∈ N such that 2mλ0 > λ. Then by
repeated application of the assumption we get limk→∞ %(2mλ0fk) = 0. Since
ϕ is increasing we obtain 0 6 limk→∞ %ϕ(λfk) 6 limk→∞ %ϕ(2mλ0fk) = 0 .
This proves that fk → 0 by Lemma 3.3.1. ut
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Lemmas 2.2.6 and 3.3.3 yield the following corollary.

Corollary 3.3.4. Let ϕ ∈ Φw satisfy (aDec). Then modular convergence and
norm convergence are equivalent.

Note that if ϕ satisfies only the weak doubling condition ∆w
2 from Defini-

tion 2.5.22, then the conclusion of Corollary 3.3.4 does not hold. This can be
seen from the example ϕ(x, t) := (t− h(x))+, where h ∈ L1 is positive. Now
if fk = h, then %ϕ(fk) = 0 but %ϕ(2fk) = ‖h‖1 > 0.

Our proof that Lϕ is a (quasi-)Banach space essentially follows [35, The-
orem 2.3.13]. We start with convergence in measure.

Lemma 3.3.5. Let ϕ ∈ Φw(A,µ) and µ(A) < ∞. Then every ‖·‖ϕ-Cauchy
sequence is also a Cauchy sequence with respect to convergence in measure.

Proof. Fix ε > 0 and let Vt := {x ∈ A : ϕ(x, t) = 0} for t > 0. Then Vt is
measurable. For µ-almost all x ∈ A the function t 7→ ϕ(x, t) is increasing, so
Vt ⊂ Vs ∪ F for all t > s with µ(F ) = 0 and F independent of s and t. Since
limt→∞ ϕ(x, t) =∞ for µ-almost every x ∈ A and µ(A) <∞, we obtain that
limk→∞ µ(Vk) = 0. Thus, there exists K ∈ N such that µ(VK) < ε.

For a µ-measurable set E ⊂ A define

νK(E) := %ϕ(KχE) =

ˆ
E

ϕ(x,K) dµ.

If E is µ-measurable with νK(E) = 0, then ϕ(x,K) = 0 for µ-almost every
x ∈ E. Thus µ(E \ VK) = 0 by the definition of VK . Hence, E is a µ|A\VK -
null set, which means that the measure µ|A\VK is absolutely continuous with
respect to νK .

Since µ(A \ VK) 6 µ(A) < ∞ and µ|A\VK is absolutely continuous with
respect to νK , there exists δ ∈ (0, 1) such that νK(E) 6 δ implies µ(E\VK) 6
ε (e.g. [51, Theorem 30.B]). Since fk is a ‖·‖ϕ-Cauchy sequence, there exists
k0 ∈ N such that ‖Kaεδ (fm − fk)‖

ϕ
< 1 for all m, k > k0, with a from (aInc)1.

Assume in the following that m, k > k0. Then (aInc)1 and the unit ball
property (Lemma 3.2.3) imply

%ϕ
(
K
ε (fm − fk)

)
6 δ%ϕ

(
Ka
εδ (fm − fk)

)
6 δ.

Let us write Em,k,ε := {x ∈ A : |fm(x)− fk(x)| > ε}. Then

νK(Em,k,ε) =

ˆ
Em,k,ε

ϕ(x,K) dµ(x) 6 %ϕ
(
K
ε (fm − fk)

)
6 δ.

By the choice of δ, this implies that µ(Em,k,ε \ VK) 6 ε. With µ(VK) < ε
we have µ(Em,k,ε) 6 2ε. Since ε > 0 was arbitrary, this proves that fk is a
Cauchy sequence with respect to convergence in measure. ut
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Lemma 3.3.6. Let ϕ ∈ Φw(A,µ). Then every ‖·‖ϕ-Cauchy sequence (fk) ⊂
Lϕ has a subsequence which converges µ-a.e. to a measurable function f .

Proof. Recall that µ is σ-finite. Let A :=
⋃∞
i=1Ai with Ai pairwise disjoint

and µ(Ai) < ∞ for all i ∈ N. Then, by Lemma 3.3.5, (fk) is a Cauchy
sequence with respect to convergence in measure on A1. Therefore there exists
a measurable function f : A1 → R and a subsequence of (fk) which converges
to f µ-almost everywhere. Repeating this argument for every Ai and passing
to the diagonal sequence we get a subsequence (fkj ) and a µ-measurable
function f : A→ R such that fkj → f µ-almost everywhere. ut

Let us now prove the completeness of Lϕ.

Theorem 3.3.7.

(a) If ϕ ∈ Φw(A,µ), then Lϕ(A,µ) is a quasi-Banach space.
(b) If ϕ ∈ Φc(A,µ), then Lϕ(A,µ) is a Banach space.

Proof. By Lemma 3.2.2, ‖ · ‖ϕ is a quasinorm if ϕ ∈ Φw(A,µ) and a norm if
ϕ ∈ Φc(A,µ). It remains to prove completeness.

Let (fk) be a Cauchy sequence. By Lemma 3.3.6, there exists a subsequence
fkj and a µ-measurable function f : A → R such that fkj → f for µ-almost
every x ∈ A. This implies ϕ(x, c |fkj (x)−f(x)|)→ 0 µ-almost everywhere for
every c > 0. Let λ > 0 and 0 < ε < 1. Since (fk) is a Cauchy sequence, there
exists N = N(λ, ε) ∈ N such that ‖λ(fm − fk)‖ϕ < ε/a for all m, k > N ,
with a from (aInc)1. By Corollary 3.2.10(a) this implies %ϕ(λ(fm − fk)) 6 ε
for all m, k > N . Since ϕ is increasing, we obtain ϕ(x, limj→∞

λ
2 |fm−fkj |) 6

lim infj→∞ ϕ(x, λ|fm − fkj |). Hence Fatou’s lemma yields that

%ϕ
(
λ
2 (fm − f)

)
=

ˆ
A

ϕ(x, lim
j→∞

λ
2 |fm − fkj |) dµ

6
ˆ
A

lim inf
j→∞

ϕ(x, λ|fm − fkj |) dµ

6 lim inf
j→∞

ˆ
A

ϕ(x, λ|fm − fkj |) dµ 6 ε.

Thus %ϕ(λ2 (fm−f))→ 0 for m→∞ and every λ > 0, so that ‖fm−f‖ϕ → 0
by Lemma 3.3.1. Therefore every Cauchy sequence converges in Lϕ. ut

Let us summarize a few additional properties of Lϕ. Let ϕ ∈ Φw(A,µ).
Then Lϕ(A,µ) is circular, i.e.

‖f‖ϕ =
∥∥ |f |∥∥

ϕ
for all f ∈ Lϕ. (3.3.8)

If f ∈ Lϕ, g ∈ L0(A,µ), and 0 6 |g| 6 |f | µ-almost everywhere, then Then
Lϕ(A,µ) is solid, i.e.

g ∈ Lϕ and ‖g‖ϕ 6 ‖f‖ϕ. (3.3.9)



3.4 Associate spaces 61

Next lemma gives more properties of ‖ · ‖ϕ, namely Fatou’s lemma (for
the (quasi)norm) and the Fatou property. The corresponding result for the
modular was proved in Lemma 3.1.4.

Lemma 3.3.10. Let ϕ ∈ Φw(A,µ) be left-continuous and f, fk ∈ L0(A,µ).

(a) If fk → f µ-almost everywhere, then ‖f‖ϕ 6 lim infk→∞ ‖fk‖ϕ.
(b) If |fk| ↗ |f | µ-almost everywhere with fk ∈ Lϕ(A,µ) and supk ‖fk‖ϕ <
∞, then f ∈ Lϕ(A,µ) and ‖fk‖ϕ ↗ ‖f‖ϕ.

Proof. For (a) let fk → f µ-almost everywhere. There is nothing to prove for
lim infk→∞ ‖fk‖ϕ =∞. Otherwise, let λ > lim infk→∞ ‖fk‖ϕ. Then ‖fk‖ϕ <
λ for some large k. Thus by the unit ball property (Lemma 3.2.3), %ϕ(fk/λ) 6
1 for large k. Now Fatou’s lemma for the modular (Lemma 3.1.4) implies
%ϕ(f/λ) 6 1. So ‖f‖ϕ 6 λ again by the unit ball property. Thus we have
‖f‖ϕ 6 lim infk→∞ ‖fk‖ϕ.

It remains to prove (b). So let |fk| ↗ |f | µ-almost everywhere with
supk ‖fk‖ϕ <∞. By (a) we obtain ‖f‖ϕ 6 lim infk→∞ ‖fk‖ϕ 6 supk ‖fk‖ϕ <
∞, which also proves f ∈ Lϕ. On the other hand, |fk| ↗ |f | and solid-
ity (3.3.9) implies that ‖fk‖ϕ ↗ lim supk→∞ ‖fk‖ϕ 6 ‖f‖ϕ. It follows that
limk→∞ ‖fk‖ϕ = ‖f‖ϕ and ‖fk‖ϕ ↗ ‖f‖ϕ. ut

3.4 Associate spaces

The dual space can be used to understand properties of a vector space. We
define the related concept of associate space, which is more closely connected
to the scale of generalized Orlicz spaces. In particular, we will show that the
second associate space is always isomorphic to the space itself, whereas the
second dual space is only isomorphic under certain additional conditions.

The dual space X∗ of a normed space X consists of all bounded linear
functions from X to R. Equipped with the norm

‖f‖X∗ := sup
‖f‖X61

|F (f)|,

X∗ is a Banach space, see for example [123, Theorem 4.1, p. 92].

Definition 3.4.1. Let ϕ ∈ Φw(A,µ). Then by (Lϕ(A,µ))∗ we denote the
dual space of Lϕ(A,µ). Furthermore, we define σϕ : (Lϕ(A,µ))∗ → [0,∞] by

σϕ(F ) := sup
f∈Lϕ(A,µ)

(
|F (f)| − %ϕ(f)

)
.

Note the difference between the spaces (Lϕ(A,µ))∗ and Lϕ
∗
(A,µ): the

former is the dual space of Lϕ(A,µ), whereas the latter is the generalized
Orlicz space defined by the conjugate modular ϕ∗.
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By definition of the functional σϕ we have

|F (f)| 6 %ϕ(f) + σϕ(F ) (3.4.2)

for all f ∈ Lϕ(A,µ) and F ∈ (Lϕ(A,µ))∗. This is a generalized version of the
classical Young inequality.

Remark 3.4.3. The function σϕ is actually a semimodular on the dual space.
We refer to [35, Section 2.7] for details.

In the definition of σϕ the supremum is taken over all Lϕ(A,µ). However,
it is possible to restrict this to the closed unit ball when F is in the unit ball
and ϕ is convex.

Lemma 3.4.4. Let ϕ ∈ Φc(A,µ). If F ∈ (Lϕ(A,µ))∗ with ‖F‖(Lϕ)∗ 6 1,
then

σϕ(F ) = sup
f∈Lϕ,‖f‖ϕ61

(
|F (f)| − %(f)

)
= sup
f∈Lϕ,%ϕ(f)61

(
|F (f)| − %(f)

)
.

Proof. The equivalence of the suprema follows from the unit ball property
(Lemma 3.2.3). Let ‖F‖(Lϕ)∗ 6 1. By the definition of the dual norm we have

sup
‖f‖

ϕ
>1

(
|F (f)| − %(f)

)
6 sup
‖f‖

ϕ
>1

(
‖F‖(Lϕ)∗‖f‖ϕ − %ϕ(f)

)
6 sup
‖f‖

ϕ
>1

(
‖f‖ϕ − %ϕ(f)

)
.

If ‖f‖ϕ > 1, then %ϕ(f) > ‖f‖ϕ by Corollary 3.2.10, and so the right-hand
side of the previous inequality is non-positive. Since %∗ is defined as a supre-
mum, and is always non-negative, we see that f with ‖f‖ϕ > 1 does not
affect the supremum, and so the claim follows. ut

The next lemma shows that we can approximate the function 1 with
a monotonically increasing sequence of functions in the generalized Orlicz
space. This will allow us to generalize several results from [35, Chapter 2]
without the extraneous assumption L∞ ⊂ Lϕ that was used there.

Lemma 3.4.5. Let ϕ ∈ Φw(A,µ). There exist a sequence of positive func-
tions hk ∈ Lϕ(A,µ), k ∈ N, such that hk ↗ 1 and {hk = 1} ↗ A.

Proof. We set h(x) := ϕ−1(x, 1). Then h is measurable by Lemma 2.5.12 and
ϕ(x, h(x)) 6 1 by Lemma 2.3.9(b). Let us define hk := min{khχB(0,k)∩A, 1}.
Then

%ϕ( 1
khk) 6

ˆ
B(0,k)∩A

ϕ(x,min{h, 1/k}) dx 6 |B(0, k)| <∞,
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so that hk ∈ Lϕ(A). By limt→0+ ϕ(x, t) = 0 we have h > 0. It follows that
khχB(0,k)∩A ↗ ∞ for µ-almost every x ∈ A, and so {hk = 1} ↗ A \ F ,
µ(F ) = 0. By modifying hk in a set of measure zero, we obtain the claim. ut

Definition 3.4.6. We define the associate space of Lϕ(A,µ) as the space
(Lϕ)′(A,µ) := {f ∈ L0(A,µ) : ‖f‖(Lϕ)′ <∞} with the norm

‖f‖(Lϕ)′ := sup
‖g‖ϕ61

ˆ
A

fg dµ.

If g ∈ (Lϕ)′ and f ∈ Lϕ, then fg ∈ L1 by the definition of the associate
space. In particular, the integral

´
A
fg dµ is well defined and∣∣∣∣ˆ

A

fg dµ

∣∣∣∣ 6 ‖g‖(Lϕ)′‖f‖Lϕ .

By Jf we denote the functional g 7→
´
A
fg dµ. Clearly Jf ∈ (Lϕ)∗ when

f ∈ (Lϕ)′ so J· : (Lϕ)′ → (Lϕ)∗. The next result shows that the associate
space of Lϕ is always given by Lϕ

∗
. In this sense the associate space is much

nicer than the general dual space.

Theorem 3.4.7 (Norm conjugate formula). If ϕ ∈ Φw(A,µ), then
(Lϕ)′ = Lϕ

∗
and the norms are comparable. Moreover, for all f ∈ L0(A,µ)

‖f‖ϕ ≈ sup
‖g‖ϕ∗61

ˆ
A

|fg| dµ.

Proof. By Theorem 2.5.10 there exists ψ ∈ Φs(A,µ) such that ϕ ' ψ. Then
Lϕ = Lψ and ‖f‖ϕ ≈ ‖f‖ψ by Proposition 3.2.4.

Let f ∈ (Lψ)′ with ‖f‖(Lψ)′ 6 1 and ε > 0. Let {q1, q2, . . . } be an enumer-
ation of non-negative rational numbers with q1 = 0. For k ∈ N and x ∈ A
define

rk(x) := max
j∈{1,...,k}

{
qj |f(x)| − ψ(x, qj)

}
.

The special choice q1 = 0 implies that rk(x) > 0 for all x > 0. Since Q
is dense in [0,∞) and ψ(x, ·) is left-continuous, rk(x) ↗ ψ∗(x, |f(x)|) for
µ-almost every x ∈ A as k →∞.

Since f and ψ(·, t) are measurable functions, the sets

Ei,k :=
{
x ∈ A : qi |f(x)| − ψ(x, qi) = max

j=1,...,k
(qj |f(x)| − ψ(x, qj))

}
are measurable. Let Fi,k := Ei,k \ (E1,k ∪ . . . ∪ Ei−1,k) and define

gk :=

k∑
i=1

qiχFi,k .
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Then gk is measurable and bounded and

rk(x) = gk(x) |f(x)| − ψ(x, gk(x))

for all x ∈ A.
Let hk ∈ Lψ(A,µ) be as in Lemma 3.4.5. Since gk is bounded and hk ∈

Lψ(A,µ), it follows that w := sgn(f)hkgk ∈ Lψ(A,µ).
Since σψ is defined in Definition 3.4.1 as a supremum over functions in Lψ,

we get a lower bound by using the particular function wχE . Thus

σψ(Jf ) > |Jf (wχ{hk=1})| − %ψ(wχ{hk=1}) =

ˆ
{hk=1}

fw − ψ(x, |w|) dµ

>
ˆ
{hk=1}

gk |f | − ψ(x, |gk|) dµ =

ˆ
A

rkχ{hk=1} dµ.

Since rkχ{hk=1} ↗ ψ∗(x, |f |) µ-almost everywhere, it follows by monotone
convergence that σψ(Jf ) > %ψ∗(f). From the definitions of σψ and %ψ∗ we
conclude by Young’s inequality (2.4.2) that

σψ(Jf ) = sup
g∈Lψ

ˆ
A

fg − ψ(x, g) dµ 6 sup
g∈Lψ

ˆ
A

ψ∗(x, f) dµ = %ψ∗(f).

Hence σψ(Jf ) = %ψ∗(f).
Recall that we are assuming ‖f‖(Lψ)′ 6 1 and denote G := {g ∈ Lψ :

‖g‖ψ 6 1}. Then Lemma 3.4.4 and the definition of the associate space yield

σψ
(
Jf
)

= sup
g∈G

(
|Jf (g)| − %ψ(g)

)
6 sup
g∈G

(
‖g‖ψ − %ψ(g)

)
6 sup
g∈G
‖g‖ψ 6 1.

Hence also %ψ∗(f) = σψ
(
Jf
)
6 1 and it follows from the unit-ball property

that ‖f‖ψ∗ 6 1. By a scaling argument, we obtain ‖f‖ψ∗ 6 ‖f‖(Lψ)′ .
Hölder’s inequality (Lemma 3.2.13) implies that ‖f‖(Lψ)′ 6 2‖f‖ψ∗ . In

view of the previous paragraph, ‖f‖(Lψ)′ ≈ ‖f‖ψ∗
Taking into account that ψ∗∗ ' ψ (Proposition 2.4.6), we have shown that

Lϕ = Lψ = (Lψ
∗
)′. By the definition of the associate space norm, this means

that
‖f‖ϕ ≈ ‖f‖ψ ≈ sup

‖g‖ψ∗61

ˆ
A

|f | |g| dµ

for f ∈ Lψ. By Lemma 2.4.4, ψ∗ ' ϕ∗ and hence ‖g‖ψ∗ ≈ ‖g‖ϕ∗ (Proposi-
tion 3.2.4). By 1

L‖g‖ψ∗ 6 ‖g‖ϕ∗ 6 L‖g‖ψ∗ we obtain

sup
‖g‖ϕ∗61

ˆ
A

|f | |g| dµ > sup
L‖g‖ψ∗61

ˆ
A

|f | |g| dµ =
1

L
sup

‖Lg‖ψ∗61

ˆ
A

|f | |Lg| dµ

and similarly for the other direction. Thus the claim is proved in the case
f ∈ Lϕ.
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In the case f ∈ L0\Lψ, we can approximate hk min{|f |, k} ↗ |f | as before.
Since hk min{|f |, k} ∈ Lψ, the previous result implies that the formula holds,
in the form ∞ =∞, when f ∈ L0 \ Lψ. ut

3.5 Separability

In this section we study separability and other density results. Recall that a
(quasi-)Banach space is separable if it contains a dense, countable subset.

We say that a function is simple if it is a linear combination of characteristic
functions of measurable sets,

∑k
i=1 siχEi(x) with µ(E1), . . . , µ(Ek) <∞ and

s1, . . . , sk ∈ R. We denote the set of simple functions by S(A,µ), or, when A
and µ are clear, by S. Note that our definition of simple functions includes
an assumption that the measures of sets are finite. In many places simple
functions are defined without this assumption. Note that a simple function
does not necessary belong to Lϕ, see Example 3.7.11.

Proposition 3.5.1. Let ϕ ∈ Φw(A,µ) satisfy the assumption (aDec). Then
the sets S(A,µ) ∩ Lϕ(A,µ) and L∞(A,µ) ∩ Lϕ(A,µ) are dense in Lϕ(A,µ).

Proof. Let f ∈ Lϕ(A,µ) with f > 0. Since f is measurable, there exist fk :=∑k
i=1 siχEi(x) with measurable sets Ei and 0 6 fk ↗ f µ-almost everywhere.

Note that it does not necessary hold that µ(Ei) <∞. Since µ is σ-finite, there
exist sets (Ai) such that A =

⋃∞
i=1Ai and µ(Ai) <∞ for every i. We define

f̃k :=
∑k
i=1 siχEi(x)χ∪kj=1Aj

(x). Then f̃k ∈ S and 0 6 f̃k ↗ f µ-almost
everywhere. Since 0 6 f̃k 6 f we find that f̃k ∈ Lϕ(A,µ). Since ϕ satisfies
(aDec), norm and modular convergence are equivalent by Corollary 3.3.4.
Let λ > 0 be such that %ϕ(λf) < ∞. Then λ|f − f̃k| 6 λ|f | and hence
by dominated convergence %ϕ

(
λ|f − f̃k|

)
→ 0 as k → ∞. Since norm and

modular convergence are equivalent this yields that f̃k → f in Lϕ(A,µ).
Thus, f is in the closure of S ∩ Lϕ(A,µ). If we drop the assumption f > 0,
then we obtain the same result by considering the positive and negative parts
of f separately.

Since every simple function is bounded, it follows that the larger set L∞∩
Lϕ is also dense in Lϕ. ut

We say that a measure µ is separable if there exists a sequence (Ek) ⊂ Σ
with the following properties:

(a) µ(Ek) <∞ for all k ∈ N,
(b) for every E ∈ Σ with µ(E) < ∞ and every ε > 0 there exists an index

k such that µ(E4Ek) < ε, where 4 denotes the symmetric difference
defined as E4Ek := (E \ Ek) ∪ (Ek \ E).
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For instance the Lebesgue measure on Rn and the counting measure on Zn are
separable. Under (aDec), the separability of the measure implies separability
of the space. Since L∞ is not separable, the assumption (aDec) is reasonable.

Theorem 3.5.2. Let ϕ ∈ Φw(A,µ) satisfy (aDec), and let µ be separable.
Then Lϕ(A,µ) is separable.

Proof. Let S0 be the set of all simple functions of the form
∑k
i=1 aiχEi with

ai ∈ Q and Ei is as in the definition of a separable measure, so that S0 is
countable.

By Proposition 3.5.1 it suffices to prove that S0 is dense in S. Let f ∈ S∩Lϕ
be non-negative. Then we can write f in the form f =

∑k
i=1 biχBi with

bi ∈ (0,∞), Bi ∈ Σ pairwise disjoint and µ(Bi) < ∞ for all i. Let hk be as
in Lemma 3.4.5.

Fix ε ∈ (0, 1). Let λ ∈ (0, 1] be such that %ϕ(λf) < ∞. By (aDec)q we
obtain

%ϕ(6fχF ) =

ˆ
F

ϕ(x, 6f) dµ 6
a6q

λq

ˆ
F

ϕ(x, λf) dµ

and similarly %ϕ(f) <∞. By the absolute continuity of the integral we may
choose δ1 > 0 such that

%ϕ(6fχF ) < ε

for every measurable set F with µ(F ) < kδ1. Next choose l ∈ N such that
µ(
⋃
Bi \ {hl = 1}) < 1

2δ1. By (aDec) and absolute continuity of the integral,
we can choose δ2 > 0 such that

%ϕ(6bhlχF ) < ε

for every measurable set F with µ(F ) < kδ2, where b := max{bi}. Then
choose rational numbers a1, . . . , ak ∈ (0,∞) such that |bi − ai| < εbi for
i = 1, . . . , k. Furthermore, for each i we find ji such that µ(Bi4Eji) <

min{ 1
2δ1, δ2}. Let g := hl

∑k
i=1 ai χEji . Then

|f − g| =
∣∣∣∣ k∑
i=1

(bi − ai)χBi
∣∣∣∣+

∣∣∣∣ k∑
i=1

ai
(
χBi − hlχEji

)∣∣∣∣
6

k∑
i=1

|bi − ai|χBi +

k∑
i=1

(
ai χBi\(Eji∩{hl=1}) + hlai χEji\Bi

)
6 εf + 2

k∑
i=1

(
bi χBi\(Eji∩{hl=1}) + bhlχEji\Bi

)
.

Denote F :=
⋃
iBi \ (Eji ∩ {hl = 1}) and F ′ :=

⋃
iEji \ Bi. Then µ(F ) 6∑k

i=1(µ(Bi \ Eji) + µ(Bi \ {hl = 1})) 6 k
2 δ1 + k

2 δ1 = kδ1 and µ(F ′) 6 kδ2.
Taking ϕ of both sides of the previous estimate for |f − g|, and integrating
over A, we find by (aDec) that
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%ϕ(f − g) 6 %ϕ(εf + 2fχF + 2bhlχF ′)

6 %ϕ(3εf) + %ϕ(6fχF ) + %ϕ(6bhlχF ′)

. ε%ϕ(f) + 2ε.

It follows that %ϕ(f−g)→ 0 as ε→ 0+. Since norm and modular convergence
are equivalent (Corollary 3.3.4), this implies the claim. ut

3.6 Uniform convexity and reflexivity

In this section we prove the reflexivity of Lϕ by means of uniform convexity,
since it is well known that the latter implies the former. The section is based
on [54].

Note that there is no reason to work with non-convex Φ-functions in this
context, since mid-point convexity implies convexity for increasing functions.
A uniformly convex Φ-function need not to be left-continuous: for example
t 7→ ∞χ[1,∞)(t) is uniformly convex. In this section we nevertheless work
with Φc, for simplicity.

Definition 3.6.1. We say that ϕ ∈ Φc(A,µ) is uniformly convex if for every
ε > 0 there exists δ ∈ (0, 1) such that

ϕ

(
x,
s+ t

2

)
6 (1− δ)ϕ(x, s) + ϕ(x, t)

2

for µ-almost every x ∈ A whenever s, t > 0 and |s− t| > εmax{|s|, |t|}.

Uniformly convex Φ-functions can be very neatly described in terms of
equivalent Φ-functions and (aInc).

Proposition 3.6.2. The function ϕ ∈ Φw(A,µ) is equivalent to a uniformly
convex Φ-function if and only it satisfies (aInc).

Proof. Assume first that ϕ satisfies (aInc)p with p > 1. By Lemma 2.5.9, there
exists ψ ∈ Φc(A,µ) such that ϕ ' ψ and ψ

1
p is convex. The claim follows

once we show that ψ is uniformly convex. Let ε ∈ (0, 1) and s− t > εs, with
s > t > 0. Since ψ

1
p is convex,

ψ
(
x,
s+ t

2

) 1
p

6
ψ(x, s)

1
p + ψ(x, t)

1
p

2
.

Since t 6 (1 − ε)s and ψ is convex, we find that ψ(x, t) 6 ψ(x, (1 − ε)s) 6
(1−ε)ψ(x, s). Therefore, ψ(x, t)

1
p 6 (1−ε′)ψ(x, s)

1
p for some ε′ > 0 depending

only on ε and p. Since t 7→ tp is uniformly convex, we obtain that(
ψ(x, s)

1
p + ψ(x, t)

1
p

2

)p
6 (1− δ)ψ(x, s) + ψ(x, t)

2
.
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Combined with the previous estimate, this shows that ψ is uniformly convex.
Assume now conversely, that ϕ ' ψ and ψ is uniformly convex. Choose

ε = 1
2 and t = 0 in the definition of uniform convexity:

ψ(x, s2 ) 6 1
2 (1− δ)ψ(x, s).

Divide this equation with (s/2)p where p > 1 is given by 2p−1(1− δ) = 1:

ψ(x, s2 )

(s/2)p
6 2p−1(1− δ)ψ(x, s)

sp
=
ψ(x, s)

sp
.

The previous inequality holds for every s > 0. If 0 < t < s, then we can
choose k ∈ N such that 2kt 6 s < 2k+1t. Then by the previous inequality
and monotonicity of ψ,

ψ(x, t)

tp
6
ψ(x, 2t)

(2t)p
6 · · · 6 ψ(x, 2kt)

(2kt)p
6 2p

ψ(x, s)

sp
.

Hence ψ satisfies (aInc)p with p > 1. Since this property is invariant under
equivalence (Lemma 2.1.9), it holds for ϕ as well. ut

Of course we are ultimately interested in the uniform convexity of the
space. We recall the definition.

Definition 3.6.3. A vector space X is uniformly convex if it has a norm ‖ ·‖
such that for every ε > 0 there exists δ > 0 with

‖x− y‖ > ε or ‖x+ y‖ 6 2(1− δ)

for all x, y ∈ X with ‖x‖ = ‖y‖ = 1.

In the Orlicz case, it is well known that the space Lϕ is reflexive and
uniformly convex if and only if ϕ and ϕ∗ are doubling [118, Theorem 2,
p. 297]. Hudzik [65] showed in 1983 that the same conditions are sufficient
for uniform convexity in the generalized Orlicz spaces (see also [42, 66]). With
the equivalence technique, we are able to give a simple proof of this result.

The next technical lemma allows us to have absolute values in the inequal-
ity from the definition of uniform convexity.

Lemma 3.6.4. Let ϕ ∈ Φc(A,µ) be uniformly convex. Then for every ε > 0
there exists δ2 > 0 such that

ϕ
(
x,
∣∣∣s+ t

2

∣∣∣) 6
(
1− δ2

)ϕ(x, |s|) + ϕ(x, |t|)
2

for all s, t ∈ R with |s− t| > εmax {|s|, |t|} and every x ∈ A.

Proof. Fix ε ∈ (0, 1) and let δ > 0 be as in Definition 3.6.1. Let |s− t| >
εmax {|s|, |t|}. If

∣∣|s| − |t|∣∣ > εmax {|s|, |t|}, then the claim follows by uni-
form convexity of ϕ, |s+ t| 6 |s|+ |t| and the choice δ2 := δ. So assume in the
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following
∣∣|s| − |t|∣∣ 6 εmax {|s|, |t|}. Since |s− t| > εmax {|s|, |t|}, it follows

that s and t have opposite signs, and that∣∣∣s+ t

2

∣∣∣ =
∣∣∣ |s| − |t|

2

∣∣∣ 6 ε
2 max {|s|, |t|}.

Then it follows from convexity that

ϕ
(
x,
∣∣∣s+ t

2

∣∣∣) 6 ε
2ϕ(x,max {|s|, |t|}) 6 ε

ϕ(x, |s|) + ϕ(x, |t|)
2

.

Therefore the claim holds with δ2 := min{δ, 1− ε}. ut

Lemma 3.6.5. Let ϕ ∈ Φc(A,µ) be uniformly convex. Then for every ε > 0
there exists δ > 0 such that

%ϕ

(f − g
2

)
< ε

%ϕ(f) + %ϕ(g)

2
or %ϕ

(f + g

2

)
6 (1− δ)%ϕ(f) + %ϕ(g)

2

for all f, g ∈ L0(A,µ).

Proof. Fix ε > 0. Let δ2 > 0 be as in Lemma 3.6.4 for ε/4. There is nothing
to show if %ϕ(f) =∞ or %ϕ(g) =∞. So in the following let %ϕ(f), %ϕ(g) <∞,
which imply by convexity that %ϕ( f+g

2 ), %ϕ( f−g2 ) <∞.
Assume that %ϕ( f−g2 ) > ε%ϕ(f)+%ϕ(g)

2 . We show that the second inequality
in the statement of the lemma holds with δ = δ2ε

2 . Define

E :=
{
x ∈ A : |f(x)− g(x)| > ε

2 max{|f(x)|, |g(x)|}
}
.

By (Inc)1, for µ-almost all x ∈ A \ E, we have

ϕ
(
x,
|f(x)− g(x)|

2

)
6
ε

4
ϕ
(
x,max{|f(x)|, |g(x)|}

)
6
ε

2

ϕ(x, |f(x)|) + ϕ(x, |g(x)|)
2

.

It follows that

%ϕ

(
χA\E

f − g
2

)
6
ε

2

%ϕ(χA\Ef) + %ϕ(χA\Eg)

2
6
ε

2

%ϕ(f) + %ϕ(g)

2
.

This and %ϕ( f−g2 ) > ε%ϕ(f)+%ϕ(g)
2 imply

%ϕ

(
χE

f − g
2

)
= %ϕ

(f − g
2

)
− %ϕ

(
χA\E

f − g
2

)
>
ε

2

%ϕ(f) + %ϕ(g)

2
. (3.6.6)

On the other hand it follows by the definition of E and the choice of δ2 in
Lemma 3.6.4 that
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%ϕ

(
χE

f + g

2

)
6 (1− δ2)

%ϕ(χEf) + %ϕ(χEg)

2
. (3.6.7)

Since 1
2 (ϕ(x, f)+ϕ(x, g))−ϕ(x, f+g

2 ) > 0 on A\E (by convexity), we obtain

%ϕ(f) + %ϕ(g)

2
− %ϕ

(f + g

2

)
>
%ϕ(χEf) + %ϕ(χEg)

2
− %ϕ

(
χE

f + g

2

)
.

This, (3.6.7), convexity and (3.6.6) imply

%ϕ(f) + %ϕ(g)

2
− %ϕ

(f + g

2

)
> δ2

%ϕ(χEf) + %ϕ(χEg)

2

> δ2%ϕ

(
χE

f − g
2

)
>
δ2ε

2

%ϕ(f) + %ϕ(g)

2
. ut

The question arises whether uniform convexity of ϕ implies the uniform
convexity of Lϕ. This turns out to be true under the (aDec) condition. Note
that compared to [35, Corollary 2.7.18] here we do not assume that simple
functions belong to Lϕ(A,µ) and to its dual.

Theorem 3.6.8. Let ϕ ∈ Φc(A,µ) be uniformly convex and satisfy (aDec).
Then Lϕ(A,µ) is uniformly convex with norm ‖·‖ϕ.

In particular, if ϕ satisfies (aInc) and (aDec), then Lϕ(A,µ) is uniformly
convex and reflexive.

Proof. Fix ε > 0. Let f, g ∈ Lϕ(A,µ) with ‖f‖ϕ, ‖g‖ϕ 6 1 and ‖f − g‖ϕ >
ε. Then ‖ f−g2 ‖ϕ > ε

2 and by Lemma 3.2.11 there exists α = α(ε) > 0

such that %ϕ( f−g2 ) > α. By the unit ball property (Lemma 3.2.3) we have
%ϕ(f), %ϕ(g) 6 1, so %ϕ( f−g2 ) > α%ϕ(f)+%ϕ(g)

2 . By Lemma 3.6.5, there exists
β = β(α) > 0 such that %ϕ( f+g

2 ) 6 (1 − β)%ϕ(f)+%ϕ(g)
2 6 1 − β. Since ϕ is a

convex Φ-function, it satisfies (Inc) and by Lemma 2.2.6 (aDec) implies (Dec).
Now Lemma 3.2.11 implies the existence of δ = δ(β) > 0 with ‖ f+g

2 ‖ϕ 6 1−δ.
This proves the uniform convexity of the norm ‖·‖ϕ.

If ϕ satisfies (aInc) and (aDec), then it is equivalent to some ψ ∈ Φc(A,µ)
which is uniformly convex and satisfies (aDec), by Proposition 3.6.2. Hence by
the first part Lψ is uniformly convex and by Proposition 1.3.5 it is reflexive.
Since Lϕ = Lψ by Proposition 3.2.4, the same holds for Lϕ. ut

The conditions (aInc) and (aDec) can be generalized further.

Corollary 3.6.9. Let ϕ ∈ Φw(A,µ). If ϕ satisfies ∆w
2 and ∇w

2 , then Lϕ(A,µ)
is uniformly convex and reflexive.

Proof. By Theorem 2.5.24, Lemma 2.2.6 and Corollary 2.4.15, there exists
ψ ∈ Φw(A,µ) which satisfies (aDec), (aInc) and ϕ ∼ ψ. Hence by Theo-
rem 3.6.8, Lψ is uniformly convex and reflexive. Since ϕ ∼ ψ, Corollary 3.2.9
and Proposition 3.2.4 imply that Lϕ = Lψ, and hence we have proved that
Lϕ is uniformly convex and reflexive. ut
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3.7 The weight condition (A0) and density of smooth
functions

In this section we introduce a new assumption on the Φ-function and study
its implication. The assumption means that we restrict our attention to the
essentially “unweighted” case: if ϕ(x, t) = tpw(x), then (A0) holds if and only
if w ≈ 1.

Definition 3.7.1. We say that ϕ ∈ Φw(A,µ) satisfies (A0), if there exists a
constant β ∈ (0, 1] such that β 6 ϕ−1(x, 1) 6 1

β for µ-almost every x ∈ A.
Equivalently, this means that there exists β ∈ (0, 1] such that ϕ(x, β) 6

1 6 ϕ(x, 1/β) for µ-almost every x ∈ A (cf. Corollary 3.7.4).

Example 3.7.2. Let ϕ(x, t) = 1
p(x) t

p(x) where p : A → [1,∞) is measurable,
and ψ(x, t) = tp + a(x)tq where 1 6 p < q < ∞ and a : A → [0,∞)
is measurable. Then ϕ,ψ ∈ Φs(A,µ). Since ϕ−1(x, t) = (p(x)t)1/p(x), we
see that ϕ satisfies (A0) (without assumptions for p). By Corollary 3.7.4, ψ
satisfies (A0) if and only if a ∈ L∞(A,µ).

By Theorem 2.3.6 we have ϕ ' ψ if and only if ϕ−1 ≈ ψ−1 and thus (A0)
is invariant under equivalence of weak Φ-functions.

Note that if ϕ satisfies (A0), then it is not necessary that ϕ(x, 1) ≈ 1.
For instance, for ϕ∞(t) =∞χ(1,∞), we have ϕ−1

∞ (x, 1) = 1 whereas ϕ∞ only
takes values 0 and ∞. However there exists an equivalent weak Φ-function
for which also ϕ(x, 1) is controlled.

Lemma 3.7.3. Let ϕ ∈ Φw(A,µ) satisfy (A0). Then there exists ψ ∈
Φs(A,µ) with ϕ ' ψ and ψ(x, 1) = ψ−1(x, 1) = 1 for µ-almost every x ∈ A.
Proof. By Theorem 2.5.10 there exists ψ1 ∈ Φs(A,µ) with ϕ ' ψ1. Since ϕ
satisfies (A0) so does ψ1. We set

ψ2(x, t) := ψ1

(
x, ψ−1

1 (x, 1)t
)
.

By Lemma 2.5.12, x 7→ ψ−1
1 (x, t) is measurable. Thus x 7→ ψ2(x, t) is mea-

surable for fixed t by the definition of generalized Φ-prefunction. Then ϕ2

satisfies the measurability condition of Φs(A,µ) by Theorem 2.5.4.
We show that ψ2 ∈ Φs(A,µ). The function ψ2 is increasing since ψ1 is

increasing. By Lemma 2.5.7, ψ2 is a Φ-prefunction. Since t 7→ ψ1(x, t) is
convex we obtain that

ψ2(x, θt+ (1− θ)s) = ψ1

(
x, θψ−1

1 (x, 1)t+ (1− θ)ψ−1
1 (x, 1)s

)
6 θψ1

(
x, ψ−1

1 (x, 1)t
)

+ (1− θ)ψ1

(
x, ψ−1

1 (x, 1)s
)

= θψ2(x, t) + (1− θ)ψ2(x, t)

for every θ ∈ [0, 1] and s, t > 0. Since t 7→ ψ1(x, t) is continuous into the
compactification [0,∞] for µ-almost every x and ψ−1

1 (x, 1) is independent of
t, we obtain that t 7→ ψ2(x, t) is continuous for µ-almost every x.
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Since ψ1 satisfies (A0), we have ψ1 ' ψ2. By Lemma 2.3.3,

ψ2(x, 1) = ψ1(x, ψ−1
1 (x, 1)) = 1

for µ-almost every x ∈ A. By Corollary 2.3.4, this implies ψ−1
2 (x, 1) = 1 for

µ-almost every x ∈ A. ut

Corollary 3.7.4. Let ϕ ∈ Φw(A,µ). Then ϕ satisfies (A0) if and only if
there exists β ∈ (0, 1] such that ϕ(x, β) 6 1 6 ϕ(x, 1/β) for µ-almost every
x ∈ A.

Proof. Assume first that (A0) holds. By Lemma 3.7.3, there exists ψ ∈
Φs(A,µ) with ψ(x, 1) = 1 and ψ ' ϕ. This implies the inequality.

Assume then that the inequality holds. By the definition of ϕ−1, the in-
equality ϕ(x, 1

β ) > 1 yields ϕ−1(x, 1) 6 1
β . By (aInc)1 and ϕ(x, β) 6 1, we

obtain
ϕ(x, β/(2a))

β/(2a)
6 a

ϕ(x, β)

β
6
a

β

so that ϕ(x, β2a ) 6 1
2 . This yields that ϕ

−1(x, 1) > β
2a . ut

Corollary 3.7.5. Let ϕ ∈ Φw(A,µ). If there exists c > 0 such that ϕ(x, c) ≈
1, then ϕ satisfies (A0).

Proof. Let m 6 ϕ(x, c) 6 M . We may assume that m ∈ (0, 1] and M > 1.
By (aInc)1 we obtain

ϕ(x, c/(aM))

c/(aM)
6 a

ϕ(x, c)

c
6
aM

c
and

m

c
6
ϕ(x, c)

c
6 a

ϕ(x, ac/m)

ac/m

Thus ϕ(x, c/(aM)) 6 1 and ϕ(x, ac/m) > 1 and the claim follows from
Corollary 3.7.4. ut

Lemma 3.7.6. If ϕ ∈ Φw(A,µ) satisfies (A0), then ϕ∗ satisfies (A0).

Proof. By Theorem 2.4.10 and (A0) of ϕ we obtain

(ϕ∗)−1(x, 1) ≈ 1

ϕ−1(x, 1)
6

1

β
and (ϕ∗)−1(x, 1) ≈ 1

ϕ−1(x, 1)
> β

for µ-almost every x ∈ A. ut

We next characterize the embeddings of the sum and the intersection of
generalized Orlicz spaces. Let us introduce the usual notation. Recall that for
two normed spaces X and Y (which are both subsets of a vector spaces Z) we
equip the intersection X ∩ Y and the sum X + Y := {g + h : g ∈ X,h ∈ Y }
with the norms

‖f‖X∩Y := max {‖f‖X , ‖f‖Y } and ‖f‖X+Y := inf
f=g+h,
g∈X,h∈Y

(
‖g‖X + ‖h‖Y

)
.
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In the next lemma we use the convention that every ϕ ∈ Φw(A,µ) satisfies
(aDec)∞ with constant 1. Hence we always have L1 ∩L∞ ↪→ Lϕ ↪→ L1 +L∞

Notice that the first embedding requires only ϕ(x, 1
β ) > 1 whereas the second

requires only ϕ(x, β) 6 1.

Lemma 3.7.7. Let ϕ ∈ Φw(A,µ) satisfy (A0), (aInc)p and (aDec)q, p ∈
[1,∞) and q ∈ [1,∞]. Then

Lp(A,µ) ∩ Lq(A,µ) ↪→ Lϕ(A,µ) ↪→ Lp(A,µ) + Lq(A,µ)

and the embedding constants depend only on (A0), (aInc)p and (aDec)q.

Proof. Let β ∈ (0, 1] be the constant from Corollary 3.7.4 and a be the
maximum of the constant from (aDec) and (aInc).

Let us first study Lϕ(A,µ) ↪→ Lp(A,µ) +Lq(A,µ). Let f ∈ Lϕ(A,µ) with
‖f‖ϕ < 1 so that %ϕ(f) 6 1 by the unit ball property (Lemma 3.2.3). We
may assume that f > 0 since otherwise we may study |f |. We assume that
p, q ∈ [1,∞). The cases q =∞ follows by simple modifications.

Define f1 := fχ{06f6 1
β
} and f2 := fχ{f> 1

β
}. By Corollary 3.7.4, (aInc)p

and (aDec)q we have

βp 6
ϕ(x, 1/β)

1/βp
6 a

ϕ(x, t)

tp
and βq 6

ϕ(x, 1/β)

1/βq
6 a

ϕ(x, s)

sq

for s 6 1
β 6 t. Using these we obtain that

βp

a

ˆ
A

fp1 dx 6
ˆ
A

ϕ(x, f1) dx 6 1 and
βq

a

ˆ
A

fq2 dx 6
ˆ
A

ϕ(x, f2) dx 6 1.

Thus we have ‖f‖Lp+Lq 6 a1/p

β + a1/g

β and claims follows by the scaling argu-
ment, i.e. by using this result for f/(‖f‖ϕ + ε) and then letting ε→ 0+.

Then we consider the embedding Lp(A,µ) ∩ Lq(A,µ) ↪→ Lϕ(A,µ) and
assume that ‖f‖Lp∩Lq 6 1

a min{βp, βq}. Define f1 := fχ{06f6β} and f2 :=
fχ{f>β}. By Corollary 3.7.4, (aInc)p and (aDec)q we have

ϕ(x, t)

tp
6 a

ϕ(x, β)

βp
6

a

βp
and

ϕ(x, s)

sq
6 a

ϕ(x, β)

βq
6

a

βq

for t 6 β 6 s. Using these we obtain that
ˆ
A

ϕ(x, f1) dx 6
a

βp

ˆ
A

fp1 dx 6 1 and
ˆ
A

ϕ(x, f2) dx 6
a

βq

ˆ
A

fq2 dx 6 1.

Thus we have ‖f‖Lϕ 6 1 and claims follows by the scaling argument. ut



74 3 Generalized Orlicz spaces

Next we give an example which shows that assumption (A0) is not redun-
dant in Lemma 3.7.7.

Example 3.7.8. Let ϕ(x, t) = t2|x|2. Then ϕ ∈ Φs(R) satisfies (Inc)2 and
(Dec)2 but not (A0).

First we show that Lϕ(R) ↪→ L2(R) + L∞(R) does not hold. For that let
f(x) := 1√

|x|
χ(−1,1). Then

ˆ
R
ϕ(x, f) dx =

ˆ
(−1,1)

1

|x|
|x|2 dx ≈ 1

and thus f ∈ Lϕ(R). Let f1 ∈ L2(R) and f2 ∈ L∞(R) be such that f = f1+f2.
Then we find r > 0 such that f(x) = f1(x) for all x ∈ (−r, r) and obtain

ˆ
(−r,r)

f2
1 dx =

ˆ
(−r,r)

1

|x|
dx =∞

and thus such a decomposition does not exist.
Next we show that L1(R) ∩ L2(R) ↪→ Lϕ(R) does not hold. Let g(x) :=

min{1, |x|−5/4}. A short calculation shows that g ∈ L1(R). Since 0 < g 6 1
this yields that g ∈ L2(R). On the other hand for every λ > 0 we have

ˆ
R
ϕ(x, λg) dx >

ˆ
R\(−1,1)

(
λ|x|−

5
4
)2|x|2 dx ≈ λ2

ˆ ∞
1

|x|−
1
2 dx =∞

and thus g /∈ Lϕ(R).

When the set A has finite measure, the previous result simplifies and we
get the following corollaries.

Corollary 3.7.9. Let A have finite measure and let ϕ ∈ Φw(A,µ) satisfy
(A0) and (aInc)p. Then Lϕ(A,µ) ↪→ Lp(A,µ) and there exists β such that

ˆ
A

|f |p dµ .
ˆ
A

ϕ(x, |f |) dµ+ µ
(
{0 < |f | < 1

β }
)
.

Proof. Let β ∈ (0, 1] be from Corollary 3.7.4. Then by (aInc)p and (A0)

a
ϕ(x, t)

tp
>
ϕ(x, 1/β)

1/βp
> βp

for all t > 1
β , so that aϕ(x, t) > βptp. Thus

βptp 6 aϕ(x, t) + χ{0<t< 1
β
},

which yields the claim for the modulars when we set t := |f(x)| and integrate
over x ∈ A. The embedding follows from Lemma 3.7.7 since Lp(A,µ) +
L∞(A,µ) = Lp(A,µ). ut
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Similarly, since L∞(A,µ) = Lp(A,µ) ∩ L∞(A,µ) when µ(A) < ∞,
Lemma 3.7.7 also implies the following result.

Corollary 3.7.10. Let A have finite measure and let ϕ ∈ Φw(A,µ) satisfy
(A0). Then L∞(A,µ) ↪→ Lϕ(A,µ).

The next example shows that the previous result need not hold if ϕ does
not satisfy (A0).

Example 3.7.11. Let (0, 1) ⊂ R and ϕ(x, t) := t
|x| . Then ϕ ∈ Φs(0, 1) and ϕ

does not satisfy (A0). Let f ≡ 2 ∈ L∞(A,µ). We obtain
ˆ 1

0

ϕ(x, λ|f |) dx =

ˆ 1

0

2λ

x
dx =∞

for all λ > 0 and hence f 6∈ Lϕ(0, 1).

Next we show that Lϕ(A,µ) is a Banach function space provided that ϕ
satisfies (A0).

Definition 3.7.12. A normed space (X, ‖·‖X) with X ⊂ L0(A,µ) is called
a Banach function space, if

(a) (X, ‖·‖X) is circular, solid and satisfies the Fatou property (see p. 60).
(b) If µ(E) <∞, then χE ∈ X.
(c) If µ(E) <∞, then χE ∈ X ′, i.e.

´
E
|f | dµ 6 c(E)‖f‖X for all f ∈ X.

We have seen that the properties in (a) always hold. The next theorem
shows that (A0) implies the other two.

Theorem 3.7.13. Let ϕ ∈ Φw(A,µ) satisfy (A0). Then Lϕ(A,µ) is a Ba-
nach function space.

Proof. Circularity and solidity hold by (3.3.8) and (3.3.9). The Fatou prop-
erty holds by Lemma 3.3.10. So we only check (b) and (c).

For (b) let µ(E) < ∞. By Corollary 3.7.4 there exists β > 0 such that
ϕ(x, β) 6 1 and hence

ˆ
A

ϕ(x, βχE) dµ =

ˆ
E

ϕ(x, β) dµ 6 µ(E)

so that χE ∈ Lϕ(A,µ). By Theorem 3.4.7, (Lϕ)′ = Lϕ
∗
, and by Lemma 3.7.6,

ϕ∗ satisfies (A0). Therefore (c) follows from (b) of ϕ∗. ut

At the end of this section we give some basic density results in Ω ⊂ Rn with
the Lebesgue measure. Note that the assumption (aDec) is not redundant,
since the results do not hold in L∞. Let us denote by Lϕ0 (Ω) the set of
functions from Lϕ(Ω) whose support is compactly in Ω.
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Lemma 3.7.14. Let ϕ ∈ Φw(Ω) satisfy (aDec). Then Lϕ0 (Ω) is dense in
Lϕ(Ω).

Proof. Let f ∈ Lϕ(Ω) and let λ > 0 be such that
´

Ω
ϕ(x, λf) dx <∞. Define

fi := fχB(0,i). Then
ˆ

Ω

ϕ(x, λ|f − fi|) dx =

ˆ
Ω\B(0,i)

ϕ(x, λ|f |) dx→ 0

as i → ∞ by the absolute continuity of the integral. Hence (fi) is modular
convergent to f and thus the claim follows by Corollary 3.3.4. ut

If we also have (A0), then a stronger result holds.

Theorem 3.7.15. If ϕ ∈ Φw(Ω) satisfies (A0) and (aDec), then C∞0 (Ω) is
dense in Lϕ(Ω).

Proof. Let ϕ satisfy (aDec)q and note that simple functions are dense in
Lϕ(Ω) by Proposition 3.5.1. Since every simple function belongs to L1(Ω) ∩
Lq(Ω), it can be approximated by a sequence of C∞0 (Ω) functions in the same
space. By Lemma 3.7.7, L1(Ω) ∩ Lq(Ω) ↪→ Lϕ(Ω) so the claim follows. ut



Chapter 4
Maximal and averaging operators

For the rest of the book, we always consider subsets of Rn and the Lebesgue
measure. By Ω we always denote an open set in Rn.

In this chapter we introduce new conditions (A1) and (A2) in Sections 4.1
and 4.2, which together with (A0) from the previous chapter and (aInc) im-
ply the boundedness of the maximal operator (Section 4.3). Additionally,
we study averaging operators which are bounded without the (aInc) condi-
tion and derive the boundedness of convolution and estimate the norms of
characteristic functions (Section 4.4).

4.1 The local continuity condition (A1)

We first consider a local condition on the Φ-functions which is relevant when
we compare the values of ϕ at nearby points. It turns out to be convenient
to do the comparison for the inverse functions. For some examples of the
(A1) condition, see the special cases of variable exponent and double phase
growth, collected in Table 7.1 on page 139.

Definition 4.1.1. Let ϕ ∈ Φw(Ω). We say that ϕ satisfies

(A1) if there exists β ∈ (0, 1) such that

βϕ−1(x, t) 6 ϕ−1(y, t)

for every t ∈ [1, 1
|B| ], almost every x, y ∈ B ∩ Ω and every ball B with

|B| 6 1.
(A1′) if there exists β ∈ (0, 1) such that

ϕ(x, βt) 6 ϕ(y, t)

for every ϕ(y, t) ∈ [1, 1
|B| ], almost every x, y ∈ B ∩ Ω and every ball B

with |B| 6 1.

77



78 4 Maximal and averaging operators

One good feature with (A1) is that it is easy to see that it is invariant under
equivalence of Φ-functions and works well with conjugation (cf. Lemma 4.1.7).
For (A1′) we need an additional assumption.

Question 4.1.2. Is (A1′) invariant under equivalence of Φ-functions?

Lemma 4.1.3. Let ϕ,ψ ∈ Φw(Ω) and ϕ ' ψ.

(a) If ϕ satisfies (A1), then ψ does, as well.
(b) If ϕ ∈ Φs(Ω) satisfies (A1′), then ψ does, as well.
(c) If ϕ ∈ Φw(Ω) satisfies (A0) and (A1′), then ψ does, as well.

Proof. (a) Suppose that ϕ satisfies (A1). Since ϕ ' ψ, Theorem 2.3.6 implies
that ϕ−1 ≈ ψ−1. Hence

β
L2ψ

−1(x, t) 6 β
Lϕ
−1(x, t) 6 1

Lϕ
−1(y, t) 6 ψ−1(y, t)

for every t ∈
[
1, 1
|B|
]
, almost every x, y ∈ B∩Ω and every ball B with |B| 6 1,

and so ψ satisfies (A1).
(b) Suppose then that ϕ ∈ Φs(Ω) satisfies (A1′) and let t be such that

ψ(y, t) ∈ [1, 1
|B| ]. Since ϕ ' ψ, ϕ(y, tL ) 6 ψ(y, t) 6 1

|B| . If ϕ(y, tL ) > 1, we
obtain, by (A1′) of ϕ with argument 1

L t,

ψ(x, βL2 t) 6 ϕ(x, βL t) 6 ϕ(y, 1
L t) 6 ψ(y, t).

Otherwise, there exists s ∈ [ 1
L , L] with ϕ(y, st) = 1, since ϕ ∈ Φs(Ω) and

ϕ(y, Lt) > ψ(y, t) > 1. Then

ψ(x, βL2 t) 6 ϕ(x, βst) 6 ϕ(y, st) = 1 6 ψ(y, t).

Thus ψ satisfies (A1′) with constant β
L2 .

(c) Suppose then that ϕ ∈ Φw(Ω) satisfies (A0) and (A1′) and let t be
such that ψ(y, t) ∈ [1, 1

|B| ]. As in (b), we obtain that ψ(x, βL2 t) 6 ψ(y, t)

when ϕ(y, tL ) > 1. Assume then that ϕ(y, tL ) < 1. Since ϕ satisfies (A0), so
does ψ and thus ϕ(x, βϕ0 ) 6 1 6 ϕ(x, 1/βϕ0 ) and similarly for ψ. We obtain
that t

L <
1
βϕ0

and hence

ψ(x, βϕ0 β
ψ
0
t
L ) 6 ψ(x, βψ0 ) 6 1 6 ψ(y, t).

Thus ψ satisfies (A1′) with constant min{ βL2 , β
ϕ
0 β

ψ
0

1
L}. ut

Next we show that (A1) implies (A1′). For the other direction we need the
additional assumption ϕ ∈ Φs(Ω).

Question 4.1.4. Are (A1) and (A1′) equivalent for all ϕ ∈ Φw(Ω)?



4.1 The local continuity condition (A1) 79

Proposition 4.1.5.

(a) If ϕ ∈ Φw(Ω) satisfies (A1), then it satisfies (A1′).
(b) If ϕ ∈ Φs(Ω) satisfies (A1′), then it satisfies (A1).

Proof. (a) Assume that (A1) holds and let ψ ∈ Φs(Ω) with ϕ ' ψ (Theo-
rem 2.5.10). By Lemma 4.1.3(a), ψ satisfies (A1). Let |B| 6 1, x, y ∈ B ∩ Ω
and s ∈ [1, 1

|B| ]. Then
βψ−1(x, s) 6 ψ−1(y, s).

Since ψ ∈ Φs(Ω), we can choose t ∈ (0,∞) such that ψ(x, t) = s. We apply
ψ(y, ·) to both sides of the inequality and use Lemma 2.3.3:

ψ(y, βψ−1(x, ψ(x, t))) 6 ψ(y, ψ−1(y, ψ(x, t))) = ψ(x, t).

Since ψ(x, t) = s ∈ [1, 1
|B| ], Corollary 2.3.4 implies that ψ−1(x, ψ(x, t)) =

t, and we have (A1′). Since ψ ∈ Φs(Ω) and ϕ ' ψ, it follows from
Lemma 4.1.3(b) that ϕ satisfies (A1′) as well.

(b) Assume that (A1′) holds with constant β. Let |B| 6 1, x, y ∈ B ∩ Ω
and s ∈ [1, 1

|B| ]. Since ϕ ∈ Φs(Ω), we can find t such that ϕ(y, t) = s. Then,
by (A1′),

ϕ(x, βt) 6 ϕ(y, t).

Since s ∈ [1, 1
|B| ], Corollary 2.3.4 implies that ϕ−1(y, s) = ϕ−1(y, ϕ(y, t)) = t.

By Corollary 2.3.4, we obtain that

βϕ−1(y, s) = βt = ϕ−1(x, ϕ(x, βt)) 6 ϕ−1(x, ϕ(y, t)) = ϕ−1(x, s)

provided that ϕ(x, βt) ∈ (0,∞). Since ϕ(x, βt) 6 ϕ(y, t) = s 6 1
|B| < ∞, we

are left to prove the case ϕ(x, βt) = 0. Then βt 6 ϕ−1(x, t′) for all t′ > 0.
Hence we obtain βϕ−1(y, s) = βt 6 ϕ−1(x, s). Thus (A1′) implies (A1). ut

Corollary 4.1.6. Let ϕ ∈ Φw(Ω) satisfy (A0). Then ϕ satisfies (A1) if and
only if it satisfies (A1′).

Proof. (A1) yields (A1′) by Proposition 4.1.5(a). So let us assume that ϕ
satisfies (A1′). Let ψ ∈ Φs(Ω) with ψ ' ϕ (Theorem 2.5.10). Since ϕ satisfies
(A0), Lemma 4.1.3(c) yields that ψ satisfies (A1′), and hence by Proposi-
tion 4.1.5(b), ψ satisfies (A1). Thus by Lemma 4.1.3(a), ϕ satisfies (A1). ut

Lemma 4.1.7. If ϕ ∈ Φw(Ω) satisfies (A1), then ϕ∗ satisfies (A1).

Proof. By Theorem 2.4.10 and (A1) of ϕ we obtain

(ϕ∗)−1(x, t) ≈ t

ϕ−1(x, t)
6

t

βϕ−1(y, t)
≈ 1

β (ϕ∗)−1(y, t)

for t ∈ [1, 1
|B| ], almost every x, y ∈ B ∩ Ω and every ball B. ut
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When Ω is convex we can give a more flexible characterization of (A1).

Lemma 4.1.8. Let Ω ⊂ Rn be convex, ϕ ∈ Φw(Ω) and 0 < r 6 s. Then ϕ
satisfies (A1) if and only if there exists β ∈ (0, 1) such that

βϕ−1(x, t) 6 ϕ−1(y, t)

for every t ∈ [r, s
|B| ], almost every x, y ∈ B ∩ Ω and every ball B.

Here, naturally, the constants β may be different in (A1) and in the con-
dition.

B

x

y

Fig. 4.1: A chain of balls from the proof of Lemma 4.1.8.

Proof. Let us first assume that ϕ satisfies (A1). Fix a ball B with |B| 6 s
r

and x, y ∈ B and let t ∈ [r, s
|B| ]. Let ` be a line segment connecting x to

y. We cover ` by balls Bj with |Bj | = r
s |B|. Let R be the radius of Bj and

x0 = x. For j = 1, 2, . . . we choose points xj ∈ ` such that `(xj−1, xj) = R
2

and finally set xk = y. See Figure 4.1. Note that k depends only on r
s .

Then |Bj | 6 1 and t
r ∈ [1, 1

|Bj | ]. It follows from (A1) for each ball Bj that
βϕ−1(xj−1,

t
r ) 6 ϕ−1(xj ,

t
r ) and hence

βkϕ−1(x, tr ) 6 ϕ−1(y, tr ).

If r < 1, then ϕ−1(x, tr ) > ϕ−1(x, t) since ϕ−1 is increasing, and (aDec)1
of ϕ−1 (Proposition 2.3.7) gives ϕ−1(y, tr ) 6 a

rϕ
−1(y, t). Combining this with



4.2 The decay condition (A2) 81

the previous inequality, we see that the condition holds. If r > 1, then in-
creasing and (aDec)1 are applied the other way around to reach the same
conclusion.

Analogous steps also show that the condition implies (A1), so the proof is
complete. ut

4.2 The decay condition (A2)

Definition 4.2.1. We say that ϕ ∈ Φw(Ω) satisfies (A2) if for every s > 0
there exist β ∈ (0, 1] and h ∈ L1(Ω) ∩ L∞(Ω) such that

βϕ−1(x, t) 6 ϕ−1(y, t)

for almost every x, y ∈ Ω and every t ∈ [h(x) + h(y), s].

Since ϕ ' ψ is equivalent to ϕ−1 ≈ ψ−1 (Theorem 2.3.6), we see that (A2)
is invariant under equivalence.

Lemma 4.2.2. (A2) is invariant under equivalence of weak Φ-functions.

Furthermore, (A2) only concerns the behavior of ϕ at infinity, as the fol-
lowing result shows.

Lemma 4.2.3. If Ω ⊂ Rn is bounded, then every ϕ ∈ Φw(Ω) satisfies (A2).

Proof. Choose h := sχΩ. Since Ω is bounded, h ∈ L1(Ω). Further, the interval
[h(x) + h(y), s] is empty for every x, y ∈ Ω, so (A2) holds vacuously. ut

Also the conjugate is nicely behaved.

Lemma 4.2.4. If ϕ ∈ Φw(Ω) satisfies (A2), then so does ϕ∗.

Proof. Suppose that
βϕ−1(x, t) 6 ϕ−1(y, t)

for almost every x, y ∈ Ω and every t ∈ [h(x) + h(y), s]. We multiply the
inequality by (ϕ∗)−1(x, t)(ϕ∗)−1(y, t) and use Theorem 2.4.10:

ct(ϕ∗)−1(y, t) 6 t(ϕ∗)−1(x, t).

For t > 0 we divide the previous inequality by t to get (A2) of ϕ∗; for t = 0,
(A2) is trivial, since (ϕ∗)−1(y, 0) = 0. ut

Lemma 4.2.5. The Φ-function ϕ ∈ Φw(Ω) satisfies (A2) if and only if for
every s > 0 there exist β ∈ (0, 1] and h ∈ L1(Ω) ∩ L∞(Ω) such that

ϕ(x, βt) 6 ϕ(y, t) + h(x) + h(y)

for almost every x, y ∈ Ω whenever ϕ(y, t) ∈ [0, s].
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Proof. We first show that the condition in the lemma is invariant under
equivalence of Φ-functions. Let ϕ ' ψ ∈ Φw(Ω) with constant L > 1. Then

ψ(x, βL t) 6 ϕ(x, βt) 6 ϕ(y, t) + h(x) + h(y) 6 ψ(y, Lt) + h(x) + h(y),

for ϕ(y, t) ∈ [0, s]. Denote t′ := Lt. If ψ(y, t′) ∈ [0, s], then ϕ(y, t) ∈ [0, s]
and the previous inequality gives ψ(x, βL2 t

′) 6 ψ(y, t′) + h(x) + h(y), which
is the condition for ψ. By Lemma 4.2.2, (A2) is invariant under equivalence
of weak Φ-functions. Hence it suffices to show the claim for ϕ ∈ Φs(Ω), by
Theorem 2.5.10.

Assume (A2) and denote τ := ϕ−1(x, t). By Lemma 2.3.3, ϕ(x, τ) = t, and
it follows from (A2) that

β2τ 6 ϕ−1(y, ϕ(x, τ))

for almost every x, y ∈ Ω whenever ϕ(x, τ) ∈ [h(x) + h(y), s]. Then we apply
ϕ(y, ·) to both sides and use Lemma 2.3.3 to obtain that

ϕ(y, β2τ) 6 ϕ(x, τ)

for the same range. If, on the other hand, ϕ(x, τ) ∈ [0, h(x) + h(y)), then we
can find τ ′ > τ such that ϕ(x, τ ′) = h(x) + h(y) since ϕ ∈ Φs(Ω). As ϕ(x, ·)
is increasing, we obtain by the previous case applied for τ ′ that

ϕ(y, β2τ) 6 ϕ(y, β2τ
′) 6 ϕ(x, τ ′) = h(x) + h(y).

Combining the two cases, we conclude that

ϕ(y, β2τ) 6 ϕ(x, τ) + h(x) + h(y)

whenever ϕ(x, τ) ∈ [0, s], which is the condition.
Assume conversely that

ϕ(y, β2τ) 6 ϕ(x, τ) + h(x) + h(y),

for ϕ(x, τ) ∈ [0, s]. By adding (1+ |x|)−(n+1) to h, we may assume that h > 0
everywhere. By (aInc)1, we conclude that

ϕ(y, β2

2aτ) 6 1
2ϕ(y, β2τ) 6 ϕ(x,τ)+h(x)+h(y)

2 6 max{ϕ(x, τ), h(x) + h(y)}.

If ϕ(x, τ) ∈ [h(x) + h(y), s], then this implies that

ϕ(y, β2

2aτ) 6 ϕ(x, τ) =: t.

Note by Corollary 2.3.4 that τ = ϕ−1(x, t). Next we apply ϕ−1(y, ·) to both
sides of the previous inequality and use Corollary 2.3.4:
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β2

2aϕ
−1(x, t) = ϕ−1(y, ϕ(y, β2

2aϕ
−1(x, t))) = ϕ−1(y, ϕ(y, β2

2aτ)) 6 ϕ−1(y, t)

provided that ϕ(y, β2

2aϕ
−1(x, t)) ∈ (0,∞). Since ϕ(y, β2

2aϕ
−1(x, t)) 6 ϕ(x, τ) 6

s < ∞, we are left to show the claim in the case ϕ(y, β2

2aϕ
−1(x, t)) = 0. But

then it follows from the definition of the inverse that β2

2aϕ
−1(x, t) 6 ϕ−1(y, t′)

for all t′ > 0, so this holds in particular for t′ = t > 0. Thus we have shown
(A2). ut

A problem with (A2) and the condition in Lemma 4.2.5 is that we have
h at two points, h(x) and h(y). Next we consider a condition where there is
only one “moving point”. We will later use it to verify (A2) in special cases
in Chapter 7.

Definition 4.2.6. We say that ϕ ∈ Φw(Ω) satisfies (A2′) if there exist ϕ∞ ∈
Φw, h ∈ L1(Ω) ∩ L∞(Ω), s > 0 and β ∈ (0, 1] such that

ϕ(x, βt) 6 ϕ∞(t) + h(x) and ϕ∞(βt) 6 ϕ(x, t) + h(x)

for almost every x ∈ Ω when ϕ∞(t) ∈ [0, s] and ϕ(x, t) ∈ [0, s], respectively.

Suppose that h in the definition satisfies lim|x|→∞ |h(x)| = 0. Then

ϕ+
∞(t) := lim sup

|x|→∞
ϕ(x, t) ' lim inf

|x|→∞
ϕ(x, t) =: ϕ−∞(t).

By Lemma 2.5.18, ϕ±∞ ∈ Φw(Ω) provided that they are non-degenerate; this
holds for example if (A0) holds. In this case we may take either of these
functions for ϕ∞. In this sense ϕ∞ is the limit of ϕ as x→∞.

Lemma 4.2.7. (A2) and (A2′) are equivalent.

Proof. We start by showing that (A2′) implies (A2). Let s′ > 0 be from
(A2′). Suppose that ϕ(y, t) ∈ [0, s′]. Then ϕ∞(βt) 6 ϕ(y, t) + h(y). Denote
β′ := (2a(1 + 1

s′ ‖h‖∞))−1. Since ϕ∞ satisfies (aInc)1,

ϕ∞(ββ′t) 6
1

2(1 + 1
s′ ‖h‖∞)

ϕ∞(βt) 6 1
2ϕ(y, t) +

s′

2‖h‖∞
h(y) 6 s′.

Hence by the other inequality of the assumption,

ϕ(x, β2β′t) 6 ϕ∞(ββ′t) + h(x) 6 ϕ(y, t) + h(y) + h(x)

for ϕ(y, t) ∈ [0, s′]. Let s > s′ and ϕ(y, t) ∈ [0, s]. Then, by (aInc)1, ϕ(y, s
′t
as ) 6

a s
′

asϕ(y, t) 6 s′ and hence by the previous case

ϕ(x, β2β′ s
′

as t) 6 ϕ(y, s
′

as t) + h(y) + h(x) 6 ϕ(y, t) + h(y) + h(x).

Now (A2) follows by Lemma 4.2.5.
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Next we show that (A2) implies (A2′). Let h, s and β be as in Lemma 4.2.5
and let N be a set of zero measure such that h|Ω\N 6 ‖h‖∞ and

ϕ(x, βt) 6 ϕ(y, t) + h(x) + h(y) (4.2.8)

for every x, y ∈ Ω \ N whenever ϕ(y, t) ∈ [0, s]. In the following we work
only with points from Ω\N , which is sufficient since we need to establish the
claim almost everywhere.

Choose a sequence xi →∞ for which h(xi)→ 0. We define

ϕ∞(t) := lim sup
i→∞

ϕ(xi, t).

Using this in (4.2.8) for x, we obtain

ϕ∞(βt) 6 ϕ(y, t) + h(y)

for every y ∈ Ω \ N and every ϕ(y, t) ∈ [0, s]. Assume next that ϕ∞(t) ∈
[0, s/2]. Then ϕ(xi, t) ∈ [0, s] for large i. Hence by (4.2.8) we have

ϕ(x, βt) 6 ϕ(xi, t) + h(x) + h(xi)→ ϕ∞(t) + h(x)

for x ∈ Ω \N . Thus (A2′) holds in [0, s2 ] once we show that ϕ∞ ∈ Φw.
Each ϕ(xi, ·) is increasing and satisfies (aInc)1 with uniform constant, so

these properties are inherited by ϕ∞. Fix t > 0 with ϕ(y, t) 6 s. By (4.2.8),

ϕ(xi, βt) 6 ϕ(y, t) + h(xi) + h(y) 6 ϕ(y, t) + 2‖h‖∞.

Hence ϕ∞(βt) <∞ and so it follows from (aInc)1 that limt→0 ϕ∞(t) = 0.
If ϕ∞(t) > 0 for some t > 0, then we similarly deduce that limt→∞ ϕ∞(t) =

∞. Otherwise, we would have ϕ∞(t) ≡ 0, which we show is impossible. Choose
T such that ϕ(y, T ) > ‖h‖∞ for some fixed y ∈ Ω. Then

ϕ(y, T ) 6 ϕ(xi,
1
βT ) + h(xi) + h(y)

for all sufficiently large i, since ϕ(xi,
1
βT ) ∈ [0, s]. Taking lim sup implies that

ϕ(y, T ) 6 ‖h‖∞, a contradiction. Hence this case cannot occur, so we have
established that ϕ∞ is a weak Φ-function. ut

Question 4.2.9. Is (A0) needed for the equivalence in the next result?

Lemma 4.2.10. Let ϕ ∈ Φw(Ω) and let us consider the following conditions:

(a) The Φ-function ϕ satisfies (A2′).
(b) There exist ϕ∞ ∈ Φw, h ∈ L1(Ω) ∩ L∞(Ω) and β ∈ (0, 1] such that

ϕ(x, βt) 6 ϕ∞(t) + h(x) and ϕ∞(βt) 6 ϕ(x, t) + h(x)

when ϕ∞(t) ∈ [0, 1] and ϕ(x, t) ∈ [0, 1] respectively.
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(c) Lϕ(Ω) ∩ L∞(Ω) = Lϕ∞(Ω) ∩ L∞(Ω) with equivalent norms.

Then (a) and (b) are equivalent. And if, additionally, ϕ and ϕ∞ satisfy (A0),
then (a), (b) and (c) are equivalent.

Proof. Let us first show that (a) and (b) are equivalent. Clearly (b) implies
(a). So let us assume that (A2′) holds for some s < 1. Let ϕ(y, t) ∈ [0, 1].
Then by (aInc)1 ϕ(y, sta ) 6 a saϕ(y, t) 6 s and hence by (A2′)

ϕ(x, β sa t) 6 ϕ(y, sa t) + h(y) + h(x) 6 ϕ(y, t) + h(y) + h(x).

And similarly for the other inequality.
Let us then show that (b) and (c) are equivalent. By (A0) there exists

β0 > 0 such that ϕ(x, β0) 6 1 6 ϕ(x, 1
β0

) and ϕ∞(β0) 6 1 6 ϕ∞( 1
β0

). We
define ξ ∈ Φw(Ω) and ψ ∈ Φw by

ξ(x, t) := max{ϕ(x, t),∞χ(β0,∞)(t)} and ψ(t) := max{ϕ∞(t),∞χ(β0,∞)(t)}.

Then Lϕ ∩ L∞ = Lξ and Lϕ∞ ∩ L∞ = Lψ so that (c) becomes Lξ = Lψ.
Suppose that (b) holds. If t 6 β0, then ϕ(x, t) 6 1 and (b) implies that
ϕ∞(βt) 6 ϕ(x, t) + h(x). If t > β0, then ψ(t) =∞. Hence

ξ(x, βt) 6 ψ(t) + h(x)

for all t > 0. Similarly we prove that ψ(βt) 6 ξ(x, t) + h(x). Then Lξ = Lψ

by Theorem 3.2.6. It is well-known that Lξ = Lψ if and only if the norms are
equivalent. For completeness, this is shown in Remark 4.2.11.

Assume now (c) and define

ξ(x, t) := max{ϕ(x, t),∞χ( 1
β0
,∞)(t)} and ψ(t) := max{ϕ∞(t),∞χ( 1

β0
,∞)(t)}.

Still (c) is equivalent to Lξ = Lψ and Theorem 3.2.6 implies that there exist
β > 0 and h ∈ L1 such that

ξ(x, βt) 6 ψ(t) + h(x) and ψ(βt) 6 ξ(x, t) + h(x).

When ϕ∞(t) ∈ [0, 1], we have t 6 1
β0

and so the first inequality gives

ξ(x, βt) 6 ϕ∞(t) + h(x).

Since the right-hand side is finite almost everywhere, ξ(x, βt) = ϕ(x, βt)
and so we get ϕ(x, βt) 6 ϕ∞(t) + h(x). Furthermore, we may replace h by
min{h, 1} since ϕ(x, βt) 6 1 provided β 6 β2

0 . This gives one of the inequali-
ties in (b); the other is proved analogously, starting from the inequality with
ψ(βt). ut
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Remark 4.2.11. In (3.3.9) we noted that Lϕ is solid. In solid Banach spaces
A and B, the equality of sets A = B implies also the equivalence of norms as
the following argument shows. If ‖f‖A 6. ‖f‖B , then we can choose fi such
that ‖fi‖A > 3i but ‖fi‖B 6 1. Now for g :=

∑
i 2−i|fi| we have

‖g‖A > ‖2−ifi‖A > (3/2)i →∞

and ‖g‖B 6
∑
i 2−i = 1 so that g ∈ B \ A. Hence A 6= B. The implication

A = B ⇒ ‖·‖A ≈ ‖·‖B follows by contraposition. The same argument works
also in quasi-Banach spaces provided that their quasinorms satisfy countable
subadditivity ‖

∑
i fi‖ .

∑
i ‖fi‖, see Corollary 3.2.5.

Consider the example ϕ(x, t) := 1
1+|x| (t− 1)+. We use it to show that the

next result is not true without the assumption (A0). Let ϕ∞ be from (A2′).
Choose t > 2 such that c := ϕ∞(βt) > 0. When |x| is large enough, we have
ϕ(x, t) ∈ [0, s] and hence

c = ϕ∞(βt) 6 ϕ(x, t) + h(x) =
1

1 + |x|
(t− 1)+ + h(x).

This yields that lim inf |x|→∞ h(x) > c and hence h 6∈ L1 so (A2′) can not
hold.

Corollary 4.2.12. Let ϕ ∈ Φw(Ω) satisfy (A0). If there exists τ > 0 such
that ϕ(x, t) is independent of x for t ∈ [0, τ ], then ϕ satisfies (A2).

Proof. Assume that ϕ(x, t) is independent of x for t ∈ [0, τ ] and that
ϕ(x, β0) 6 1 6 ϕ(x, 1

β0
) for almost all x ∈ Ω. Define ϕ∞(t) := ϕ(x0, t) +

(t− τ)+ for some fixed x0 ∈ Ω.
We choose s := 1

2 , β := min{τβ0,
τ
s+τ } and h := 0 in (A2′). If ϕ(x, t) ∈

[0, s], then t 6 1
β0
. Hence βt ∈ [0, τ ] so that

ϕ(x, βt) = ϕ∞(βt) 6 ϕ∞(t).

On the other hand, if ϕ∞(t) ∈ [0, s], then t 6 s+ τ . Hence βt ∈ [0, τ ] so that

ϕ∞(βt) = ϕ(x, βt) 6 ϕ(x, t).

Thus (A2′) holds so the claim follows from Lemma 4.2.7. ut
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4.3 Maximal operators

For f ∈ L1
loc(Ω) we define

Mf(x) := sup
B3x

1

|B|

ˆ
B∩Ω

|f(y)| dy

and call M the (non-centered Hardy–Littlewood) maximal operator, where
the supremum is taken over all open balls containing x. Often, one uses the
centered maximal operator M�, where the supremum is taken over all open
balls centered at x, which is defined by

M�f(x) := sup
r>0

1

|B(x, r)|

ˆ
B(x,r)∩Ω

|f(y)| dy.

Note that the centered and non-centered maximal operators are point-wise
equivalent: for every f ∈ L1

loc(Rn)

2−nMf 6M�f 6Mf. (4.3.1)

Recall, that for ϕ ∈ Φw(Ω), we defined

ϕ−B(t) := ess inf
x∈B∩Ω

ϕ(x, t) and ϕ+
B(t) := ess sup

x∈B∩Ω
ϕ(x, t)

in Section 2.5. Note that in the next lemma we consider ϕ independent of x,
e.g. it could be ϕ±B provided it is non-degenerate.

Lemma 4.3.2. Let ϕ : [0,∞) → [0,∞] be a Φ-prefunction that satisfies
(aInc)p, p > 0. Then there exists β > 0 such that the following Jensen-
type inequality holds for every measurable set U , |U | ∈ (0,∞), and every
f ∈ L1(U):

ϕ

(
β

 
U

|f | dx
) 1

p

6
 
U

ϕ(f)
1
p dx.

Proof. Since ϕ
1
p satisfies (aInc)1, there exists ψ ' ϕ

1
p which is convex, by

Lemma 2.2.1. By Jensen’s inequality for ψ,

ϕ

(
1
L2

 
U

|f | dx
) 1

p

6 ψ

( 
U

1
L |f | dx

)
6
 
U

ψ( 1
Lf) dx 6

 
U

ϕ(f)
1
p dx. ut

The following is the key estimate for boundedness and weak type esti-
mates of maximal and averaging operators. It is the counterpart of the key-
estimate Theorem 4.2.4 in our previous monograph [35]. The later formula-
tion is needed for the modular forms of the Poincaré (Proposition 6.2.10) and
Sobolev–Poincare (Corollary 6.3.15) inequalities.
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Theorem 4.3.3 (Key estimate). Let ϕ ∈ Φw(Ω) satisfy (A0), (A1), (A2)
and (aInc)p, p ∈ [1,∞). Then there exist β > 0 and h ∈ L1(Ω)∩L∞(Ω) such
that

ϕ

(
x,

β

|B|

ˆ
B∩Ω

|f | dy
) 1

p

6
1

|B|

ˆ
B∩Ω

ϕ(y, |f |)
1
p dy+h(x)

1
p +

1

|B|

ˆ
B∩Ω

h(y)
1
p dy

and

ϕ

(
x,

β

|B|

ˆ
B∩Ω

|f | dy
) 1

p

6
1

|B|

ˆ
B∩Ω

ϕ(y, |f |)
1
p dy + ‖h‖

1
p

∞

∣∣{f 6= 0} ∩B ∩ Ω
∣∣

|B|

for every ball B, x ∈ B ∩ Ω and f ∈ Lϕ(Ω) with %ϕ(f) 6 1.

Proof. Let us start from the first claim. Let β0 be the constant from (A0),
β1 the constant from (A1′) that follows from (A1) by Proposition 4.1.5, and
β2 from Lemma 4.2.5 with s = 1 where we used (A2). Let βJ be the constant
from the Jensen-type inequality Lemma 4.3.2.

We may assume without loss of generality that f > 0. Fix a ball B, denote
B̂ := B ∩ Ω and choose x ∈ B̂. Denote f1 := fχ{f>1/β0}, f2 := f − f1, and
Ai := 1

|B|
´
B̂
fi dy. Since ϕ1/p is increasing,

ϕ

(
x,

β

|B|

ˆ
B̂

f dy

) 1
p

6 ϕ
(
x, 2βmax{A1, A2}

) 1
p 6 ϕ

(
x, 2βA1

) 1
p +ϕ

(
x, 2βA2

) 1
p

where β is a constant that will be fixed later.
We first estimate A1. By Lemmas 2.5.16 and 4.3.2 (with p = 1) and

%ϕ(fχ{|f |>1/β0}) 6 %ϕ(f) 6 1 we obtain that

ϕ−B
(
βJA1

)
6

1

|B|

ˆ
B̂

ϕ−B(f1) dy 6
1

|B|

ˆ
B̂

ϕ(y, f1) dy 6
1

|B|
.

Note that in fact instead of %ϕ(f) 6 1 we need to assume only that %ϕ(f1) 6 1.
It follows by (aInc)1 that ϕ−B

(
1
2aβJA1

)
< 1
|B| . Denote β′J := 1

2aβJ .
Suppose first that ϕ−B

(
β′JA1

)
> 1. Then there exists y ∈ B̂ with

ϕ(y, β′JA1) ∈ [1, 1
|B| ] and ϕ(y, β′JA1) 6 2ϕ−B

(
β′JA1

)
. By Proposition 4.1.5,

ϕ satisfies (A1′), and so by Lemma 4.3.2 for the second inequality we obtain

ϕ
(
x, β1β

′
JA1

) 1
p 6 2ϕ−B

(
β′JA1

) 1
p 6

2

|B|

ˆ
B̂

ϕ−B(f1)
1
p dy 6

2

|B|

ˆ
B̂

ϕ(y, f1)
1
p dy.

Next consider the case ϕ−B
(
β′JA1

)
< 1. By (A0), this implies that β′JA1 6

1
β0
. By (aInc)p and (A0), we conclude that

ϕ
(
x, β2

0β
′
JA1

) 1
p 6 a

1
p β0β

′
JA1ϕ

(
x, β0

) 1
p 6 a1/pβ0β

′
JA1.
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By (A0), 1 6 ϕ(y, 1/β0). Since f1 > 1/β0 when it is non-zero, we find, by
(aInc)p for the second inequality, that

A1 =
1

|B|

ˆ
B̂

f1 dy 6
1

|B|

ˆ
B̂

f1ϕ(y, 1
β0

)
1
p dy 6

a1/p

β0|B|

ˆ
B̂

ϕ(y, f1)
1
p dy.

In view of this and the conclusion of previous paragraph, we obtain the final
estimate for f1

ϕ
(
x, β0

2a2/p β
2
0β1β

′
JA1

) 1
p 6

β0

2a1/p
ϕ
(
x, β2

0β1β
′
JA1

) 1
p 6

1

|B|

ˆ
B̂

ϕ(y, f1)
1
p dy,

where we also used (aInc)p for the first inequality.

Let us move to f2. Since f2 6 1
β0

we obtain by (A0) that ϕ(y, β2
0f2) 6

ϕ(y, β0) 6 1. We use Lemma 4.3.2 for ϕ(x, ·)
1
p (with x fixed) and Lemma 4.2.5:

ϕ
(
x, βJβ

2
0β2A2

) 1
p 6

1

|B|

ˆ
B̂

ϕ(x, β2
0β2f2(y))

1
p dy

6
1

|B|

ˆ
B̂

ϕ(y, β2
0f2)

1
p + h(x)

1
p + h(y)

1
p dy

6
1

|B|

ˆ
B̂

ϕ(y, f2)
1
p + h(x)

1
p + h(y)

1
p dy.

(4.3.4)

Adding the estimates for f1 and f2, we conclude the proof of the first claim
by choosing β := 1

2 min{2−1a−2/pβ3
0β1β

′
J , βJβ

2
0β2}.

Let us then prove the second claim. For f1 the proof is the same as in the
previous case. Let us move to f2. We proceed as in (4.3.4), but for the second
inequality we use instead

ϕ(x, β2
0β2f2(y))

1
p 6 χ{f2>0}(y)

(
ϕ(y, β2

0f2)
1
p + 2‖h‖

1
p

∞
)
,

and conclude in the same way as before. ut

Taking the supremum over balls B in the previous lemma, and noticing
that h(x)1/p 6M(h1/p)(x), we obtain the following corollary:

Corollary 4.3.5. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1), (A2) and (aInc)p. Then
there exists β > 0 and h ∈ L1(Ω) ∩ L∞(Ω) such that

ϕ(x, βMf(x))
1
p .M

(
ϕ(·, f)

1
p

)
(x) +M(h

1
p )(x)

for every ball B, x ∈ B ∩ Ω and f ∈ Lϕ(Ω) with %ϕ(f) 6 1.

The operator T is bounded from Lϕ(Ω) to Lψ(Ω) if ‖Tf‖Lψ(Ω) . ‖f‖Lϕ(Ω)

for all f ∈ Lϕ(Ω). The next theorem shows that maximal operator is bounded
provided that ϕ satisfies (A0)–(A2) and (aInc). Note that (aInc) ensures that
the space is not of L1-type.
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Theorem 4.3.6 (Maximal operator estimate). Let ϕ ∈ Φw(Ω) sat-
isfy (A0), (A1), (A2) and (aInc). Then the maximal operator is bounded
on Lϕ(Ω):

M : Lϕ(Ω)→ Lϕ(Ω).

Proof. Let ϕ satisfy (aInc)p with p > 1. Let f ∈ Lϕ(Ω) be non-negative and
choose ε := 1

2‖f‖ϕ ; we may assume that ‖f‖ϕ > 0 since otherwise f = 0

and there is nothing to prove. Then %ϕ(εf) 6 1 by the unit ball property
(Lemma 3.2.3). By Corollary 4.3.5 for the function εf ,

ϕ(x, βεMf(x))
1
p .M

(
ϕ(·, εf)

1
p

)
(x) +M(h

1
p )(x).

Raising both side to the power p and integrating, we find that
ˆ

Ω

ϕ(x, βεMf(x)) dx .
ˆ

Ω

[
M
(
ϕ(·, εf)

1
p

)
(x)
]p
dx+

ˆ
Ω

[
M
(
h

1
p

)
(x)
]p
dx.

Since M is bounded on Lp(Ω), we obtain that
ˆ

Ω

ϕ(x, βεMf(x)) dx .
ˆ

Ω

ϕ(x, εf)
1
p
p dx+

ˆ
Ω

h(x)
1
p
p dx = %ϕ(εf) + ‖h‖1.

Hence %ϕ(βεMf) 6 c(1 +‖h‖1) =: c1 and by (aInc)1, %ϕ( βεac1Mf) 6 1. By the
unit ball property we have ‖ βεac1Mf‖ϕ 6 1 so that

‖Mf‖ϕ 6 ac1
βε = 2ac1

β ‖f‖ϕ. ut

In some sense, (A1) is also a necessary assumption for boundedness of the
maximal operator, as the next result shows.

Proposition 4.3.7. Let ϕ ∈ Φw(R) be such that x 7→ ϕ(x, t) is increasing
and M : Lϕ(R)→ Lϕ(R) is bounded. Then ϕ satisfies (A1).

Proof. Let −∞ < x < y <∞ and r > |x− y|. Then

%ϕ( 1
λχ[x−r,x]) =

ˆ x

x−r
ϕ(z, 1

λ ) dz 6 rϕ(x, 1
λ ).

Therefore, by Lemma 2.3.9(a) and the definition of the norm,

‖χ[x−r,x]‖ϕ 6
2

ϕ−1(x, 1
r )
.

On the other hand, M(χ[x−r,x]) > 1
3χ[y,y+r]. Thus a calculation similar to

the one above yields that

‖M(χ[x−r,x])‖ϕ >
1

ϕ−1(y, 3
r )
.
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Then it follows from the boundedness of the maximal operator and (aDec)1
of ϕ−1 that

ϕ−1(x, 1
r ) . ϕ−1(y, 3

r ) . ϕ−1(y, 1
r ).

Since we may choose 1
r ∈ (0, 1

|x−y| ], this implies (A1). ut

Note that the constant exponent weighted case shows that (A0) is not
necessary and examples in the variable exponent case [78] show that (A2′) is
not necessary. In [35, Theorem 4.7.1], we showed that (aInc) is necessary in
the variable exponent case. This is still open for the more general case.

Question 4.3.8. If the maximal operator is bounded on Lϕ(Rn) does it imply
that (aInc) holds?

Let us mention here an open problem related to the work of Diening [34]
from 2005. He proved in the variable exponent case that the maximal operator
is bounded on Lp(·)(Rn) if and only if it is bounded on Lp

′(·)(Rn) (provided
1 < p− 6 p+ < ∞). Does this result generalize to the generalized Orlicz
case? (Note that Diening already produced some partial results in [34].)

Question 4.3.9. Let ϕ ∈ Φw(Ω) satisfy (aInc) and (aDec). Is it true that
the maximal operator is bounded on Lϕ(Rn) if and only if it is bounded on
Lϕ

∗
(Rn)?

The maximal operator is a very strong tool in analysis. However, using the
maximal estimate does incur a slight penalty: one has to assume (aInc). This
is so already in the classical case, where the maximal operator is bounded on
Lp if and only if the exponent p ∈ (1,∞]. For instance if we want to prove the
boundedness of convolution, this is easily done with the maximal operator,
but not for L1.

Next we consider two alternatives which enable us to obtain further re-
sults without the extraneous assumption (aInc): weak type estimates of the
maximal operator and strong type estimates of the averaging operator.

We need the following covering theorem. See [41, Theorem 2, p. 30] or [92,
Theorem 2.7, p. 30] for the proof.

Theorem 4.3.10 (Besicovitch covering theorem). Let A be a bounded
set in Rn. For each x ∈ A a cube (or ball) Qx ⊂ Rn centered at x is
given. Then one can choose, from among the given sets {Qx}x∈A a sequence
{Qj}j∈N (possibly finite) such that:

(a) The set A is covered by the sequence, A ⊂
⋃
j∈NQj.

(b) No point of Rn is in more than θn sets of the sequence {Qj}j∈N.
(c) The sequence {Qj}j∈N can be divided into ξn families of disjoint sets.

The numbers θn and ξn depend only on the dimension n.
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Lemma 4.3.11. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1) and (A2). Then there
exist β ∈ (0, 1) and h ∈ L1(Ω) ∩ L∞(Ω) such that

%ϕ(β λχ{Mf>λ}) 6 %ϕ(f) +

ˆ
{Mf>2−nλ}

h(x) dx

for all f ∈ Lϕ(Ω) with %ϕ(f) 6 1, and for all λ > 0.

Proof. In this proof we need the centered maximal operator, M�f(x), since
the Besicovitch covering theorem requires centered balls. Fix f ∈ Lϕ(Ω)
with %ϕ(f) 6 1 and λ > 0. Then {M�f > λ} is open, since M� is lower
semicontinuous. Let K be an arbitrary compact subset of {M�f > λ}. For
every x ∈ K there exists a ball Bx centered at x such that 1

|Bx|
´
Bx∩Ω

|f | dy >
λ. We denote B̂x := Bx ∩ Ω and observe that B̂x ⊂ {Mf > λ} for the level-
set of the non-centered maximal operator. From the family {Bx : x ∈ K} we
can select by the Besicovitch covering theorem (Theorem 4.3.10) a locally
ξn-finite family B, which covers K. The natural number ξn only depends on
the dimension n. Let m > 0. By the key estimate (Theorem 4.3.3) with p = 1
there exists β > 0 such that

ϕ

(
x,

β

|B|

ˆ
B̂

|f | dy
)

6
1

|B|

ˆ
B̂

ϕ(y, |f |) + h(x) + h(y) dy

for all B ∈ B. Now, (aInc)1 with constant a, the inequality 1
|B|

´
B̂
|f | dy > λ

for B ∈ B, and the previous estimate imply that

%ϕ

( β

2aξn
λχK

)
6

1

2ξn

ˆ
K

ϕ(x, βλ) dx

6
1

2ξn

∑
B∈B

ˆ
B̂

ϕ
(
x,

β

|B|

ˆ
B̂

|f | dy
)
dx

6
1

2ξn

∑
B∈B

1

|B|

ˆ
B̂

(ˆ
B̂

ϕ(y, |f |) + h(x) + h(y) dy

)
dx

6 %ϕ(f) +

ˆ
{Mf>λ}

h(y) dy.

Let Kj⊂⊂{M�f > λ} with Kj ↗ {M�f > λ}. Then monotone convergence
in L1 implies that

%ϕ

( β

2aξn
λχ{M�f>λ}

)
6 %ϕ(f) +

ˆ
{Mf>λ}

h(y) dy.

On the left-hand side we use {Mf > 2nλ} ⊂ {M�f > λ} which follows from
(4.3.1). The claim then follows by the change of variables λ′ := 2nλ. ut
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We say that a operator T : Lϕ → Lϕ is of weak type if

‖λχ{|Tf |>λ}‖Lϕ(Ω) . ‖f‖Lϕ(Ω)

for all f ∈ Lϕ(Rn) and all λ > 0. If we remove the assumption (aInc) from
Theorem 4.3.6, we can still obtain a weak type estimate.

Theorem 4.3.12 (Weak type maximal operator estimate). Let ϕ ∈
Φw(Ω) satisfy (A0), (A1) and (A2). Then

‖λχ{Mf>λ}‖ϕ . ‖f‖ϕ

for all f ∈ Lϕ(Ω) and all λ > 0.

Proof. Let f ∈ Lϕ(Rn). We may assume that ‖f‖ϕ > 0 since otherwise
f = 0 and there is nothing to prove. Let β ∈ (0, 1) be the constant from
Lemma 4.3.11. We define c1 := ‖h‖L1(Rn) +1 and g := βf/‖f‖ϕ and thus
%ϕ(g) 6 1 by the unit ball property. By (aInc)1 and Lemma 4.3.11,

%ϕ( 1
ac1
β λχ{Mg>λ}) 6

1
c1
%ϕ(β λχ{Mg>λ})

6 1
c1

(
%ϕ(g) +

ˆ
{Mg>2−nλ}

h(x) dx

)
6 1

c1

(
1 + ‖h‖L1(Rn)

)
6 1

and hence ‖ 1
ac1
β λχ{Mg>λ}‖ϕ 6 1 by the unit ball property (Lemma 3.2.3).

Since {Mg > λ} = {Mf > λ
β ‖f‖ϕ}, we obtain

β

‖f‖ϕ

∥∥∥λ
β
‖f‖ϕ χ{Mf>λβ ‖f‖ϕ}

∥∥∥
ϕ

= ‖λχ{Mg>λ}‖ϕ 6
ac1
β
.

If we set λ′ := ‖f‖ϕλ/β, we find that ‖λ′ χ{Mf>λ′}‖ϕ 6 ac1
β2 ‖f‖ϕ. Since the

this holds for all λ′ > 0, we obtain the claim. ut

4.4 Averaging operators and applications

We now move on to averaging operators. Since extension of ϕ is non-trivial
we pay particular attention to the role of the set Ω ⊂ Rn, in order to obtain
results usable when our function is only defined on Ω.

Definition 4.4.1. A family Q of measurable sets E ⊂ Rn is called locally
N -finite, N ∈ N, if

∑
E∈Q

χE 6 N almost everywhere in Rn. We simply say

that Q is locally finite if it is locally N -finite for some N ∈ N.
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Note that a family Q of open, bounded sets Q ⊂ Rn is locally 1-finite if
and only if the sets Q ∈ Q are pairwise disjoint.

Definition 4.4.2. For a family B of open, bounded sets U ⊂ Rn we define
TB : L1

loc(Ω)→ L0(Rn) by

TBf(x) :=
∑
U∈B

χU∩Ω(x)

|U |

ˆ
U∩Ω

|f(y)| dy.

The operators TB are called averaging operators.

Next we show that the averaging operator is bounded.

Theorem 4.4.3 (Averaging operator estimate). Let ϕ ∈ Φw(Ω) satisfy
assumptions (A0), (A1) and (A2). Then the averaging operator

TB : Lϕ(Ω)→ Lϕ(Ω)

is uniformly bounded for every locally N -finite family B of balls (or cubes).

Proof. Let f ∈ Lϕ(Ω) with ‖f‖ϕ < 1 and let B be a locally N -finite family of
balls (or cubes). Then by the unit ball property (Lemma 3.2.3), %ϕ(f) 6 1.
Choose β ∈ (0, 1) and h ∈ L1(Rn) ∩ L∞(Rn) as in the key estimate (Theo-
rem 4.3.3) for p = 1. Denote c1 := 1+2‖h‖L1(Rn) andMBf := 1

|B|
´
B∩Ω
|f | dy.

Then by (aInc)1 and quasi-convexity (Corollary 2.2.2) with constant βc,

%ϕ

( ββc
ac1N

TBf
)
6

1

c1
%ϕ

(ββc
N

TBf
)

=
1

c1

ˆ
Ω

ϕ
(
x,
ββc
N

∑
B∈B

χB∩ΩMBf
)
dx

6
1

c1

ˆ
Ω

∑
B∈B

χB∩Ω(x)

N
ϕ(x, βMBf) dx

=
1

c1N

∑
B∈B

ˆ
B∩Ω

ϕ(x, βMBf) dx.

By the key estimate (Theorem 4.3.3),
ˆ
B∩Ω

ϕ(x, βMBf) dx 6
ˆ
B∩Ω

(
1

|B|

ˆ
B∩Ω

ϕ(y, |f |) + h(x) + h(y) dy

)
dx

6
ˆ
B∩Ω

ϕ(y, |f |) dy +

ˆ
B∩Ω

h(x) dx+

ˆ
B∩Ω

h(y) dy.

Combining the two estimates, we find that

%ϕ

( ββc
ac1N

TBf
)
6

1

1 + 2‖h‖L1(Ω)

(ˆ
Ω

ϕ(y, |f |) dy + 2

ˆ
Ω

h(y) dy

)
6 1

where we used that B is locallyN -finite. This implies by the unit ball property
that ‖TBf‖ϕ 6 ac1N

β . A scaling argument yields ‖TBf‖ϕ 6 ac1N
β ‖f‖ϕ. ut
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In the rest of this section we prove a number of results under the assump-
tion that ϕ ∈ Φw(Ω) satisfies (A0), (A1) and (A2). In fact, all the results,
except Theorem 4.4.7 and the latter claim in Proposition 4.4.11, hold un-
der the weaker assumption that averaging operators TQ are bounded from
Lϕ(Ω) to Lϕ(Ω) uniformly for all locally 1-finite families Q of cubes in Ω.
This assumption is called class A in [35].

Let f ∈ L1
loc(Ω), g ∈ L1

loc(Rn) and x ∈ Ω. Let us write

f ∗ g(x) :=

ˆ
Ω

f(y)g(x− y) dy.

Lemma 4.4.4. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1) and (A2). Then∥∥∥∥f ∗ χB|B|
∥∥∥∥
ϕ

6

∥∥∥∥|f | ∗ χB|B|
∥∥∥∥
ϕ

. ‖f‖ϕ

for all f ∈ Lϕ(Ω) and all balls (or cubes) B ⊂ Rn centered at 0.

Proof. Let B ⊂ Rn be a ball with center at 0 and f ∈ Lϕ(Ω). For k ∈ Zn
let Bk := diam(B)k + B, be the translation of B by the vector diam(B)k.
Then the balls {Bk}k are disjoint. Moreover, we can split the set {3Bk}k
into 3n locally 1-finite families Bj , j = 1, . . . , 3n. For every k ∈ Zn and every
x ∈ Bk ∩Ω we note that χB(x− y) = 0 unless y ∈ 3Bk since B has center at
the origin. Hence

f ∗ χB
|B|

(x) 6 |f | ∗ χB
|B|

(x) 6
3n

|3B|

ˆ
3Bk∩Ω

|f(y)| dy 6 3n
3n∑
j=1

TBjf(x)

and we conclude, by Theorem 4.4.3, that∥∥∥∥f ∗ χB|B|
∥∥∥∥
ϕ

6 3n
3n∑
j=1

∥∥TBjf∥∥ϕ . ‖f‖ϕ. ut

With this lemma we prove convolution estimates for bell shaped functions.

Definition 4.4.5. A non-negative function σ ∈ L1(Rn) is called bell shaped
if it is radially decreasing and radially symmetric. The function

Σ(x) := sup
y 6∈B(0,|x|)

|σ(y)|

is called the least bell shaped majorant of σ.

Recall that we defined the L1-scaling σε(x) := 1
εnσ(xε ), for ε > 0. Then,

by a change of variables, ‖σε‖1 = ‖σ‖1. Recall also that if B := B(x, r), then
εB = B(x, εr) is the scaled ball with the same center.
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Lemma 4.4.6. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1) and (A2). Let σ ∈ L1(Rn),
σ > 0, have integrable least bell shaped majorant Σ. Then

‖f ∗ σε‖ϕ . ‖Σ‖1‖f‖ϕ

for all f ∈ Lϕ(Ω). Moreover, |f ∗ σε| 6 2 ‖Σ‖1Mf for all f ∈ L1
loc(Ω).

Proof. We may assume without loss of generality that f > 0. Since σ 6 Σ, we
may further assume that σ is already bell shaped. Any bell shaped function
σ can be approximated from above by functions of type

g :=

∞∑
k=1

ak
χBk
|Bk|

,

where ak ∈ [0,∞), Bk are balls with center at 0 and

‖g‖L1(Rn) =

∞∑
k=1

ak 6 2 ‖σ‖L1(Rn).

Then 0 6 σε 6 gε and

gε =

∞∑
k=1

ak
χεBk
|εBk|

.

By Theorem 4.4.3, the averaging operator is bounded. Using Lemma 4.4.4
and the quasi-triangle inequality (Corollary 3.2.5), we estimate

∥∥f ∗ σε∥∥ϕ 6
∥∥f ∗ gε∥∥ϕ =

∥∥∥∥ ∞∑
k=1

f ∗
(
ak
χεBk
|εBk|

)∥∥∥∥
ϕ

6 Q

∞∑
k=1

ak

∥∥∥∥f ∗ χεBk|εBk|

∥∥∥∥
ϕ

.
∞∑
k=1

ak ‖f‖ϕ

. ‖σ‖1‖f‖ϕ.

Analogously, for f ∈ L1
loc(Rn) we estimate point-wise

|f ∗ σε| 6
∞∑
k=1

|f | ∗
(
ak
χεBk
|εBk|

)
6
∞∑
k=1

akMf 6 2 ‖σ‖1Mf. ut

Theorem 4.4.7 (Mollification). Let ϕ ∈ Φw(Ω) satisfy (A0). Let σ ∈
L1(Rn), σ > 0, with ‖σ‖1 = 1 have integrable least bell shaped majorant Σ.
Then f ∗σε → f almost everywhere as ε→ 0+ for f ∈ Lϕ(Ω). If additionally
ϕ satisfies (aDec), (A1) and (A2), then f ∗ σε → f in Lϕ(Ω).
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Proof. Let f ∈ Lϕ(Ω) with ‖f‖ϕ 6 1. By Lemma 3.7.7 we can split f into
f = f1 + f2 with f1 ∈ L1(Ω) and f2 ∈ L∞(Ω). From [125, Theorem 2,
p. 62] we deduce fj ∗ σε → fj almost everywhere, j = 0, 1. By linearity of
convolution, f ∗ σε → f almost everywhere.

Let us then assume that ϕ satisfies (aDec)q, (A1) and (A2). By Proposi-
tion 3.5.1, simple functions are dense in Lϕ(Ω). Let δ > 0 be arbitrary and
let g be a simple function with ‖f − g‖ϕ 6 δ. Then

‖f ∗ σε − f‖ϕ 6 ‖g ∗ σε − g‖ϕ + ‖(f − g) ∗ σε − (f − g)‖ϕ =: (I) + (II).

Since g is a simple function, we have g ∈ L1(Ω) ∩ Lq(Ω). Thus the classical
theorem on mollification, see [125, Theorem 2, p. 62] again, implies that
g ∗ σε → g in L1(Ω) ∩ Lq(Ω). By Lemma 3.7.7, g ∗ σε → g in Lϕ(Ω). This
proves (I)→ 0 for ε→ 0+. On the other hand, Lemma 4.4.6 implies that

(II) = ‖(f − g) ∗ σε − (f − g)‖ϕ . ‖(f − g) ∗ σε‖ϕ + ‖f − g‖ϕ
. ‖f − g‖ϕ 6 δ.

Combining the estimates for (I) and (II), we conclude that

lim sup
ε→0+

‖f ∗ σε − f‖ϕ . δ.

Since δ > 0 was arbitrary, this yields ‖f ∗ σε − f‖ϕ → 0 as ε→ 0+. ut

If ϕ(x, t) = tp, then a short calculation gives ‖χD‖p = |D|1/p for every
open set D. Unfortunately in the generalized Orlicz case, it is complicated
to calculate the norm of a characteristic function. The next lemma shows
that there is nevertheless a simple connection between ‖χD‖ϕ and ‖χD‖ϕ∗
provided that D is regular enough. Furthermore, it will be used in Proposi-
tion 4.4.11 to calculate the norm of characteristic functions of balls.

Lemma 4.4.8. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1) and (A2). Let b > 1 be a
constant. If D ⊂ Ω and there exist balls B and B′ such that B ⊂ D ⊂ B′

and |B′| 6 b|B|, then
‖χD‖ϕ ‖χD‖ϕ∗ ≈ |D|,

where the implicit constant depends on b but not D.

Proof. By Theorem 4.4.3, averaging operators are bounded on Lϕ(Ω). By
Proposition 2.4.6, ϕ ' ϕ∗∗ and thus averaging operators are bounded on
Lϕ

∗∗
. Thus by the norm conjugate formula of Lϕ (Theorem 3.4.7) we obtain
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‖χD‖ϕ‖χD‖ϕ∗ . ‖χD‖ϕ sup
‖g‖

ϕ∗∗61

ˆ
D

g dx = |D| sup
‖g‖

ϕ∗∗61

∥∥∥χD  
D

g dx
∥∥∥
ϕ

6 |D| sup
‖g‖

ϕ∗∗61

∥∥∥ 1

|B|

ˆ
B′∩Ω

g dx
∥∥∥
ϕ

6 b|D| sup
‖g‖

ϕ∗∗61

∥∥∥ 1

|B′|

ˆ
B′∩Ω

g dx
∥∥∥
ϕ∗∗

6 |D| sup
‖g‖

ϕ∗∗61

A‖g‖ϕ∗∗ = A|D|,

where A is the embedding constant of the averaging operator. The other
direction follows from Hölder’s inequality (Lemma 3.2.13). ut

The previous result shows that the boundedness of averaging operators
implies ‖χD‖ϕ ‖χD‖ϕ∗ ≈ |D|. The next result is a partial converse, in that this
condition is shown to imply the boundedness of certain averaging operators.

Lemma 4.4.9. Let ϕ ∈ Φw(Ω) and assume that ‖χD‖ϕ ‖χD‖ϕ∗ ≈ |D| for a
bounded open set D ⊂ Ω. Then the averaging operator T{D} is bounded from
Lϕ(Ω) to Lϕ(Ω) and the embedding constant depends only on the implicit
constant.

Proof. Using Hölder’s inequality (Lemma 3.2.13) we get, for all f ∈ Lϕ(Rn),

‖T{D}f‖ϕ =
∥∥∥χD  

D

f dy
∥∥∥
ϕ

= ‖χD‖ϕ
1

|D|

ˆ
Ω

χD(y)|f(y)| dy

6 ‖χD‖ϕ
2
|D| ‖χD‖ϕ∗ ‖f‖ϕ.

Then ‖χD‖ϕ ‖χD‖ϕ∗ ≈ |D| yields the boundedness of T{D}. ut

The next lemma is used to estimate norms of characteristic functions of
balls.

Lemma 4.4.10. Let ϕ ∈ Φw(Ω) and let E ⊂ Ω be measurable with |E| ∈
(0,∞). Then for all t > 0

t .
 
E

ϕ−1(x, t) dx

 
E

(ϕ∗)−1(x, t) dx.

Proof. It suffices to consider the case t > 0. By Theorem 2.4.10,

ϕ−1(x, t) &
t

(ϕ∗)−1(x, t)

for all t > 0 and almost all x ∈ E. By Jensen’s inequality for z 7→ 1
z , 

E

ϕ−1(x, t) dx & t

 
E

1

(ϕ∗)−1(x, t)
dx >

tffl
E

(ϕ∗)−1(x, t) dx
. ut
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Proposition 4.4.11. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1) and (A2). Then for
every ball B ⊂ Ω we have

‖χB‖ϕ ≈
1ffl

B
ϕ−1(x, 1

|B| ) dx
.

If furthermore |B| 6 1, then for every y ∈ B

‖χB‖ϕ ≈
1

ϕ−1(y, 1
|B| )

.

Proof. Let B ⊂ Rn be a ball. We first prove

1 . |B|
 
B

(ϕ∗)−1
(
x, 1
|B|
)
dx

 
B

ϕ−1
(
x, 1
|B|
)
dx

6 2‖χB‖ϕ
 
B

ϕ−1
(
x, 1
|B|
)
dx 6 2A,

(4.4.12)

where A is from Theorem 4.4.3.
Let us define

f(x) := χB(x)ϕ−1(x,
1

|B|
) and g(x) := χB(x) (ϕ∗)−1(x,

1

|B|
),

and note that %ϕ( fλ ) 6 1 and %ϕ∗( gλ ) 6 1 for every λ > 1, by Lemma 2.3.9(a).
Thus, ‖f‖ϕ 6 1 and ‖g‖ϕ∗ 6 1 by the unit ball property. The first inequality
in (4.4.12) follows directly from Lemma 4.4.10. The second one follows from
Hölder’s inequality (Lemma 3.2.13):

|B|
 
B

(ϕ∗)−1
(
x, 1
|B|
)
dx =

ˆ
B

g dx 6 2‖χB‖ϕ‖g‖ϕ∗ 6 2‖χB‖ϕ .

The third inequality follows since the averaging operator is bounded (Theo-
rem 4.4.3):

‖χB‖ϕ
 
B

ϕ−1
(
x, 1
|B|
)
dx = ‖χB‖ϕ

 
B

f dx = ‖T{B}f‖ϕ 6 A‖f‖ϕ 6 A.

So we have proved (4.4.12).
Since

´
B
ϕ−1

(
x, 1
|B|
)
dx > 0, we obtain from the first and third inequalities

of (4.4.12) that

1

2
ffl
B
ϕ−1

(
x, 1
|B|
)
dx

. ‖χB‖ϕ 6
Affl

B
ϕ−1

(
x, 1
|B|
)
dx
.

This is the first claim of the proposition.
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Assume next that |B| 6 1. Then it follows from (A1) that ϕ−1(y, 1
|B| ) ≈

ϕ−1(x, 1
|B| ) for every x, y ∈ B. Thus

 
B

ϕ−1
(
x, 1
|B|
)
dx ≈

 
B

ϕ−1
(
y, 1
|B|
)
dx = ϕ−1

(
y, 1
|B|
)
,

which implies the second claim of the proposition. ut



Chapter 5
Extrapolation and interpolation

In this chapter, we develop two techniques which allow us to transfer results
of harmonic analysis from one setting to another: extrapolation and interpo-
lation. This section is based on the paper [30]; similar extrapolation results
were derived earlier by Maeda, Sawano and Shimomura [88] with the stronger
assumptions from Section 7.3.

In Section 5.1, we first give some necessary definitions about weights, and
we introduce the abstract formalism of families of extrapolation pairs. In
Section 5.2 we study some properties of Φ-functions relevant for extrapo-
lation. Section 5.3 contains the main results. We then deduce a number of
immediate corollaries that combine the extrapolation result with the suffi-
cient conditions (A0), (A1) and (A2) from previous chapters. In Section 5.4
we give applications of extrapolation to

– the maximal operator,
– Calderón–Zygmund singular integrals, and
– the Riesz potential and fractional maximal operators.

This list shows the versatility of extrapolation in proving inequalities with
very little additional work. However, there is a small price to pay: we need
to assume (aDec), since the technique uses the maximal operator in the dual
space. Also, in contrast to variable exponent spaces, the question of extension
is non-trivial, so unless one has weighted results in domains, extrapolation
gives only results in the whole space Rn. Consequently, it is of interest also
to find direct proofs for the above mentioned operators and results proved
based on them, cf. e.g. Corollary 6.3.4. Some results exist for other operators,
as well, for instance the maximal operator with rough kernel by Rafeiro and
Samko [117], the sharp maximal operator has been studied by Yang, Yang
and Yuan in [128], and the Hardy operator by Karaman [70].

Interpolation has not proved to be as useful in variable exponent spaces.
The reason is that there are no special variable exponent spaces where proving
results would be easier (like L2, L1 or L∞ for constant exponents). Further-
more, variable exponent spaces cannot be obtained by interpolating constant

101
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exponent spaces. The same caveats hold for generalized Orlicz spaces. How-
ever, we are not aware of any method to obtain compact embeddings directly
by extrapolation. Therefore, we also study complex interpolation, in Sec-
tion 5.5, which combined with the Sobolev embedding theorem allows us
to extend the Rellich–Kondratchov Theorem to generalized Orlicz spaces in
Section 6.3.

5.1 Weights and classical extrapolation

Extrapolation was introduced by Rubio de Francia [121]. It is a powerful
tool in the study of weighted norm inequalities: roughly, it shows that if an
operator T is bounded on the weighted spaces L2(w) for every weight in the
Muckenhoupt class A2, then for all p ∈ (1,∞) the operator T is bounded on
Lp(w) when w ∈ Ap. It can be used to prove norm inequalities on Banach
spaces, provided that the maximal operator is bounded on the dual space
(or, more precisely, the associate space). This approach was first used for
non-standard growth in [29], where norm inequalities in variable exponent
Lebesgue spaces were proved by extrapolation, see also [28, 31, 32].

We give some preliminary definitions and results about weights and the
classical theory of Rubio de Francia extrapolation, as well as more recent
generalizations. For more information and proofs, we refer the reader to [31,
38] and the references therein.

By a weight we mean a positive, locally integrable function w. For p ∈
[1,∞), the weighted Lebesgue space Lp(Rn, w) consists of all f ∈ L0 such
that

‖f‖Lp(Rn,w) :=

(ˆ
Rn
|f |pw dx

)1/p

<∞.

For p ∈ (1,∞), a weight w is in the Muckenhoupt class Ap, denoted by
w ∈ Ap, if

[w]Ap := sup
Q

( 
Q

w dx

)( 
Q

w1−p′ dx

)p−1

<∞,

where the supremum is taken over all cubes with sides parallel to the coor-
dinate axes, and 1

p + 1
p′ = 1. (Equivalently, we can replace cubes by balls.)

When p = 1, we say w ∈ A1 if

[w]A1
:= sup

Q

( 
Q

w dx

)
ess sup
x∈Q

1

w(x)
<∞.

Given 1 < p < q < ∞, A1 ( Ap ( Aq. A simple example of a Muckenhoupt
Ap-weight is w(x) = |x|α with α ∈ (−n, n(p− 1)).
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We follow the approach of [31] and consider inequalities of so-called ex-
trapolation pairs (f, g) rather than inequalities relating the norms of Tf and
f . We will consider families of pairs of non-negative measurable functions,

F := {(f, g)},

with implicit additional restrictions on f and g. In our extrapolation theorems
we will assume that we have weighted norm inequalities

‖f‖Lp(Ω,w) 6 C([w]Aq)‖g‖Lp(Ω,w) (5.1.1)

and use them to deduce generalized Orlicz space inequalities

‖f‖Lϕ(Ω) . ‖g‖Lϕ(Ω). (5.1.2)

More precisely, in order to prove (5.1.2) for a fixed pair (f, g), we need (5.1.1)
for a weight w ∈ Aq that we construct in the course of the proof. The problem
is that in this abstract setting we cannot rule out a priori that ‖f‖Lp(Ω,w) =
∞ for the constructed weigth.

To avoid this problem we adopt the following convention. Given a family
F of extrapolation pairs, if we write

‖f‖Lp(Ω,w) 6 C([w]Ap)‖g‖Lp(Ω,w), (f, g) ∈ F ,

then we mean this inequality holds for a given weight w ∈ Ap for all pairs
(f, g) such that the left-hand side is finite. The same convention applies also
for generalized Orlicz spaces in place of Lp(Ω, w).

We conclude the section by stating the classical extrapolation result of
Rubio de Francia. For a proof, see [31, Theorem 3.9, Corollary 3.12].

Theorem 5.1.3. Given a family of extrapolation pairs F , suppose that for
some p0 ∈ [1,∞) and every w0 ∈ Ap0

,

‖f‖Lp0 (Ω,w0) 6 C(n, p0, [w0]Ap0 )‖g‖Lp0 (Ω,w0), (f, g) ∈ F .

Then for every p ∈ (1,∞), and every w ∈ Ap,

‖f‖Lp(Ω,w) 6 C(n, p, [w]Ap)‖g‖Lp(Ω,w), (f, g) ∈ F .

Moreover, for every p, q ∈ (1,∞), w ∈ Ap and pairs (fk, gk) ⊂ F ,∥∥∥∥(∑
k

|fk|q
)1/q∥∥∥∥

Lp(Ω,w)

6 C(n, p, q, [w]Ap)

∥∥∥∥(∑
k

|gk|q
)1/q∥∥∥∥

Lp(Ω,w)

.
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5.2 Rescaling and conditions (A0), (A1) and (A2)

In this section we collected tools needed to work with our assumptions in the
context of extrapolation. Suppose that ϕ ∈ Φw(Ω) satisfies (aInc)p. Then

ϕp(x, t) := ϕ
(
x, t

1
p

)
is also a weak Φ-function and it follows directly from the definition of the
norm that ∥∥|v|p∥∥

ϕp
= ‖v‖pϕ.

This identity will be referred to as rescaling. The next lemma describes how
rescaling behaves under conjugation. Note that there ϕ satisfies (aInc)p if
and only if ψ satisfies (aInc)q, by Proposition 2.3.7. We write ϕ∗p := (ϕp)

∗.

Lemma 5.2.1. Let 1 6 p 6 q < ∞, γ := 1
p −

1
q and ϕ,ψ ∈ Φw(Ω) be such

that ϕ−1(x, t) ≈ tγψ−1(x, t) and ϕ satisfies (aInc)p. Then∥∥|v| pq ∥∥
ϕ∗p
≈ ‖v‖

p

q

ψ∗q
.

Proof. By Theorem 2.4.10, ϕ−1
p (x, t)(ϕ∗p)

−1(x, t) ≈ t and from the definition,
ϕ−1
p (x, t) = ϕ−1(x, t)p. Hence, we have that (ϕ∗p)

−1(x, t) ≈ t
(
ϕ−1(x, t)

)−p.
Analogously, ψ−1(x, t) ≈ (t/(ψ∗q )−1(x, t))1/q. By assumption, ϕ−1(x, t) ≈
tγψ−1(x, t). Therefore,

(ϕ∗p)
−1(x, t) ≈ t

(
ϕ−1(x, t)

)−p ≈ t1−pγ(ψ−1(x, t)
)−p

≈ t1−pγ−
p

q

(
(ψ∗q )−1(x, t)

) p
q .

Since 1 − pγ − p
q = 0, we have shown by Theorem 2.3.6 that ϕ∗p(x, t) '

ψ∗q (x, tq/p), and so the claim follows by the rescaling identity. ut

To describe the impact of rescaling we define an operator on Φ-functions:
for ϕ ∈ Φw and α > 0, let Tα(ϕ)(x, t) := ϕ(x, t

1
α ). We study the behavior of

our conditions under this transformation.

Proposition 5.2.2. Let ϕ ∈ Φw(Ω). If ϕ satisfies (A0), (A1) or (A2), then
so does Tα(ϕ). Furthermore, Tα maps (aInc)p to (aInc)p/α and (aDec)q to
(aDec)q/α.

Proof. By choosing t = 1 in (Tαϕ)−1(x, t) = ϕ−1(x, t)α, we see that (A0)
is invariant under Tα. From the same identity, we see that (A1) and (A2)
are invariant. We observe that ϕ satisfies (aInc)p if and only if ϕ(x,t1/p)

t is
almost increasing. Since Tαϕ(x, t

α
p ) = ϕ(x, t

1
p ), Tαϕ then satisfies (aInc)p/α.

The case of (aDec) is analogous. ut
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In off-diagonal extrapolation, we have two Φ-functions, ϕ and ψ. The fol-
lowing lemma clarifies how one can be constructed from the other.

Lemma 5.2.3. Let 1 6 p 6 q < ∞, γ := 1
p −

1
q and let ϕ ∈ Φw(Ω) satisfy

(aInc)p and (aDec)1/γ . Then there exists ψ ∈ Φw(Ω) satisfying (aInc)q such
that t−γϕ−1(x, t) ≈ ψ−1(x, t). Moreover, if ϕ satisfies (aDec)1/r for r > γ,
then ψ can be chosen to satisfy (aDec)1/(r−γ).

Proof. Since ϕ satisfies (aDec)1/γ and (aInc)p, it follows by Proposition 2.3.7
that ϕ−1 satisfies (aInc)γ and (aDec)1/p. Let us set f(x, 0) := 0 and

f(x, s) := sup
t∈(0,s]

t−γϕ−1(x, t) = sup
t∈(0,s]∩Q

t−γϕ−1(x, t);

the equality follows since ϕ−1 is left-continuous. We show that f ∈ Φ−1
w (Ω).

By (aInc)γ ,
s−γϕ−1(x, s) 6 f(x, s) 6 as−γϕ−1(x, s)

so that f(x, s) ≈ s−γϕ−1(x, s). Clearly f is increasing, f(x, t) = 0 if and only
if t = 0, and f(x, t) = ∞ if and only if t = ∞. Using f(x, s) ≈ s−γϕ−1(x, s)
and (aDec)1/p of ϕ−1, we obtain for t < s that

f(x, s)

s
1
q

6
as−γϕ−1(x, s)

s
1
q

= a
ϕ−1(x, s)

s
1
p

6 a2ϕ
−1(x, t)

t
1
p

6 a2 f(x, t)

t
1
q

and thus f satisfies (aDec)1/q and hence also (aDec)1. To show that f is left-
continuous, let s > 0, sj → s− and (sj) ⊂ [0,∞) and ε > 0. Let t0 ∈ [0, s] be
such that t−γ0 ϕ−1(x, t0) > f(x, s)− ε. Now tj := min{sj , t0} → t−0 and hence
by the left-continuity of ϕ−1 we obtain that

lim
j→∞

f(x, sj) > lim
j→∞

t−γj ϕ−1(x, tj) = t−γ0 ϕ−1(x, t0) > f(x, s)− ε.

Letting ε→ 0+ we obtain limj→∞ f(x, sj) > f(x, s). The opposite inequality
follows since f is increasing and so f is left-continuous. By Lemma 2.5.12, x 7→
ϕ−1(x, t) is measurable and hence as a countable supremum of measurable
functions x 7→ f(x, t) is measurable for every t > 0. Thus f ∈ Φ−1

w (Ω) and
hence by Proposition 2.5.14 we have ψ := f−1 ∈ Φw(Ω). Since f satisfies
(aDec)1/q it follows by Proposition 2.3.7 that ψ satisfies (aInc)q.

If ϕ satisfies (aDec)1/r, then ϕ−1 satisfies (aInc)r by Proposition 2.3.7 and
hence

f(x, t)

tr−γ
6
aϕ−1(x, t)

tr
6 a2ϕ

−1(x, s)

sr
6 a2 f(x, s)

sr−γ

for t < s, i.e. f satisfies (aInc)r−γ . Thus ψ = f−1 satisfies (aDec)1/(r−γ). ut

Remark 5.2.4. Notice that if t−γϕ−1(x, t) ≈ ψ−1(x, t) and ψ ∈ Φw(Ω), then ϕ
satisfies (aDec)1/γ , so this assumption in the previous result is also necessary.
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5.3 Diagonal and off-diagonal extrapolation

In this section, we prove Theorem 5.3.6 as a consequence of the following
more general result expressed in terms of extrapolation pairs. Notice that we
consider weights in Rn but function spaces on Ω.

We generalize the off-diagonal extrapolation theorem of Harboure, Macias
and Segovia [52]. In variable exponent spaces, this result was proved in [29].

Theorem 5.3.1. Let 1 6 p 6 q < ∞, γ := 1
p −

1
q and ϕ,ψ ∈ Φw(Ω) be

such that ϕ−1(x, t) ≈ tγψ−1(x, t) and ϕ satisfies (aInc)p. Given a family of
extrapolation pairs F , suppose that

‖f‖Lq(Ω,w) 6 C([w]A1
)‖g‖Lp(Ω,wp/q), (f, g) ∈ F , (5.3.2)

for all w ∈ A1. If the maximal operator is bounded on Lψ
∗
q (Ω), then

‖f‖Lψ(Ω) . ‖g‖Lϕ(Ω), (f, g) ∈ F .

Proof. We begin the proof by using the Rubio de Francia iteration algorithm.
Let M be the uncentered maximal operator over cubes with sides parallel to
the coordinate axes and m := ‖M‖Lψ∗q→Lψ∗q be the operator-norm. Define
R : L0(Rn)→ [0,∞] by

Rh(x) :=

∞∑
k=0

Mkh(x)

2kmk
,

where for k > 1, Mk denotes k iterations of the maximal operator, and
M0h := |h|. We show the following properties for all h ∈ Lψ

∗
q (Ω):

(A) |h| 6 Rh,
(B) ‖Rh‖Lψ∗q (Ω) 6 2Q‖h‖Lψ∗q (Ω),
(C) Rh ∈ A1 and [Rh]A1

6 2m.

Property (A) holds since Rh >M0h = |h|. Property (B) holds by the quasi-
triangle inequality (Corollary 3.2.5), since

∥∥∥Mkh

2kmk

∥∥∥
Lψ
∗
q (Ω)

=
‖Mkh‖Lψ∗q (Ω)

2kmk
6
m‖Mk−1h‖Lψ∗q (Ω)

2kmk
6 · · · 6

‖h‖Lψ∗q (Ω)

2k
.

Let us then prove (C). We may assume that h 6= 0, since the claim is triv-
ial otherwise. By the definition of R and the sublinearity of the maximal
operator, we obtain

M(Rh)(x) = M
( ∞∑
k=0

Mkh(x)

2kmk

)
6
∞∑
k=0

Mk+1h(x)

2kmk
= 2m

∞∑
k=0

Mk+1h(x)

2k+1mk+1

6 2mRh(x).
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Let Q ⊂ Rn and y ∈ Q. Then
 
Q

Rh(x) dx 6M(Rh)(y) 6 2mRh(y).

Let us choose a sequence (yj) such that Rh(yj) → ess infx∈QRh(x). Using
this we obtain

[Rh]A1
= sup

Q

( 
Q

Rh(x) dx
)

ess sup
x∈Q

1

Rh(x)
6 2m ess sup

x∈Q

Rh(yj)

Rh(x)
→ 2m,

where we used that h 6= 0 implies Rh(x) > 1
2mMh(x) > 1

2m

ffl
Q
|h| dy > 0 for

every x. Thus we have Rh ∈ A1 and [Rh]A1
6 2m.

Fix (f, g) ∈ F and define H := {h ∈ L0(Rn) : ‖h‖Lψ∗q (Ω) 6 1, h|Rn\Ω = 0}.
By rescaling, the norm conjugate formula (Theorem 3.4.7) and (A),

‖f‖qLψ(Ω) =
∥∥|f |q∥∥

Lψq (Ω)
≈ sup
h∈H

ˆ
Ω

|f |q|h| dx 6 sup
h∈H

ˆ
Ω

|f |qRh dx. (5.3.3)

To apply our hypothesis, by our convention on families of extrapolation
pairs we need to show that the left-hand side in (5.3.2) is finite. This follows
from Hölder’s inequality and (B): for all h ∈ H,
ˆ

Ω

|f |qRh dx 6 2‖fq‖ψq‖Rh‖ψ∗q 6 4Q‖f‖qψ‖h‖ψ∗q 6 4Q‖f‖qψ <∞, (5.3.4)

where the last inequality holds since, again by our convention, f ∈ Lψ. Given
this and (C) we can apply our hypothesis (5.3.2) in (5.3.3) to get that

‖f‖Lψ(Ω) 6 sup
h∈H

(ˆ
Ω

|f |qRh dx
) 1

q

6 C sup
h∈H

(ˆ
Ω

|g|p(Rh)
p

q dx

) 1
p

.

Then for any h ∈ H, by Hölder’s inequality, rescaling (Lemma 5.2.1), and
property (B),

ˆ
Ω

|g|p(Rh)
p

q , dx 6 2 sup
h∈H

∥∥ |g|p∥∥
ϕp

∥∥(Rh)
p

q

∥∥
ϕ∗p

. sup
h∈H
‖g‖pϕ‖Rh‖

p

q

ψ∗q
. ‖g‖pϕ.

(5.3.5)

We combine the last two inequalities and get ‖f‖ψ . ‖g‖ϕ, as desired. ut

We next apply the assumptions of Chapter 4 to get sufficient conditions
on ϕ and ψ for the assumptions of Theorem 5.3.1 to hold. We also specialize
from extrapolation pairs to operators. Note that Lemma 5.2.3 can be used to
construct a suitable ψ from ϕ in the next result.
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Theorem 5.3.6 (Off-diagonal extrapolation). Let T : L0(Ω) → L0(Ω)
and suppose that

‖Tf‖Lq(Ω,w) 6 C([w]A1
)‖f‖Lp(Ω,wp/q)

for some p and q, with 1 6 p 6 q <∞, and all w ∈ A1. Let γ := 1
p −

1
q and

ϕ,ψ ∈ Φw(Ω) be such that ϕ−1(x, t) ≈ tγψ−1(x, t). Let r ∈ (γ, 1
p ]. Assume

that one of the following conditions holds:

(a) ϕ satisfies assumptions (A0), (A1), (A2), (aInc)p and (aDec) 1
r
,

(b) ψ satisfies assumptions (A0), (A1), (A2), (aInc)q and (aDec) 1
r−γ

.

Then, for all f ∈ Lϕ(Ω),

‖Tf‖Lψ(Ω) . ‖f‖Lϕ(Ω).

Proof. We will derive this result as a consequence of the proof of Theo-
rem 5.3.1. Define the family of extrapolation pairs

F := {(|Tg|, |g|) : g ∈ Lϕ}.

By inequality (5.3.5) we have that g ∈ Lp(Ω, (Rh)
p

q ) for every h ∈ H. Since
T maps Lp(Ω, wp/q) to Lq(Ω, w), we conclude that Tg ∈ Lq(Ω,Rh). This
is our substitute for inequality (5.3.4) (with f = |Tg|) without the a priori
assumption that Tg ∈ Lψ. Therefore, the proof goes through and we get the
desired conclusion once we have show that the maximal operator is bounded
on Lψ

∗
q .

We note that the assumptions in (a) and (b) are equivalent: (A0), (A1)
and (A2) are clear by the definitions since ϕ−1(x, t) ≈ tγψ−1(x, t); (aInc)p
and (aDec)1/r of ϕ imply (aInc)q and (aDec)1/(r−γ) of ψ as in Lemma 5.2.3;
the other direction is similar. Therefore, it suffices to consider (b).

Since ψ satisfies (aInc)q, we find that ψq ∈ Φw(Ω). Since ψ satisfies (A0)–
(A2) and (aDec)1/(r−γ), and since ψ∗q = Tq(ψ)∗, ψ∗q satisfies (A0)–(A2) and
(aInc)(1/q(r−γ))′ by Propositions 5.2.2 and 2.4.13, and Lemmas 3.7.6, 4.1.7
and 4.2.4. Since γ < r 6 1

p we obtain that (1/q(r − γ))′ > 1. Hence, by
Theorem 4.3.6, the maximal operator is bounded on Lψ

∗
q . ut

Remark 5.3.7. In Theorem 5.3.6, we assume that T is defined on L0 and that
Tf is a measurable function. However, we do not assume that T is linear or
sublinear.

In the special case p = q, we have the following corollary. We include also
the statement of the vector-values inequality.
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Corollary 5.3.8. Given a family of extrapolation pairs F , suppose that for
some p ∈ [1,∞) and all w ∈ Ap,

‖f‖Lp(Ω,w) 6 C([w]Ap)‖g‖Lp(Ω,w), (f, g) ∈ F . (5.3.9)

Suppose ϕ ∈ Φw(Ω)satisfies (A0), (A1), (A2) and (aDec). If p > 1, then we
also assume (aInc). Then

‖f‖Lϕ(Ω) . ‖g‖Lϕ(Ω), (f, g) ∈ F . (5.3.10)

Moreover, for any q ∈ (1,∞),∥∥∥∥(∑
k

|fk|q
)1/q∥∥∥∥

Lϕ(Ω)

.

∥∥∥∥(∑
k

|gk|q
)1/q∥∥∥∥

Lϕ(Ω)

, {(fk, gk)}k ⊂ F .

(5.3.11)

Proof. If p > 1, then ϕ satisfies (aInc)p− for some p− > 1 by assumption. By
Theorem 5.1.3, (5.3.9) holds also for some p 6 p−. If p = 1, then this is auto-
matically true without using Theorem 5.1.3. Since A1 ⊂ Ap, the hypotheses
of Theorem 5.3.6 are satisfied, and so we get (5.3.10). To prove (5.3.11) we
repeat this argument, starting from the weighted vector-valued inequality in
Theorem 5.1.3. ut

Remark 5.3.12. An off-diagonal version of Corollary 5.3.8 holds, using the
off-diagonal extrapolation theorem [31, Theorem 3.23]. Details are left to the
interested reader.

It is possible to prove limited-range extrapolation results in the generalized
Orlicz setting [30, Theorem 1.4], but we have not included them here.

5.4 Applications of extrapolation

In this section, we give some representative applications of extrapolation to
prove norm inequalities in generalized Orlicz spaces. The key to such in-
equalities is the existence of weighted norm inequalities and there is a vast
literature on this subject. For additional examples in the context of variable
exponent Lebesgue spaces that can be easily extended to generalized Orlicz
spaces, see [28, 29, 31, 32].

To use extrapolation to prove norm inequalities we either need that the
operator is a priori defined on Lϕ or we need to use density and approxi-
mation arguments. In this case our conditions from the earlier chapters are
very useful. For instance, if ϕ ∈ Φw(Ω) satisfies (A0) and (aDec), then by
Lemma 3.7.14 and Theorem 3.7.15 we obtain that L∞0 (Ω) and C∞0 (Ω) are
both dense in Lϕ(Ω).
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To apply extrapolation via density and approximation, we consider a com-
mon special case. Suppose T is a linear operator that is defined on a dense
subset X ⊂ Lϕ, and suppose further that X ⊂ Lp(Rn, w) for all p > 1 and
w ∈ A1. (This is the case if X = L∞0 or X = C∞0 .) If T satisfies weighted
norm inequalities on Lp(Rn, w), then we can take as our extrapolation pairs
the family

F :=
{

(min{|Tf |, k}χB(0,k), |f |) : f ∈ X
}
.

By Corollary 3.7.10, L∞0 is contained in Lϕ; hence, min{|Tf |, k}χB(0,k) ∈ Lϕ
and so F satisfies the convention for families of extrapolation pairs. Thus,
we can apply Theorem 5.3.1 (when p = q) to prove that for all f ∈ X,
‖Tf‖ϕ 6 C‖f‖ϕ. Since T is linear, given an arbitrary f ∈ Lϕ, if we take any
sequence (fj) ⊂ X converging to f , (Tfj) is Cauchy and we can define Tf
as the limit. This extends the norm inequality to all of Lϕ.

If T is not linear, then this argument does not work. However, suppose T
has the property that |Tf(x)| 6 T (|f |)(x) and if f is non-negative, and (fj)
is any non-negative sequence that increases point-wise to f , then

Tf(x) 6 lim inf
k→∞

Tfj(x).

(This is the case, for instance, if T is the maximal operator.) Then the above
argument can essentially be repeated, since given non-negative f ∈ Lϕ, fj =
min(f, k)χB(0,k) ∈ Lϕ ∩ L∞0 .

In the following examples we will state our hypotheses in terms of the
assumptions used in Corollary 5.3.8. The necessary families of extrapolation
pairs can be constructed using the above arguments. (In the case of variable
exponent spaces, several examples are worked out in detail in [28, Chapter 5].)
Obviously, the weaker assumptions of Theorem 5.3.1 can be used.

Though we assume the boundedness of the maximal operator in order to
apply extrapolation, one important consequence is that we get vector-valued
inequalities for the maximal operator. For p, q ∈ (1,∞), w ∈ Ap, and a
sequence (fk)k ⊂ L0, we have∥∥∥∥(∑

k

(Mfk)q
)1/q∥∥∥∥

Lp(Ω,w)

.

∥∥∥∥(∑
k

|fk|q
)1/q∥∥∥∥

Lp(Ω,w)

,

see [6]. Therefore, we have the following result by Corollary 5.3.8.

Corollary 5.4.1 (Maximal operator). Suppose that ϕ ∈ Φw(Ω) satisfies
(A0), (A1), (A2), (aInc) and (aDec). Then for q ∈ (1,∞),∥∥∥∥(∑

k

(Mfk)q
)1/q∥∥∥∥

Lϕ(Ω)

.

∥∥∥∥(∑
k

|fk|q
)1/q∥∥∥∥

Lϕ(Ω)

.
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Note how the extrapolation method led to the extraneous assumption
(aDec), which is not expected in such a result. We believe that this inequality
can be proved without this assumption by using some other method.

Question 5.4.2. Does Corollary 5.4.1 hold without the assumption (aDec)?

Let us next study a bounded linear operator T : L2 → L2 that satisfies
the following conditions. Let ∆ be the diagonal in Rn × Rn, that is, ∆ :=
{(x, x) : x ∈ Rn}. Assume that there exists a kernel K : (Rn × Rn) \∆→ R
such that for all f ∈ C∞0 and x 6∈ spt(f),

Tf(x) =

ˆ
Rn
K(x, y)f(y) dy,

and, moreover, for some ε > 0 the kernel satisfies

|K(x, y)| . 1

|x− y|n
, and

|K(x, y)−K(x, y + h)|+ |K(x, y)−K(x+ h, y)| . |h|ε

|x− y|n+ε
,

for 2|h| 6 |x − y|. Then T is called a Calderón–Zygmund singular integral
operator. Calderón–Zygmund singular integral operators satisfy weighted
norm inequalities: for p ∈ (1,∞) and w ∈ Ap,

‖Tf‖Lp(Rn,w) . ‖f‖Lp(Rn,w),

see [38]. Therefore, we get the following result by Corollary 5.3.8:

Corollary 5.4.3 (Calderón–Zygmund singular integrals). Suppose that
ϕ ∈ Φw(Rn) satisfies (A0), (A1), (A2), (aInc) and (aDec) and let T be a
Calderón–Zygmund singular integral operator. Then

‖Tf‖Lϕ(Rn) . ‖f‖Lϕ(Rn)

and, for q ∈ (1,∞),∥∥∥∥(∑
k

|Tfk|q
)1/q∥∥∥∥

Lϕ(Rn)

.

∥∥∥∥(∑
k

|fk|q
)1/q∥∥∥∥

Lϕ(Rn)

.

We can also extend the Coifman–Fefferman inequality [24] relating singular
integrals and the Hardy–Littlewood maximal function. Given w ∈ A∞ and
p ∈ (0,∞),

‖Tf‖Lp(Rn,w) . ‖Mf‖Lp(Rn,w).

By extrapolation we can extend this to generalized Orlicz spaces. Note that
(aInc) is not needed in this result, since the previous inequality holds also for
p = 1.
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Corollary 5.4.4. Suppose that ϕ ∈ Φw(Rn) satisfies (A0), (A1), (A2), and
(aDec) and let T be a Calderón–Zygmund singular integral operator. Then

‖Tf‖Lϕ(Rn) . ‖Mf‖Lϕ(Rn).

For α ∈ (0, n), we define the Riesz potential (also referred to as the frac-
tional integral operator) by

Iαf(x) :=

ˆ
Ω

|f(y)|
|x− y|n−α

dy.

The associated fractional maximal operator is defined by

Mαf(x) = sup
r>0
|B(x, r)| αn−1

ˆ
B(x,r)∩Ω

|f(y)| dy.

These operators satisfy the following weighted norm inequalities: for w ∈ A1

and p, q such that p ∈ (1, nα ) and 1
p −

1
q = α

n ,

‖Iαf‖Lq(Ω,w) . ‖f‖Lp(Ω,wp/q) and ‖Mαf‖Lq(Ω,w) . ‖f‖Lp(Ω,wp/q).

(These inequalities are usually stated in terms of the Apq condition of Muck-
enhoupt and Wheeden, but this special case is sufficient for our purposes.
See [28] for further details.)

Therefore, by extrapolation (Theorem 5.3.6) we get the following results.
The assumptions (a) and (b) in the next corollary are equivalent as noted in
the proof of Theorem 5.3.6.

Corollary 5.4.5 (Riesz potential and fractional maximal operator).
Let α ∈ (0, n) and suppose ϕ,ψ ∈ Φw(Ω) are such that ϕ−1(x, t) ≈
t
α
nψ−1(x, t). Let p, q > 1 with α

n = 1
p −

1
q and r ∈ (αn ,

1
p ]. Assume that

one of the following conditions holds:

(a) ϕ satisfies assumptions (A0), (A1), (A2), (aInc)p and (aDec) 1
r
.

(b) ψ satisfies assumptions (A0), (A1), (A2), (aInc)q and (aDec) 1
r−γ

.

Then
‖Iαf‖Lψ(Ω) . ‖f‖Lϕ(Ω) and ‖Mαf‖Lψ(Ω) . ‖f‖Lϕ(Ω).

The fractional maximal operator can be estimated point-wise by the Riesz
potential,Mαf 6 c(n)Iαf . There is no point-wise inequality in a opposite di-
rection. However, for w ∈ A∞ and p ∈ (0,∞) we have the Coifman–Fefferman
[23] inequality

‖Iαf‖Lp(Rn,w) . ‖Mαf‖Lp(Rn,w).

This inequality yields by Corollary 5.3.8 the following result without (aInc).

Corollary 5.4.6. Suppose that ϕ ∈ Φw(Rn) satisfies (A0), (A1), (A2) and
(aDec) and α ∈ (0, n). Then ‖Iαf‖Lϕ(Rn) . ‖Mαf‖Lϕ(Rn).
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5.5 Complex Interpolation

In this section we prove a complex interpolation theorem in the scale of
generalized Orlicz spaces. Note that real interpolation has usually not been
useful even in the variable exponent setting, since the primary and secondary
parameter (i.e. p and θ in (A,B)p,θ) do not co-vary (but see [5] for an ex-
ception). Therefore, it is natural to start with complex interpolation also in
more general generalized Orlicz spaces.

Previously, Musielak [97, Theorem 14.16] proved complex interpolation
results, but his proofs were longer and more complicated; a simpler proof was
given in [36]. However, in both cases the results only apply to N -functions
which are proper. Here we eliminate these restrictions, proceeding along the
lines of [35] and [30].

We recall the definition of the norm in the interpolation space [Lϕ0 , Lϕ1 ][θ].
Let S := {z ∈ C : 0 < Re z < 1}, so that S = {z ∈ C : 0 6 Re z 6 1}, where
Re z is the real part of z. Let G be the space of functions on S with values
in Lϕ0 +Lϕ1 which are holomorphic on S and bounded and continuous on S
such that F (it) and F (1 + it) tend to zero as |t| → ∞. (Recall that i denotes
the imaginary unit. Also, F is holomorphic with values in a Banach space
means that d

dz̄F = 0 in the Banach space.) For F ∈ G we set

‖F‖G := sup
t∈R

max
{∥∥F (it)

∥∥
ϕ0
,
∥∥F (1 + it)

∥∥
ϕ1

}
.

Then we define the norm of [Lϕ0 , Lϕ1 ][θ] for f ∈ L0 by

‖f‖[θ] := inf
{
‖F‖G : F ∈ G and f = F (θ)

}
.

For ϕ0, ϕ1 ∈ Φw(Ω) and θ ∈ (0, 1) we define the θ-intermediate Φ-function
ϕθ by

ϕ−1
θ := (ϕ−1

0 )1−θ(ϕ−1
1 )θ.

Then ϕθ is also a weak Φ-function by Proposition 2.5.14. We use also this
formula in the case θ ∈ C, however, then the left-hand side is not necessarily
the left-inverse of any function.

We define the right-continuous inverse of ϕ ∈ Φw by

ϕr-inv(x, τ) := sup{t > 0 : ϕ(x, t) 6 τ}.

As in Lemma 2.3.9, we can prove that ϕr-inv(ϕ(t)) > t. Note that this in-
equality is the opposite from the case of the left-inverse.
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Theorem 5.5.1 (Complex interpolation). Let ϕ0, ϕ1 ∈ Φw(Ω). Then[
Lϕ0(Ω), Lϕ1(Ω)

]
[θ]

= Lϕθ(Ω) for all 0 < θ < 1.

Proof. By Theorem 2.5.10, we may assume without loss of generality that
ϕ0, ϕ1 ∈ Φs(Ω). We extend all Φ-functions in this proof to complex numbers
as follows: ϕ : Ω× [0,∞)→ [0,∞] becomes ϕ : Ω× C→ [0,∞] via ϕ(x, t) =
ϕ(x, |t|). For z ∈ C with 0 6 Re z 6 1 define ψz by

ψz(x, t) =
(
ϕ−1

0 (x, t)
)1−z(

ϕ−1
1 (x, t)

)z
.

Then z 7→ ψz is holomorphic on S and continuous on S. When z ∈ [0, 1],
ψz is the left-inverse of some left-continuous weak Φ-function, ψz = ϕ−1

z

(Proposition 2.5.14).
For g ∈ Lϕθ(Ω) with ‖g‖ϕθ 6 1, we define

fε(z, x) := exp(−ε+ εz2 − εθ2)ψz
(
x, ϕθ(x, g(x))

)
sgn g(x),

where sgn g is the sign of the function g. Note that fε(it, x) → 0 and
fε(1 + it, x) → 0 as |t| → ∞. Furthermore, fε(θ, x) = exp(−ε)g(x) when
ϕθ(x, g(x)) ∈ (0,∞) by Corollary 2.3.4 and

|fε(1 + it, x)| = exp(−εt2 − εθ2)
∣∣ψ1+it

(
x, ϕθ(x, g)

)∣∣ 6 ϕ−1
1

(
x, ϕθ(x, g)

)
,

|fε(it, x)| = exp(−ε− εt2 − εθ2)
∣∣ψit(x, ϕθ(x, g)

)∣∣ 6 ϕ−1
0

(
x, ϕθ(x, g)

)
.

Since ϕ1(ϕ−1
1 (t)) 6 t (Lemma 2.3.9) and

´
Ω
ϕθ(x, g(x)) dx 6 1 (by the unit

ball property) we conclude that %ϕ1
(fε(1 + it, ·)) 6 1, similarly for ϕ0. Thus

‖fε‖G = sup
t∈R

max
{
‖fε(it, ·)‖ϕ0

, ‖fε(1 + it, ·)‖ϕ1

}
6 1.

This and fε(θ, x) = exp(−ε)g(x) imply that ‖ exp(−ε)g‖[θ] 6 1. Letting
ε→ 0+, we find by a scaling argument that ‖g‖[θ] 6 ‖g‖ϕθ .

We now prove the opposite inequality, and start with several estimates.
With the right-continuous inverses, we define

ξz(x, t) := cξ[(ϕ
∗
0)r-inv(x, t)]1−z[(ϕ∗1)r-inv(x, t)]z,

where the constant cξ will be specified shortly. By Lemma 2.5.8, ϕ∗0 ∈ Φc(Rn)
and hence it is strictly increasing when ϕ∗0(x, t) ∈ (0,∞). Thus the right-
continuous inverse agrees with the left-inverse, except possibly at the origin:

(ϕ∗0)r-inv(x, t) =

{
(ϕ∗0)−1(x, t) if t > 0,

t0(x) if t = 0.
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Here t0(x) := sup{t > 0 : ϕ∗0(x, t) = 0}; similarly for ϕ∗1. Then, for η ∈ [0, 1]
and t > 0, we obtain by Theorem 2.4.10 that

ξη(x, t) ≈
[ t

(ϕ0)−1(x, t)

]1−η[ t

(ϕ1)−1(x, t)

]η
=

t

[(ϕ0)−1(x, t)]1−η[(ϕ1)−1(x, t)]η
=

t

ϕ−1
η (x, t)

≈ (ϕ∗η)−1(x, t).

(5.5.2)

The constant cξ ∈ (0, 1] is chosen to take care of the ≈-signs above, such that
ξη(x, t) 6 (ϕ∗η)−1(x, t) for t > 0. Furthermore, at the origin

ξη(x, 0) = cξt0(x)1−ηt1(x)η = cξ(ϕ
∗
η)r-inv(x, 0)

Assume now that θ ∈ (0, 1) and ‖g‖[θ] < 1. By definition of ‖·‖[θ], there
exists F : S → (Lp0(·)+Lp(·)) such that F is holomorphic on S and continuous
on S with ‖F‖F < 1, F (it) and F (1+it) tend to zero for |t| → ∞, and F (θ) =
g. So the unit ball property implies sup

t∈R
max

{
%ϕ0

(F (it)), %ϕ1
(F (1 + it))

}
6 1.

Let b ∈ Lϕ∗θ with ‖b‖ϕ∗θ 6 1 and define

hε(z, x) := exp(−ε+ εz2 − εθ2) ξz
(
x, ϕ∗θ

(
x, b(x)

))
sgn g(x).

Writing Fε(z) :=
´

Ω
F (z, x)hε(z, x) dx, we find by Young’s inequality (2.4.2)

that

|Fε(it)| 6
ˆ

Ω

ξit
(
x, ϕ∗θ(x, b(x))

)
F (it, x) dx

6
ˆ

Ω

ϕ∗0
[
x, ξit

(
x, ϕ∗θ(x, b(x))

)]
+ ϕ0(x, F (it, x)) dx.

By the definition of ξ and (5.5.2),

|ξit(x, s)| = |ξ0(x, s)| 6 (ϕ∗0)−1(x, s),

for s > 0. Thus by Lemma 2.3.9, ϕ∗0(x, ξit(x, s)) 6 s. If s = 0, then
ξ0(x, 0) = cξt0(x) 6 t0(x). Hence ϕ∗0(x, ξ0(x, 0)) 6 ϕ∗0(x, t0(x)) = 0, by the
left-continuity of ϕ∗0 and the definition of t0. Thus in all cases ϕ∗0(x, ξit(x, s)) 6
s, and the previous inequality gives Fε(it) 6 2. Analogously, Fε(1 + it) 6 2,
so the three-line theorem [50] implies that Fε(z) 6 2 for all z ∈ S.

Next we consider the case z = θ so that F (θ, x) = g(x). Then ξθ(x, s) ≈
(ϕ∗θ)

−1(x, s) for s > 0, by equation (5.5.2). Since ‖b‖ϕ∗θ 6 1, we find that
ϕ∗θ(x, b(x)) = ∞ in a set of measure zero. If ϕ∗θ(x, b(x)) ∈ (0,∞), then
(ϕ∗θ)

−1(x, ϕ∗θ(x, b(x))) = b(x) by Corollary 2.3.4. If ϕ∗θ(x, b(x)) = 0, then

ξθ(x, ϕ
∗
θ(x, b(x))) = cξ(ϕ

∗
θ)

r-inv(x, 0) > cξb(x),
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since ϕ∗θ(x, s) = 0 implies that s 6 (ϕ∗θ)
r-inv(x, 0). Thus, we obtain that

Fε(θ) = e−ε
ˆ

Ω

|g(x)| ξθ
(
x, ϕ∗θ

(
x, b(x)

))
dx > cξe

−ε
ˆ

Ω

|g(x)| b(x) dx.

By Theorem 3.4.7 and this estimate, we obtain that

‖g‖ϕθ . sup
‖b‖ϕ∗

θ
61

ˆ
Ω

|g| |b| dx 6 c−1
ξ eεFε(θ).

Thus ‖g‖ϕθ 6 c when ‖g‖[θ] < 1; the general case ‖g‖ϕθ . ‖g‖[θ] follows by a
scaling argument. ut

Remark 5.5.3. Section 7.1 of [35] contains a proof of the complex interpolation
theorem without the N-function assumption (for variable exponent Lebesgue
spaces). However, that proof contains an error since it is based on the in-
equality ϕ−1(ϕ(t)) > t, which is in general false. This problem is overcome
above by the use of the right-continuous inversse.

The following result is proved using Theorem 5.5.1 by means of the Riesz–
Thorin Interpolation Theorem and the Hahn–Banach Theorem, cf. [35, Corol-
lary 7.1.4] and [36, Corollary A.5].

Corollary 5.5.4. Let ϕ0, ϕ1 ∈ Φw(Rn) and let T be a sublinear operator that
is bounded from Lϕj (Ω) to Lϕj (Ω) for j = 0, 1. Then for θ ∈ (0, 1), T is also
bounded from Lϕθ(Ω) to Lϕθ(Ω).

The next result is proved using Calderón’s interpolation theorem, cf. [35,
Corollary 7.1.6].

Corollary 5.5.5. Let ϕ0, ϕ1 ∈ Φw(Rn), let X be a Banach space and let T
be a linear operator that is bounded from X to Lϕ0(Ω) and compact from X
to Lϕ1(Ω). Then for θ ∈ (0, 1), T is also compact from X to Lϕθ(Ω).



Chapter 6
Sobolev spaces

In this chapter we study Sobolev spaces with generalized Orlicz integrability.
We point out the novelties in this new setting and assume that the readers are
familiar with classical Sobolev spaces. We refer to the books [3, 47, 89, 132].
In Section 6.1, we establish the properties from Chapter 3 also for Sobolev
spaces. Then we study Poincaré and Sobolev–Poincaré inequalities in both
norm and modular form in Sections 6.2 and 6.3. Finally, we consider the
density of smooth functions in the Sobolev space (Section 6.4).

6.1 Basic properties

In this section we define Sobolev spaces and prove functional analysis-type
properties. Let Ω ⊂ Rn be an open set. We start by recalling the definition
of weak derivatives.

Definition 6.1.1. Assume that u ∈ L1
loc(Ω). Let α := (α1, . . . , αn) ∈ Nn0 be

a multi-index. If there exists g ∈ L1
loc(Ω) such that

ˆ
Ω

u
∂α1+···+αnh

∂α1x1 · · · ∂αnxn
dx = (−1)α1+···+αn

ˆ
Ω

hg dx

for all h ∈ C∞0 (Ω), then g is called a weak partial derivative of u of order
α. The function g is denoted by ∂αu or by ∂α1+...+αnu

∂α1x1···∂αnxn . Moreover, we write
∇u to denote the weak gradient

(
∂u
∂x1

, . . . , ∂u∂xn

)
of u and we abbreviate ∂ju

for ∂u
∂xj

with j = 1, . . . , n. More generally we write ∇ku to denote the tensor
with entries ∂αu, |α| = k.

The classical derivatives of a function are its weak derivatives. Also, by
definition, ∇u = 0 almost everywhere in an open set where u = 0.

117
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Definition 6.1.2. Let ϕ ∈ Φw(Ω). The function u ∈ Lϕ(Ω)∩L1
loc(Ω) belongs

to the Sobolev space W k,ϕ(Ω), k ∈ N, if its weak partial derivatives ∂αu exist
and belong to Lϕ(Ω) for all |α| 6 k. We define a semimodular on W k,ϕ(Ω)
by

%W k,ϕ(Ω)(u) :=
∑

06|α|6k

%Lϕ(Ω)(∂αu);

it induces a (quasi-)norm by

‖u‖W k,ϕ(Ω) := inf
{
λ > 0 : %W k,ϕ(Ω)

(u
λ

)
6 1
}
.

We define local Sobolev spaces as usual:

Definition 6.1.3. A function u belongs to the local Sobolev space W k,ϕ
loc (Ω)

if u ∈W k,ϕ(U) for every open set U⊂⊂Ω.

Sobolev functions, as Lebesgue functions, are defined only up to measure
zero and thus we identify functions that are equal almost everywhere. If the
set Ω is obvious from the context, we abbreviate ‖u‖W k,ϕ(Ω) by ‖u‖k,ϕ and
%W k,ϕ(Ω) by %k,ϕ.

In the next theorem we assume that Lϕ(Ω) ⊂ L1
loc(Ω): this is a natural

restriction, since the derivative is defined only for functions in L1
loc(Ω). Recall

that (A0) implies Lϕ(Ω) ⊂ L1
loc(Ω) by Lemma 3.7.7. Note also that in (d) we

could use ∆w
2 and ∇w

2 instead of (aInc) and (aDec).

Theorem 6.1.4. Let ϕ ∈ Φw(Ω) be such that Lϕ(Ω) ⊂ L1
loc(Ω).

(a) Then W k,ϕ(Ω) is a quasi-Banach space.
(b) If ϕ ∈ Φc(Ω), then W k,ϕ(Ω) is a Banach space.
(c) If ϕ satisfies (aDec), then W k,ϕ(Ω) is separable.
(d) If ϕ satisfies (aInc) and (aDec), then W k,ϕ(Ω) is uniformly convex and

reflexive.

Proof. We prove only the case k = 1, the proof for the general case is simi-
lar. We first show that the Sobolev spaces is a quasi-Banach/Banach space
according as ϕ ∈ Φw(Ω)/ϕ ∈ Φc(Ω). Using similar arguments as in the proof
of Lemma 3.2.2, we obtain that ‖ · ‖1,ϕ is a quasinorm if ϕ ∈ Φw(Ω) and a
norm if ϕ ∈ Φc(Ω).

It remains to prove completeness. For that let (ui) be a Cauchy sequence
inW 1,ϕ(Ω). We have to show that there exists u ∈W 1,ϕ(Ω) such that ui → u
in W 1,ϕ(Ω) as i → ∞. Since the Lebesgue space Lϕ(Ω) is a quasi-Banach
space (Theorem 3.3.7), there exist u, g1, . . . , gn ∈ Lϕ(Ω) such that ui → u
and ∂jui → gj in Lϕ(Ω) for every j = 1, . . . , n. Let h ∈ C∞0 (Ω). Since ui is
in W 1,ϕ(Ω) we have

ˆ
Ω

ui ∂jh dx = −
ˆ

Ω

h ∂jui dx.
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It follows by Theorem 3.4.7 that Lϕ
∗

= (Lϕ)′. This and the assumption Lϕ ⊂
L1

loc yield that L∞ ⊂ Lϕ
∗

loc, and so h, ∂jh ∈ Lϕ
∗
(Ω). It follows from Hölder’s

inequality (Lemma 3.2.13) that ‖ui∂jh − u∂jh‖1 6 2‖∂jh‖ϕ∗‖u − ui‖ϕ and
similarly for h∂jui − hgj . Hence

ˆ
Ω

ui ∂jh dx→
ˆ

Ω

u ∂jh dx and
ˆ

Ω

h ∂jui dx→
ˆ

Ω

h gj dx

as i → ∞ and so (g1, . . . , gn) is the weak gradient of u. It follows that
u ∈W 1,ϕ(Ω). By ui → u and ∂jui → gj in Lϕ(Ω) we obtain for all λ > 0 by
Lemma 3.3.1 that %ϕ(λ(u−ui))→ 0 and %ϕ(λ(gj − ∂jui))→ 0, j = 1, . . . , n.
Thus %1,ϕ(λ(u − ui)) → 0 for all λ > 0 and hence ui → u in W 1,ϕ(Ω) by
Lemma 3.3.1.

By Theorem 3.5.2, Lϕ(Ω) is separable if ϕ satisfies (aDec) and by The-
orem 3.6.9, Lϕ(Ω) is uniformly convex and reflexive if ϕ satisfies ∆w

2 and
∇w

2 . These properties depend only on the space, so we may assume that ϕ is
convex to apply Proposition 1.3.5 regarding Banach spaces. By the mapping
u 7→ (u,∇u), the space W 1,ϕ(Ω) is a closed subspace of Lϕ(Ω) ×

(
Lϕ(Ω)

)n.
Thus W 1,ϕ(Ω) is separable if ϕ satisfies (aDec), and uniformly convex and
reflexive if ϕ satisfies ∆w

2 and ∇w
2 , by Proposition 1.3.5. By Lemma 2.2.6 and

Corollary 2.4.15, these hold under (aInc) and (aDec). ut

Lemma 6.1.5. Let ϕ ∈ Φw(Ω). Then

‖u‖W k,ϕ(Ω) ≈
k∑

m=0

∥∥|∇mu|∥∥
Lϕ(Ω)

and %W k,ϕ(Ω)(u) '
k∑

m=0

%Lϕ(Ω)(|∇mu|).

Both implicit constants depend only on n and k. If ϕ satisfies (aDec), then
' can be replaced by ≈.

Proof. We abbreviate
∥∥|∇mu|∥∥

ϕ
as ‖∇mu‖ϕ,m ∈ N. First we prove the claim

for norms. Clearly
∑k
m=0 ‖∇mu‖ϕ 6 (k+ 1)‖u‖k,ϕ. Let λm > ‖∇mu‖ϕ, m =

0, . . . , k and ` :=
∑

06|α|6k 1. Then, by (aInc)1 and the unit ball property
(Lemma 3.2.3),

%k,ϕ

(
u

a`
∑k
m=0 λm

)
=

∑
06|α|6k

%ϕ

( ∂αu

a`
∑k
m=0 λm

)
6

1

`

∑
06|α|6k

%ϕ

( ∂αu∑k
m=0 λm

)
6

1

`

∑
06|α|6k

%ϕ

(∂αu
λm

)
6

1

`

∑
06|α|6k

1 = 1

and thus ‖u‖k,ϕ .
∑k
m=0 ‖∇mu‖ϕ.

Then we prove the claim for modulars. Set K :=
∑
|α|=k 1. By (aInc)1 we

obtain
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%k,ϕ(u) =
∑

06|α|6k

ˆ
Ω

ϕ(x, ∂αu) dx =

k∑
m=0

∑
|α|=m

ˆ
Ω

ϕ(x, ∂αu) dx

6 K

k∑
m=0

ˆ
Ω

ϕ(x, |∇mu|) dx 6
k∑

m=0

ˆ
Ω

ϕ(x, aK|∇mu|) dx.

For the opposite direction we need quasi-convexity of ϕ (Corollary 2.2.2). Let
Km :=

∑
|α|=m 1 so that 1 6 Km 6 K. Then

k∑
m=0

%ϕ

( β
K
|∇mu|

)
6

k∑
m=0

ˆ
Ω

ϕ
(
x,

β

Km
|∇mu|

)
dx

6
k∑

m=0

ˆ
Ω

ϕ
(
x,

β

Km

∑
|α|=m

|∂αu|
)
dx

6
k∑

m=0

1

Km

∑
|α|=m

ˆ
Ω

ϕ(x, |∂αu|) dx

6
∑

06|α|6k

ˆ
Ω

ϕ(x, ∂αu) dx = %k,ϕ(u).

If ϕ satisfies (aDec), then ' yields ≈ by Lemma 2.1.11. ut

Lemma 6.1.6. Let ϕ ∈ Φw(Ω) satisfy (A0) and (aInc)p, p ∈ [1,∞). Then
W k,ϕ(Ω) ↪→W k,p

loc (Ω). If |Ω| <∞, then W k,ϕ(Ω) ↪→W k,p(Ω).

Proof. By Lemma 3.7.7, Lϕ(Ω) ↪→ Lp(Ω)+L∞(Ω) ↪→ Lp(Ω)+Lploc(Ω), where
loc is not needed if |Ω| <∞. This yields the claim by Lemma 6.1.5. ut

A (real-valued) function space is a lattice if the point-wise minimum and
maximum of any two of its elements belong to the space. The next lemma
and Lemma 6.1.6 imply that W 1,ϕ(Ω) is a lattice provided Lϕ(Ω) ⊂ L1

loc(Ω)

Lemma 6.1.7 (Theorem 1.20, [64]). If u, v ∈ W 1,1
loc (Ω), then max{u, v}

and min{u, v} are in W 1,1
loc (Ω) with

∇max(u, v)(x) =

{
∇u(x), for almost every x ∈ {u > v};
∇v(x), for almost every x ∈ {v > u};

and

∇min(u, v)(x) =

{
∇u(x), for almost every x ∈ {u 6 v};
∇v(x), for almost every x ∈ {v 6 u}.

In particular, |u| belongs to W 1,1
loc (Ω) and |∇|u|| = |∇u| almost everywhere in

Ω.
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We close this section by defining Sobolev spaces with zero boundary values
and establishing basic properties for them.

Definition 6.1.8. Let ϕ ∈ Φw(Ω) and k ∈ N. The Sobolev space Hk,ϕ
0 (Ω)

with zero boundary values is the closure of C∞0 (Ω) ∩W k,ϕ(Ω) in W k,ϕ(Ω).

Since Hk,ϕ
0 (Ω) is a closed subspace of W k,ϕ(Ω), the following theorem

follows by Proposition 1.3.5 and Theorem 6.1.4.

Theorem 6.1.9. Let ϕ ∈ Φw(Ω) be such that Lϕ(Ω) ⊂ L1
loc(Ω). Then

Hk,ϕ
0 (Ω) is a quasi-Banach space (Banach, if ϕ ∈ Φc(Ω)). Hk,ϕ

0 (Ω) is sepa-
rable if ϕ satisfies (aDec), and uniformly convex and reflexive if ϕ satisfies
(aInc) and (aDec).

Note that our definition for zero boundary Sobolev spaces is not that rea-
sonable if smooth functions are not dense in W k,ϕ(Ω). Let u ∈ W k,ϕ(Ω)
and let v ∈ C0(Ω) be Lipschitz-continuous. Then uv ∈ W k,ϕ(Ω) has a com-
pact support in Ω but it might happen that uv 6∈ H1,ϕ

0 (Ω). In the case
ϕ(x, t) = tp(x), this question have been studied in [35, Section 11.2].

Lemma 6.1.10. Let ϕ ∈ Φw(Ω) be such that C∞(Ω) ∩W 1,ϕ(Ω) is dense in
W 1,ϕ(Ω). If u ∈W 1,ϕ(Ω) and sptu ⊂⊂ Ω, then u ∈ H1,ϕ

0 (Ω).

Proof. Let (ξi) be a sequence in C∞(Ω) ∩ W 1,ϕ(Ω) converging to u in
W 1,ϕ(Ω). Let η ∈ C∞0 (Ω) be a cut-off function with 0 6 η 6 1 and η ≡ 1 in
sptu. Then (ηξi) is a sequence in C∞0 (Ω). Since u−ηξi = η(u− ξi) we obtain

‖u− ηξi‖ϕ 6 ‖η‖L∞‖u− ξi‖ϕ

and
‖∇(u− ηξi)‖ϕ 6 ‖∇η‖L∞‖u− ξi‖ϕ + ‖η‖L∞‖∇u−∇ξi‖ϕ

and thus by Lemma 6.1.5 we have ηξi → u in W 1,ϕ(Ω), and furthermore
u ∈ H1,ϕ

0 (Ω). ut

Note that, by Theorem 6.4.7, C∞(Ω) ∩W 1,ϕ(Ω) is dense in W 1,ϕ(Ω) if
ϕ ∈ Φw(Ω) satisfies (A0), (A1), (A2) and (aDec).

6.2 Poincaré inequalities

Poincaré inequalities hold in sufficiently regular domains. Concerning the
regularity of the domain we focus here on bounded John domains. The Lp-
Poincaré inequality is known to hold for more irregular domains but the
inequality is mostly used in John domains.
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Definition 6.2.1. A bounded domain Ω ⊂ Rn is called an α-John domain,
α > 0, if there exists x0 ∈ Ω (the John center) such that each point in Ω can
be joined to x0 by a rectifiable path γ (the John path) parametrized by its
arc-length such that

B
(
γ(t), 1

α t
)
⊂ Ω

for all t ∈ [0, `(γ)], where `(γ) 6 α is the length of γ. The ball B(x0,
diam(Ω)

2α )
is called the John ball.

Example 6.2.2. All bounded convex domains and bounded domains with Lip-
schitz boundary are John domains. But also B(0, 1) \ [0, e1) ⊂ R2 is a John
domain. John domains may possess fractal boundaries or internal cusps with
a zero angle while external cusps with a zero angle are excluded. For example,
the interior of Koch’s snowflake is a John domain.

We recall the following well-known lemma that estimates u in terms of
the Riesz potential, see [119] or [12, Chapter 6]. For this formulation a proof
can be found in [35, Lemma 8.2.1]. Recall that I1 denotes the Riesz potential
operator (cf. Section 5.4).

Lemma 6.2.3. (a) For every u ∈ H1,1
0 (Ω),

|u| . I1|∇u| a.e. in Ω,

where the constant depends only on the dimension n.
(b) If Ω is a John domain, then there exists a ball B ⊂ Ω such that

|u(x)− uB | . I1|∇u|(x) a.e. x ∈ Ω

for every u ∈ W 1,1(Ω). The ball B satisfies |B| ≈ |Ω| and the constants
depend only on the dimension n and John-constant α.

Remark 6.2.4. Similarly one may prove that the assertions in Lemma 6.2.3(b)
also hold for u ∈ L1

loc(Ω) with |∇u| ∈ L1(Ω).

We need the following lemma which allows us to change the set in the
integral average.

Lemma 6.2.5. Let Ω be a John domain and let ϕ ∈ Φw(Ω) satisfy (A0) and
(A1). If A ⊂ Ω has positive finite measure, then

|A|
|Ω|
‖u− uA‖Lϕ(Ω) . ‖u− uΩ‖Lϕ(Ω) . ‖u− uA‖Lϕ(Ω)

for u ∈ Lϕ(Ω). Here the constants depend on the John constant α.
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Proof. Let us first prove the upper bound. By the triangle inequality,

‖u− uΩ‖Lϕ(Ω) . ‖u− uA‖Lϕ(Ω) + ‖uA − uΩ‖Lϕ(Ω).

We estimate the second term by Hölder’s inequality:

‖uA − uΩ‖Lϕ(Ω) = |uA − uΩ| ‖1‖Lϕ(Ω) = |Ω|−1‖u− uA‖L1(Ω)‖1‖Lϕ(Ω)

6 c
‖1‖Lϕ∗ (Ω)‖1‖Lϕ(Ω)

|Ω|
‖u− uA‖Lϕ(Ω).

Since Ω is bounded, (A2) follows by Lemma 4.2.3. Since Ω is a John domain,
there exist balls B ⊂ Ω ⊂ B′ with |B| ≈ |B′|, where the implicit constant
depends on the John constant. Lemma 4.4.8 yields that ‖1‖Lϕ∗ (Ω)‖1‖Lϕ(Ω) ≈
|Ω| and hence the upper bound follows.

Then we move to the lower bound. By the triangle inequality,

‖u− uA‖Lϕ(Ω) 6 ‖u− uΩ‖Lϕ(Ω) + ‖uA − uΩ‖Lϕ(Ω).

We estimate the second term:

‖uA − uΩ‖Lϕ(Ω) = |uA − uΩ| ‖1‖Lϕ(Ω) = |A|−1‖u− uΩ‖L1(Ω)‖1‖Lϕ(Ω).

The rest of the proof is like in the previous case. ut

Our arguments are based on the following averaging operator calculated
over dyadic cubes.

Definition 6.2.6. For k ∈ Z we define the averaging operator Tk over dyadic
cubes by

Tkf(x) :=
∑

Q dyadic
diam(Q)=2−k

χQ∩Ω(x)

|Q|

ˆ
2Q∩Ω

f(y) dy

for all f ∈ L1
loc(Rn).

The following result is [35, Lemma 6.1] but we include the short proof for
the reader’s convenience.

Lemma 6.2.7. Let x ∈ Ω, δ > 0, α ∈ (0, n), and f ∈ L1
loc(Ω). Then

ˆ
B(x,δ)∩Ω

|f(y)|
|x− y|n−α

dy . δα
∞∑
k=0

2−αkTk+k0
f(x) . δαMf(x),

where k0 ∈ Z is chosen such that 2−k0−1 6 δ < 2−k0 .
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Proof. We split the integration domain into annuli and use the definition of
Tk:
ˆ
B(x,δ)∩Ω

|f(y)|
|x− y|n−α

dy 6
∞∑
k=1

(
δ2−k

)α−n ˆ
{2−kδ6|x−y|<2−k+1δ}∩Ω

|f(y)| dy

. δα
∞∑
k=0

2−αkTk+k0
f(x),

where we used the fact that B(x, 2−k+1δ) is covered by at most 4n dyadic
cubes of size 2−k−k0 . This is the first inequality. Since Tk+k0

f . Mf , the
second inequality follows by convergence of the geometric series. ut

Note that the next result is established without the (aInc) and (aDec)
assumptions.

Theorem 6.2.8 (Poincaré inequality). Let Ω be a bounded domain and
let ϕ ∈ Φw(Ω) satisfy (A0) and (A1).

(a) For every u ∈ H1,ϕ
0 (Ω), we have

‖u‖Lϕ(Ω) . diam(Ω)‖∇u‖Lϕ(Ω).

(b) If Ω is a John domain, then for every u ∈W 1,ϕ(Ω), we have

‖u− uΩ‖Lϕ(Ω) . diam(Ω)‖∇u‖Lϕ(Ω).

Proof. We prove only the latter case. The proof for the first case is similar;
the only difference is to use in Lemma 6.2.3 case (a) instead of case (b).

By Lemma 3.7.9,W 1,ϕ ⊂ L1
loc. Thus, by Lemma 6.2.3(b) and Lemma 6.2.7,

we have

|u(x)− uB | 6 I1|∇u|(x) . diam(Ω)

∞∑
k=0

2−kTk+k0
|∇u|(x)

for every u ∈ W 1,ϕ(Ω) and almost every x ∈ Ω, where k0 ∈ Z is chosen
such that 2−k0−1 6 diam(Ω) < 2−k0 . Since Ω is bounded, (A2) holds by
Lemma 4.2.3. Thus we obtain by Theorem 4.4.3 that Tk+k0

is bounded. Us-
ing also the quasi-triangle inequality (Corollary 3.2.5) and convergence of a
geometric series, we obtain

‖u− uB‖Lϕ(Ω) . diam(Ω)

∞∑
k=0

2−k‖Tk+k0
|∇u|‖Lϕ(Ω)

. diam(Ω)‖∇u‖Lϕ(Ω).

The estimate for ‖u− uΩ‖Lϕ(Ω) follows from this and Lemma 6.2.5. ut
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Theorem 6.2.8(a) immediately yields that ‖∇u‖ϕ is an equivalent norm in
H1,ϕ

0 (Ω):

Corollary 6.2.9. Let Ω be a bounded domain and let ϕ ∈ Φw(Ω) satisfy (A0)
and (A1). For every u ∈ H1,p(·)

0 (Ω),

‖∇u‖Lϕ(Ω) 6 ‖u‖W 1,ϕ(Ω) 6
(
1 + c diam(Ω)

)
‖∇u‖Lϕ(Ω).

Let us next consider modular versions of the Poincaré inequality which
are very important for applications to differential equations and calculus of
variations. In the constant exponent case there is an obvious connection be-
tween modular and norm versions of the inequality, which does not hold even
in the variable exponent context (see [35, Example 8.2.7]) and thus an extra
“error term” is needed on the right hand side.

Proposition 6.2.10 (Poincaré inequality in modular form). Let Ω be
a bounded domain and let ϕ ∈ Φw(Ω) satisfy (A0) and (A1).

(a) There exists β > 0 independent of Ω such that
ˆ

Ω

ϕ

(
x,

β|u|
diam(Ω)

)
dx 6

ˆ
Ω

ϕ(x, |∇u|) dx+
∣∣{|∇u| 6= 0} ∩ Ω

∣∣,
for every u ∈ H1,1

0 (Ω) with %ϕ(|∇u|) 6 1.
(b) If Ω is a John domain, then there exists β > 0 depending on the John

constant such that
ˆ

Ω

ϕ

(
x,
β|u− uΩ|
diam(Ω)

)
dx 6

ˆ
Ω

ϕ(x, |∇u|) dx+
∣∣{|∇u| 6= 0} ∩ Ω

∣∣,
for every u ∈W 1,1(Ω) with %ϕ(|∇u|) 6 1.

Proof. Let us first note that since Ω is bounded, (A2) holds by Lemma 4.2.3.
Hence (A0), (A1) and (A2) all hold.

We first prove (a). By Lemmas 6.2.3(a) and 6.2.7, we obtain

|u(x)| 6 c

ˆ
Ω

|∇u(y)|
|x− y|n−1

dy 6 c1 diam(Ω)

∞∑
k=0

2−kTk+k0
|∇u|(x),

where k0 ∈ Z is chosen such that 2−k0−1 6 diam(Ω) < 2−k0 .
Let β ∈ (0, 1] be from quasi-convexity of ϕ (Corollary 2.2.2), and β′ and h

from the key estimate (Theorem 4.3.3). We divide by c1 diam(Ω) and obtain
by quasi-convexity of ϕ (Corollary 2.2.2) that
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ˆ
Ω

ϕ

(
x,

c2ββ
′|u|

2c1 diam(Ω)

)
dx 6

ˆ
Ω

ϕ

(
x, c2ββ

′
∞∑
k=0

2−k−1Tk+k0
|∇u|

)
dx

6
∞∑
k=0

2−k−1
∑

Q dyadic
diam(Q)=2−k

ˆ
Q∩Ω

ϕ
(
x, c2β

′Tk+k0
|∇u|

)
dx.

We fix c2 in the next estimate. Let R := 2−k−k0 and Qx be the dyadic cube
of diameter R to which x belongs. Since %ϕ(|∇u|) 6 1, the key estimate
(Theorem 4.3.3), with p = 1, yields

ϕ
(
x, c2β

′Tk+k0
|∇u|

)
6 ϕ

(
x,

β′

|B(x,R)|

ˆ
B(x,R)∩Ω

|∇u|χ2Qx
dy

)
6

1

|B(x,R)|

ˆ
B(x,R)∩Ω

ϕ
(
y, |∇u|χ2Qx

)
+ ‖h‖∞ |{|∇u|>0}∩B(x,R)|

|B(x,R)|

.
1

|2Qx|

ˆ
2Qx∩Ω

ϕ(y, |∇u|) dy + |{|∇u|>0}∩2Qx|
|2Qx| .

Combining this with the previous estimate, we obtain
ˆ

Ω

ϕ

(
x,

c2ββ
′|u|

2c1 diam(Ω)

)
dx

.
∞∑
k=0

2−k
∑

Q dyadic
diam(Q)=2−k

ˆ
Q∩Ω

1

|2Q|

ˆ
2Q∩Ω

ϕ(y, |∇u|) dy + |{|∇u|>0}∩2Q|
|2Q| dx

6
∞∑
k=0

2−k
∑

Q dyadic
diam(Q)=2−k

(ˆ
2Q∩Ω

ϕ(y, |∇u|) dy +
∣∣{|∇u| > 0} ∩ 2Q

∣∣)

.
ˆ

Ω

ϕ(y, |∇u|) dy + |{|∇u| > 0}|,

where we used in the last inequality that the dyadic cubes 2Q are locally
N -finite. By (aInc)1 constants from the right hand side can be absorbed to
the left hand side.

Let us then move to (b). Instead of Lemma 6.2.3(a) we use Lemma 6.2.3(b)
and obtain

|u(x)− uB | 6 c

ˆ
Ω

|∇u(y)|
|x− y|n−1

dy 6 cdiam(Ω)

∞∑
k=0

2−kTk+k0
|∇u|(x), (6.2.11)

where k0 ∈ Z is chosen such that 2−k0−1 6 diam(Ω) < 2−k0 . Exactly as in
(a), this yields that
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ˆ

Ω

ϕ

(
x,
β|u− uB |
diam(Ω)

)
dx 6

ˆ
Ω

ϕ(x, |∇u|) dx+ |{|∇u| > 0}|,

for every u ∈W 1,1(Ω) with %ϕ(|∇u|) 6 1.
Since |u− uΩ| 6 |u− uB |+ |uΩ − uB |, we obtain

ˆ
Ω

ϕ

(
x,

c3β
2 |u− uΩ|
diam(Ω)

)
dx 6

ˆ
Ω

ϕ

(
x,
β|u− uB |
diam(Ω)

)
dx

+

ˆ
Ω

ϕ

(
x,
c3β

ffl
Ω
|u(y)− uB | dy
diam(Ω)

)
dx.

So we need to estimate only the second term. By theW 1,1-Poincaré inequality,
 

Ω

|u(y)− uB | dy . diam(Ω)

 
Ω

|∇u| dy,

where u ∈ W 1,1(Ω). Note that this follows for example applying (6.2.11) in
W 1,1(Ω). Let B̃ be a ball with radius diam(Ω) containing Ω. Since Ω is a John
domain we have |B̃| ≈ |Ω|. We fix c3 in the next estimate. TheW 1,1-Poincaré
inequality and the key estimate (Theorem 4.3.3), with p = 1, yield
ˆ

Ω

ϕ

(
x,
c3β

ffl
Ω
|u(y)− uB | dy
diam(Ω)

)
dx 6

ˆ
Ω

ϕ
(
x, β

 
Ω

|∇u| dy
)
dx

6
ˆ

Ω

ϕ
(
x, β

 
B̃

χΩ|∇u| dy
)
dx

6
ˆ

Ω

1

|B̃|

ˆ
Ω

ϕ(y, |∇u|) dy + |{|∇u|6=0}|
|B̃| dx

6
ˆ

Ω

ϕ(y, |∇u|) dy +
∣∣{|∇u| 6= 0}

∣∣.
Combining these estimates, we obtain (b). ut

6.3 Sobolev embeddings

Next we prove Sobolev–Poincaré inequalities in John domains. Note that
for a given ϕ, a suitable function ψ ∈ Φw(Ω) in the next theorem exist by
Lemma 5.2.3.

Question 6.3.1. Does the next result hold without the assumption (aInc)?



128 6 Sobolev spaces

Theorem 6.3.2 (Sobolev-Poincaré inequality). Let Ω be a John do-
main. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1), (A2), (aInc) and (aDec)q, q < n.
Suppose that ψ ∈ Φw(Ω) satisfies t−

1
nϕ−1(x, t) ≈ ψ−1(x, t). Then for every

u ∈W 1,ϕ(Ω),
‖u− uΩ‖Lψ(Ω) . ‖∇u‖Lϕ(Ω).

Proof. By Lemma 6.2.3(b),

|u(x)− uB | . I1|∇u|(x)

for every u ∈W 1,ϕ(Ω) and almost every x ∈ Ω. Thus

‖u− uB‖Lψ(Ω) . ‖I1|∇u|‖Lψ(Ω).

Corollary 5.4.5 yields ‖I1|∇u| ‖Lψ(Ω) . ‖∇u‖Lϕ(Ω). Thus the estimate for
‖u− uΩ‖Lψ(Ω) follows from Lemma 6.2.5. ut

We obtain the Sobolev embedding in John domains as a corollary.

Corollary 6.3.3 (Sobolev embedding). Let Ω be a John domain. As-
sume that ϕ ∈ Φw(Ω) satisfies (A0), (A1), (A2), (aInc) and (aDec)q,
q < n. Suppose that ψ ∈ Φw(Ω) satisfies t−

1
nϕ−1(x, t) ≈ ψ−1(x, t). Then

W 1,ϕ(Ω) ↪→ Lψ(Ω).

Proof. By Theorem 6.3.2 and Hölder’s inequality (Lemma 3.2.13) we obtain

‖u‖ψ . ‖u− uΩ‖ψ + ‖uΩ‖ψ
6 ‖∇u‖ϕ + |Ω|−1‖1‖ψ‖u‖1
6 ‖∇u‖ϕ + 2|Ω|−1‖1‖ψ‖1‖ϕ∗‖u‖ϕ.

The norms ‖1‖ψ and ‖1‖ϕ∗ are finite by Corollary 3.7.10 and hence the claim
follows. ut

We can use extrapolation to prove the Sobolev embedding theorem and
then combine this with interpolation to prove a version of the Rellich–
Kondratchov (compact embedding) theorem. We begin with the following
weighted norm inequality: for all f ∈ C∞0 (Ω), w ∈ A1, and p ∈ [1, n),

‖f‖Lp∗ (Ω,w) 6 C‖∇f‖Lp(Ω,wp/p∗ ),

where p∗ = np
n−p is the Sobolev exponent of p ([31, Lemma 4.31] or [28,

Lemma 6.32]). We use extrapolation, Theorem 5.3.6, to obtain the following
result with weaker assumptions than in Corollary 6.3.3.
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Corollary 6.3.4 (Sobolev inequality and embedding). Let ϕ ∈ Φw(Ω)
satisfy (A0), (A1), (A2) and (aDec)q for some q < n. Suppose that ψ ∈ Φw(Ω)

satisfies t−
1
nϕ−1(x, t) ≈ ψ−1(x, t). Then for all u ∈ H1,ϕ

0 (Ω)

‖u‖ψ . ‖∇u‖ϕ, and, moreover, H1,ϕ
0 (Ω) ↪→ Lψ(Ω).

Proof. We choose g := |∇f |, p := 1 and q := n′ in Theorem 5.3.1.
Then γ = 1

n . The claim follows from Theorem 5.3.1 once we show that
M : Lψ

∗
q (Ω) → Lψ

∗
q (Ω) is bounded. This can be done similarly as in the

proof of Theorem 5.3.6. ut

For Sobolev functions, convolutions approximate the identity in a quanti-
tative way (compare with Theorem 4.4.7):

Lemma 6.3.5. Let ϕ ∈ Φw(Rn) satisfy (A0), (A1), (A2) and let σ be the
standard mollifier. Then

‖σε ∗ u− u‖Lϕ(Rn) . ε‖∇u‖Lϕ(Rn)

for every u ∈W 1,ϕ(Rn). Here σε(t) := 1
εnσ( tε ).

Proof. Let u ∈ C∞0 (Rn). Using properties of the mollifier, Fubini’s theorem
and a change of variables, we deduce

u ∗ σε(x)− u(x) =

ˆ
Rn

ˆ 1

0

σε(y)∇u(x− ty) · y dt dy

=

ˆ 1

0

ˆ
Rn
σεt(y)∇u(x− y) · y

t
dy dt.

When σεt(y) 6= 0, |yt | 6 ε. This yields the pointwise estimate

∣∣u ∗ σε(x)− u(x)
∣∣ 6 ε

ˆ 1

0

ˆ
Rn
|σεt(y)| |∇u(x− y)| dy dt

= ε

ˆ 1

0

|∇u| ∗ |σεt|(x) dt

for all u ∈ C∞0 (Rn). Since sptσtε ⊂ B(0, ε) for all t ∈ [0, 1], the estimate is
of a local character. Due to the density of C∞0 (Rn) in W 1,1

loc (Rn) the same
estimate holds almost everywhere for all u ∈ W 1,1

loc (Rn). Hence, it holds in
particular for all u ∈W 1,ϕ(Rn) by Lemma 6.1.6. The pointwise estimate thus
yields the norm inequality

‖u ∗ σε − u‖ϕ 6 ε

∥∥∥∥ˆ 1

0

|∇u| ∗ |σεt| dt
∥∥∥∥
ϕ

6 Qε

ˆ 1

0

∥∥|∇u| ∗ |σεt|∥∥ϕ dt
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where we used also Corollary 3.2.5 for the Riemann sums corresponding to
the integrals. By Lemma 4.4.6, we have

∥∥|∇u|∗|σεt|∥∥ϕ 6 K‖σ‖1‖∇u‖ϕ. Now,
the claim follows due to ‖σ‖1 = 1. ut

To prove our main compact embedding theorem, we first give a prelimi-
nary result. Since the convolution of the previous lemma “leaks” outside the
domain, we need to assume that ϕ ∈ Φw(Rn), or at least ϕ ∈ Φw(U) for some
Ω ⊂⊂ U .

Question 6.3.6. Does the next result hold assuming ϕ ∈ Φw(Ω) instead of
ϕ ∈ Φw(Rn)?

Theorem 6.3.7. Let ϕ ∈ Φw(Rn) satisfy (A0), (A1) and (aDec) and let Ω
be bounded. Then

H1,ϕ
0 (Ω) ↪→↪→ Lϕ(Ω).

Proof. Choose a ball B ⊃ Ω. It suffices to consider ϕ|2B since all convolutions
in the proof are supported in this set for all small ε > 0. By Lemma 4.2.3,
this Φ-function satisfies (A2).

Let uk ⇀ u in H1,ϕ
0 (Ω). We write fk := uk−u so that fk ⇀ 0 in H1,ϕ

0 (Ω).
Then ‖fk‖1,ϕ is uniformly bounded. For every fk ∈ H1,ϕ

0 (Ω) we choose vk ∈
C∞0 (Ω) such that ‖fk − vk‖1,ϕ 6 1

k ; then vk ⇀ 0 and ‖vk‖1,ϕ is uniformly
bounded. By Lemma 6.1.5, ‖vk‖ϕ and ‖∇vk‖ϕ are uniformly bounded.

We first show that vk → 0 in Lϕ(Ω). Let σε be the standard mollifier.
Then vk = (vk − σε ∗ vk) + σε ∗ vk and Lemma 6.3.5 implies that

‖vk‖ϕ . ‖vk − vk ∗ σε‖ϕ + ‖vk ∗ σε‖ϕ . ε ‖∇vk‖ϕ + ‖vk ∗ σε‖ϕ. (6.3.8)

Since vk ⇀ 0 and ε > 0 is fixed we obtain

vk ∗ σε(x) =

ˆ
Rn
σε(x− y)vk(y) dy → 0

as k → ∞. Let Ωε := {x ∈ Rn : dist(x,Ω) 6 ε}. Then vk ∗ σε(x) = 0 for all
x ∈ Rn \ Ωε. By Hölder’s inequality we obtain for all x ∈ Ωε that∣∣vk ∗ σε(x)

∣∣ =
∣∣∣ ˆ

Rn
σε(x− y)vk(y) dy

∣∣∣ 6 c ‖vk‖ϕ‖σε(x− ·)‖ϕ∗ .

Since σ ∈ C∞0 (Rn) we have |σ| 6 c and thus |σε| 6 c ε−n. This yields
‖σε(x− ·)‖ϕ∗ 6 c ε−n‖χΩε

‖ϕ∗ 6 cε−n independently of x ∈ Rn and k. Using
the uniform boundedness of vk in Lϕ we have all together proved∣∣vk ∗ σε(x)

∣∣ 6 cε−n χΩε
(x)

for all x ∈ Rn. Since Ω is bounded we obtain by Lemma 3.7.7 that χΩε
∈

Lϕ(Rn). Since vk ∗ σε(x) → 0 almost everywhere, we obtain by dominated
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convergence (Lemma 3.1.4(c) and Corollary 3.3.4) that vk ∗σε → 0 in Lϕ(Rn)
as k →∞. Hence it follows from (6.3.8) that

lim sup
k→∞

‖vk‖ϕ 6 c ε lim sup
k→∞

‖∇vk‖ϕ.

Since ε > 0 was arbitrary and ‖∇vk‖ϕ is uniformly bounded this yields that
vk → 0 in Lϕ(Rn). Hence

‖fk‖ϕ . ‖fk − vk‖ϕ + ‖vk‖ϕ =
c

k
+ ‖vk‖ϕ

and hence fk → 0 in Lϕ(Rn), i.e. uk → u in Lϕ(Ω) as required. ut

When we use Corollary 5.5.5 to interpolate between the inequalities in
Corollary 6.3.4 and Theorem 6.3.7, we get the Rellich–Kondrachov Theorem
for the generalized Orlicz–Sobolev spaces. The analogous result for variable
Sobolev spaces was proved in [35, Corollary 8.4.4].

Theorem 6.3.9 (Compact Sobolev embedding). Let ϕ ∈ Φw(Rn) sat-
isfy (A0), (A1) and (aDec)q for q < n and let Ω ⊂ Rn be bounded do-
main. Suppose that ψ ∈ Φw(Rn) satisfies t−αϕ−1(x, t) ≈ ψ−1(x, t), for some
α ∈ [0, 1

n ). Then
H1,ϕ

0 (Ω) ↪→↪→ Lψ(Ω).

Remark 6.3.10. Note that for given ϕ in the previous theorem, there exists a
suitable ψ ∈ Φw(Rn) by Lemma 5.2.3. In Theorems 6.3.7 and 6.3.9 we have
assumed that ϕ ∈ Φw(Rn) even though the results hold in domain Ω.

Next we study modular inequalities and for that we prove a Jensen type
inequality with singular measure.

Lemma 6.3.11. Let B ⊂ Rn be a ball or a cube, and let s > 1. Let ϕ ∈
Φw(B) satisfy (A0) and (A1). Then there exists β > 0 such that

ϕ

(
x, β

ˆ
B

|f(y)|
diamB |x− y|n−1

dy

)
6
ˆ
B

ϕ(y, |f(y)|) + χ{f 6=0}(y)

diamB |x− y|n−1
dy

for almost every x ∈ B and every f ∈ Lϕ(B) with %ϕ(f) 6 1.

Proof. Let us first note that since B is bounded, (A2) holds by Lemma 4.2.3.
Hence ϕ satisfies (A0), (A1) and (A2).

We may assume without loss of generality that f > 0. Fix r > 0 and let
B = B(x, r). Define annuli Ak := {y ∈ B : 2−kr 6 |x−y| < 21−kr} for k > 0.
We cover B with the annuli Ak and obtain

ˆ
B

f(y)

2r |x− y|n−1
dy .

∞∑
k=0

2−k
 
B(x,21−kr)

χAk(y)f(y) dy.
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Let β′ > 0 be from the key estimate (Theorem 4.3.3). Since 1
2

∑∞
k=0 2−k =

1, it follows by quasi-convexity (Corollary 2.2.2) that

(I) := ϕ

(
x, ββ′

∞∑
k=0

2−k−1

 
B(x,21−kr)

χAkf dy

)

6
∞∑
k=0

2−k−1ϕ
(
x, β′

 
B(x,21−kr)

χAkf dy
)
.

Next we apply the key estimate (Theorem 4.3.3) with p = 1. Thus for some
h ∈ L1(B) ∩ L∞(B) we have

ϕ

(
x, β′

 
B(x,21−kr)

χAkf dy

)
6
 
B(x,21−kr)

ϕ(y, χAkf) dy

+ ‖h‖∞

∣∣{χAkf 6= 0} ∩B(x, 21−kr) ∩B
∣∣

|B(x, 21−kr)|

6
1 + ‖h‖∞
(2−kr)n

ˆ
Ak

ϕ(y, f) + χ{f 6=0}(y) dy.

Combining the two estimates, we find that

(I) .
∞∑
k=1

1

(2−kr)n

ˆ
Ak

ϕ(y, f) + χ{f 6=0}(y) dy ≈
ˆ
B

ϕ(y, f) + χ{f 6=0}(y)

2r |x− y|n−1
dy.

By (aInc)1 this is the claim for suitable β2. ut

The next proposition is a Sobolev–Poincaré inequality for weak Φ-functions
and yields an exponent strictly less than 1. For example this is the main
requirement for Gehring’s lemma. The proof introduces a probability measure
that allows Jensen’s inequality to be used in the usual setting. This technique
was used in [37]. The rest of the proof consists of handling left-over terms
and technicalities.

Question 6.3.12. Does the following result hold with s = n′?

Proposition 6.3.13. Let B ⊂ Rn be a ball or a cube, s ∈ [1, n′) and ϕ
1
s ∈

Φw(B) satisfy assumptions (A0) and (A1). Then there exists a constant β ∈
(0, 1] such that the following hold.

(a) For every u ∈ H1,1
0 (B) with %

ϕ
1
s
(|∇u|) 6 1 we have

 
B

ϕ

(
x, β

|u|
diamB

)
dx 6

( 
B

ϕ(x, |∇u|) 1
s dx

)s
+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|
.
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(b) For every v ∈W 1,1(B) with %
ϕ

1
s
(|∇u|) 6 1 we have

 
B

ϕ

(
x, β
|u− uB |
diamB

)
dx 6

( 
B

ϕ(x, |∇u|) 1
s dx

)s
+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|
.

Proof. Note first that since ϕ
1
s ∈ Φw(B) satisfies (A0), we have ϕ ∈ Φw(B)

satisfying (A0). The proofs of the claims are similar and hence we only prove
(b). For brevity, we denote κ := diamB.

By Lemma 6.2.3(b) (or more precisely a corresponding result in a convex
domain [47, Lemma 7.16, p. 162]) we have, for almost every x ∈ B,

|u(x)− uB | .
ˆ
B

|∇u(y)|
|x− y|n−1

dy.

Let us write f(y) := ϕ(y, |∇u|)1/s + χ{|∇u|6=0}(y). The previous inequality
and Lemma 6.3.11 with function ϕ

1
s and constant β′ = β

c1
yield

ϕ

(
x, β′

|u(x)− uB |
κ

)
6 ϕ

(
x, β

ˆ
B

|∇u(y)|
κ|x− y|n−1

dy

)
6

(ˆ
B

f(y)

κ|x− y|n−1
dy

)s
.

(6.3.14)

Set J :=
´
B
f(y) dy. If J = 0, then |∇u| = 0 almost everywhere and u is

a constant function. Thus u = uB almost everywhere and hence the claim
follows. If J > 0, then we define a probability measure by dµ(y) := 1

J f(y) dy.
Since µ is a probability measure, we can use Jensen’s inequality for the convex
function t 7→ ts:(ˆ

B

f(y)

κ|x− y|n−1
dy

)s
6
ˆ
B

Js

κs|x− y|s(n−1)
dµ(y)

=
Js−1

κs

ˆ
B

f(y)

|x− y|s(n−1)
dy.

We integrate the previous inequality over x ∈ B, and use Fubini’s theorem
to change the order of integration

 
B

(ˆ
B

f(y)

κ|x− y|n−1
dy

)s
dx 6

Js−1

κs

 
B

f(y)

ˆ
B

dx

|x− y|s(n−1)
dy.

Finally, we use the assumption s < n
n−1 and κ = diamB to estimate

ˆ
B

dx

|x− y|s(n−1)
6 c(n)κ−s(n−1)+n

for y ∈ B. We conclude, taking into account the definition of J , that
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B

(ˆ
B

f(y)

κ|x− y|n−1
dy

)s
dx .

(
J

κn

)s
=

( 
B

ϕ(y, |∇u|) 1
s + χ{|∇u|6=0}(y) dy

)s
≈
( 

B

ϕ(y, |∇u|) 1
s dy

)s
+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|

Combining this with (6.3.14) integrated over B, we complete the proof as the
constant on the right-hand side can be absorbed into β′ by (aInc)1. ut

Corollary 6.3.15 (Sobolev–Poincaré inequality in modular form).
Let B ⊂ Rn be a ball or a cube, and ϕ ∈ Φw(B) satisfy assumptions (A0)
and (A1), and let 1 6 s < n′. Then there exists a constant β ∈ (0, 1] such
that the following hold.

(a) For every u ∈ H1,1
0 (B) with %ϕ(|∇u|) 6 1 we have( 

B

ϕ

(
x, β

|u|
diamB

)s
dx

) 1
s

6
 
B

ϕ(x, |∇u|) dx+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|
.

(b) For every v ∈W 1,1(B) with %ϕ(|∇u|) 6 1 we have(  
B

ϕ

(
x, β
|u− uB |
diamB

)s
dx

) 1
s

6
 
B

ϕ(x, |∇u|) dx+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|
.

Proof. Let us write ψ := ϕs. Then ψ
1
s satisfies the assumptions of Proposi-

tion 6.3.13. By the assumption we have
ˆ
B

ψ(x, |∇u|) 1
s dx =

ˆ
B

ϕ(x, |∇u|) dx 6 1.

Hence we can apply Proposition 6.3.13 to ψ
1
s and obtain by (a) that

 
B

ψ

(
x, β

|u|
diamB

)
dx 6

( 
B

ψ(x, |∇u|) 1
s dx+

∣∣{|∇u| 6= 0} ∩B
∣∣

|B|

)s
.

This yields the claim when we raise both sides to power 1
s . The case (b)

follows similarly. ut

6.4 Density of regular functions

This section contains a sufficient condition for when every function in a
Sobolev space can be approximated by a more regular function, such as a
smooth or Lipschitz continuous function.
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Lemma 6.4.1. Let ϕ ∈ Φw(Ω) satisfy (aDec). Then Sobolev functions with
bounded support in Rn are dense in W 1,ϕ(Ω).

Proof. Let us denote Br := B(0, r), r > 1. Let ηr ∈ C∞0 (Rn) be a cut-off
function with ηr = 1 on Br, ηr = 0 on Rn \Br+1, 0 6 ηr 6 1 and |∇ηr| 6 2.
We show that uηr → u in W 1,ϕ(Ω) as r →∞. Note first that

‖u− uηr‖W 1,ϕ(Ω) . ‖u‖W 1,ϕ(Ω\Br+1) + ‖u− uηr‖W 1,ϕ(Ω∩(Br+1\Br)).

Since ϕ satisfies (aDec), modular convergence and norm convergence are
equivalent by Corollary 3.3.4. Lemma 6.1.5 and the absolutely continuity of
the integral imply that

%W 1,ϕ(Ω\Br+1)(u) ≈ %Lϕ(Ω\Br+1)(u) + %Lϕ(Ω\Br+1)(∇u)→ 0

as r →∞ and hence also ‖u‖W 1,ϕ(Ω\Br+1) → 0. To handle the second term in
the above inequality we observe that

|∇u−∇(uηr)| 6 (1− ηr)|∇u|+ |∇ηr| |u| 6 |∇u|+ 2|u|.

Thus ‖u−uηr‖W 1,ϕ(Ω∩(Br+1\Br)) 6
∥∥|∇u|+4|u|

∥∥
Lϕ(Ω\Br)

. As with the previous
term, this converges to 0 when r →∞. ut

It has been showed in [35, Example 9.1.5] that Sobolev functions with
compact support are not dense in W 1,ϕ(R) when ϕ(x, t) := tmax{|x|,1}. Hence
the assumption (aDec) is not redundant in Lemma 6.4.1.

Lemma 6.4.2. Let ϕ ∈ Φw(Ω) satisfy (aDec) and Lϕ ⊂ L1
loc. Then bounded

Sobolev functions with compact support in Rn are dense in W 1,ϕ(Ω).

Proof. Let u ∈ W 1,ϕ(Ω). By Lemma 6.4.1, we may assume that u has
bounded support Ω ∩ B(0, r) for some large r > 0. We define the trunca-
tion um by

um(x) := max{min{u(x),m},−m}

for m > 0. By Lemma 6.1.7, um ∈ W 1,1
loc (Ω). Since |um| 6 |u| and |∇um| 6

|∇u| we obtain by solidity (3.3.9) that um ∈W 1,ϕ(Ω).
Since ϕ satisfies (aDec), we have by Lemma 3.2.11 that

´
Ω
ϕ(x, u) dx <∞

so that |{x ∈ Ω : ϕ(x, u) > m}| → 0 as m → ∞. If u > am3 > m, then the
inequality (from (aInc)1)

ϕ(x,m) 6
a

u
mϕ(x, u)

implies that either ϕ(x,m) 6 1 or ϕ(x, u) > m2. Hence, for large m,{
|u| > am3

}
⊂
(
{ϕ(·,m) 6 1} ∩ sptu

)
∪ {ϕ(·, u) > m2}.

Since ϕ(x, t)→∞ when t→∞, we find that



136 6 Sobolev spaces∣∣{ϕ(·,m) 6 1} ∩ sptu
∣∣→ 0

as m→∞. Since ϕ satisfies (aDec), ϕ(x, t) <∞ for almost every x ∈ Ω and
all t ∈ [0,∞). Thus |{ϕ(x, u) > m2}| → 0 as m→∞.

Lemma 6.1.5 and the absolutely continuity of the integral yield

%1,ϕ

(
u− uam3

)
.
ˆ
{|u|>am3}

ϕ(x, u) + ϕ(x, |∇u|) dx→ 0

as m → ∞. Since ϕ satisfies (aDec), norm convergence follows by Corol-
lary 3.3.4. ut

The next example shows that bounded functions are not always dense in
the Sobolev space.

Example 6.4.3. Let Ω = (1,∞) ⊂ R and ϕ(x, t) :=
(
t
x

)x. Then ϕ ∈ Φs(1,∞)
does not satisfy (aDec). Let u(x) := x, so that u′(x) = 1. Next we show that
u ∈W 1,ϕ(1,∞): ˆ ∞

1

ϕ(x, λu) dx =

ˆ ∞
1

λx dx <∞

for λ ∈ (0, 1); and
ˆ ∞

1

ϕ(x, u′) dx =

ˆ ∞
1

( 1

x

)x
dx < 1.

Let um be the truncation of u defined in Lemma 6.4.2. Then
ˆ ∞

1

ϕ
(
x,
u− um
λ

)
dx =

ˆ ∞
m

(x−m
λx

)x
dx >

ˆ ∞
2m

( 1
2x

λx

)x
dx =∞

for λ ∈ (0, 1
2 ) and hence ‖u− um‖ϕ > 1

2 for all m > 1.

Next we give short proofs for the density of smooth functions based on
the boundedness of convolution. For Lebesgue spaces this has been shown in
Theorem 3.7.15.

Theorem 6.4.4. Let ϕ ∈ Φw(Rn) satisfy (A0), (A1), (A2) and (aDec). Then
C∞0 (Rn) is dense in W 1,ϕ(Rn).

Proof. Let u ∈ W 1,ϕ(Rn) and let ε > 0 be arbitrary. By Lemma 6.4.1, we
may assume that u has compact support in Rn. Let σε be a standard mollifier.
Then u ∗ σε belongs to C∞0 (Rn) and

∇(u ∗ σε)−∇u = (∇u) ∗ σε −∇u.

Thus the claim follows since ‖f∗σε−f‖ϕ → 0 as ε→ 0+ for every f ∈ Lϕ(Rn)
by Theorem 4.4.7 and ‖u‖W 1,ϕ(Ω) ≈ ‖u‖Lϕ(Ω) + ‖∇u‖Lϕ(Ω) by Lemma 6.1.5.

ut
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Then we study density of smooth functions in a subset of Rn.

Lemma 6.4.5. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1), (A2) and (aDec). Let
u ∈ W 1,ϕ(Ω), D⊂⊂Ω and σε be the standard mollifier. Then σε ∗ u → u in
W 1,ϕ(D) as ε→ 0+.

Proof. Let ε < dist(D, ∂Ω). We use the formula ∇(σε ∗ u) = σε ∗ ∇u in
D. Then the claim follows since ‖u‖W 1,ϕ(Ω) ≈ ‖u‖Lϕ(Ω) + ‖∇u‖Lϕ(Ω) by
Lemma 6.1.5, and ‖f ∗ σε − f‖ϕ → 0 as ε → 0+ for every f ∈ Lϕ(Ω) by
Theorem 4.4.7. ut

For the next result, we need a partition of unity. A proof for the existence
of a partition of unity can be found for example in [2, Theorem 3.14, p. 51]
or in [89, Theorem 1.44, p. 25].

Theorem 6.4.6 (Partition of unity). Let U be a family of open sets which
cover a closed set E ⊂ Rn. Then there exists a family F of functions in
C∞0 (Rn) with values in [0, 1] such that

(a)
∑
f∈F f(x) = 1 for every x ∈ E;

(b) for each function f ∈ F , there exists U ∈ U such that spt f ⊂ U ; and
(c) if K ⊂ E is compact, then spt f ∩K 6= ∅ for only finitely many f ∈ F .

The family F is said to be a partition of unity of E subordinate to the open
covering U .

Theorem 6.4.7. Let ϕ ∈ Φw(Ω) satisfy (A0), (A1), (A2) and (aDec). Then
C∞(Ω) ∩W 1,ϕ(Ω) is dense in W 1,ϕ(Ω).

Proof. Let u ∈W 1,ϕ(Ω). Fix ε > 0 and define Ω0 := ∅,

Ωm :=
{
x ∈ Ω : dist(x, ∂Ω) > 1

m

}
and Um := Ωm+1 \ Ωm−1

for m = 1, 2, . . . Let (ξm) be a partition of unity subordinate to the covering
(Um). Let σδ be the standard mollifier. For every m there exists δm such that
spt
(
(ξmu) ∗ σδm

)
⊂ Um⊂⊂Ω and by Lemma 6.4.5 we conclude by choosing

a smaller δm if necessary, that ‖(ξmu) − (ξmu) ∗ σδm‖W 1,ϕ(Ω) 6 ε 2−m. We
define

uε :=

∞∑
m=1

(ξmu) ∗ σδm .

Every point x ∈ Ω has a neighborhood such that the above sum has only
finitely many non-zero terms and thus uε ∈ C∞(Ω). Furthermore, this is an
approximating sequence, since by quasi-convexity (Corollary 3.2.5)

‖u− uε‖W 1,ϕ(Ω) .
∞∑
m=1

‖ξmu− (ξmu) ∗ σδm‖W 1,ϕ(Ω) 6 ε. ut





Chapter 7
Special cases

In this chapter, we consider our conditions and results in some special cases,
namely variable exponent spaces and their variants, for double phase and
degenerate double phase growth, as well as for Orlicz growth without x-
dependence. The following table summarizes the results regarding the condi-
tions. The Φ-functions are from Example 2.5.3.

Let us mention that also some other types of Φ-functions have been consid-
ered in the literature which can also be handled as special cases. For instance,
Φ-functions of the type ϕ(t)p(x) or ϕ(tp(x)) have been studied in [17, 45, 46] by
Capone, Cruz-Uribe, Fiorenza, Giannetti, Passarelli di Napoli, Ragusa, and
Tachikawa and the double-exponent case tp(x) + tq(x) has been considered by
Cencelj, Rădulescu, Repovš and Zhang [19, 120, 129].

ϕ(x, t) (A0) (A1) (A2) (aInc) (aDec)
tp(x)a(x) a ≈ 1 1

p
∈ Clog Nekvinda p− > 1 p+ <∞

tp(x) log(e+ t) true 1
p
∈ Clog Nekvinda p− > 1 p+ <∞

tp + a(x)tq a ∈ L∞ a ∈ C0, n
p
(q−p) true p > 1 q <∞

(t− 1)p+ + a(x)(t− 1)q+ a ∈ L∞ a ∈ C0, n
p
(q−p) true p > 1 false

Table 7.1: Conditions in variable exponent and double phase cases.

7.1 Variable exponent growth

We consider the variable exponent case, ϕ(x, t) = tp(x) for some measurable
function p : Ω → [1,∞]. Here we interpret t∞ := ∞χ(1,∞](t). Then one can
check that ϕ−1(x, t) = t1/p(x), where t1/∞ := χ(0,∞)(t). More information
about variable exponent spaces can be found from the books [18, 28, 35, 39,
73, 74, 116].

139
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Recently, more specialized questions have been studied in the Lp(·)-case,
such as quasiminimizers by Adamowicz and Toivanen [1], minimizers when
p− = 1 or p+ = ∞ by Karagiorgos and Yannakakis [68, 69] and spaces of
analytical functions by Karapetyants and Samko [71]. Note that also variants
such as

ϕ(x, t) = tp(x) log(e+ t)q(x)

can be handled in our framework. These variants has been studied for example
in [44, 48, 93, 94, 96, 111, 109, 110] by Giannetti, Giova, Mizuta, Nakai, Ohno,
Ok, Passarelli di Napoli, and Shimomura.

Recall some well-known concepts from variable exponent spaces. We define

p− := ess inf
x∈Ω

p(x) and p+ := ess sup
x∈Ω

p(x).

We say that 1
p is log-Hölder continuous, 1

p ∈ C
log, if∣∣∣ 1

p(x)
− 1

p(y)

∣∣∣ 6 c

log(e+ 1
|x−y| )

for every distinct x, y ∈ Ω. This condition was first used in the variable
exponent spaces by Zhikov [130]. Our formulation is from Section 4.1 of [35].

Like in the generalized Orlicz case, for variable exponents one needs a
local condition and a decay condition. Nekvinda’s decay condition for variable
exponent spaces can be stated as follows: 1 ∈ Ls(·)(Ω), with 1

s(x) = | 1
p(x)−

1
p∞
|

and p∞ ∈ [1,∞]. Equivalently, this means that there exists c > 0 such that
ˆ
{p(x)6=p∞}

c
1

| 1
p(x)

− 1
p∞
| dx <∞.

This condition was originally introduced by Nekvinda in [101]. We observe
that the log-Hölder decay condition,∣∣∣ 1

p(x)
− 1

p∞

∣∣∣ 6 c

log(e+ |x|)
,

implies Nekvinda’s decay condition. This and the log-Hölder decay condition
are discussed in [35, Section 4.2]. We now connect these conditions to our
framework.

Lemma 7.1.1. The Φ-function ϕ(x, t) = tp(x) satisfies (A0), (Inc)p− and
(Dec)p+ .

Proof. Since ϕ−1(x, 1) = 1, (A0) holds. Since p(x) > p−, we obtain for 0 6
s 6 t that

ϕ(x, s)

sp−
= sp(x)−p− 6 tp(x)−p− =

ϕ(x, t)

tp−

for almost every x and so (Inc)p− holds. The proof for (Dec)p+ is similar. ut
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Proposition 7.1.2. The Φ-function ϕ(x, t) = tp(x) satisfies (A1) if and only
if 1

p is log-Hölder continuous.

Proof. Let x, y ∈ Ω satisfy |x − y| 6 1
2ω1/n

n

, where ωn is the measure of the
unit ball. Let B ⊂ Rn be such a ball that x, y ∈ B∩Ω and diam(B) = 2|x−y|,
and note that |B| 6 1. By symmetry, we may assume that p(x) < p(y). Since
ϕ−1(x, t) = t1/p(x), it follows from assumption (A1) that βt1/p(x) 6 t1/p(y)

for t ∈ [1, 1
|B| ]. We observe that (ωn|x−y|n)−1 = 1

|B| and so we conclude that

(ω−1
n |x− y|−n)

1
p(x)
− 1
p(y) 6 1

β .

Taking the logarithm, we find that

1

p(x)
− 1

p(y)
6

log 1
β

n log(|x− y|−1)− log(ωn)
.

1

log(e+ |x− y|−1)
.

If |x−y| > 1
2ω1/n

n

, then the previous inequality holds trivially, since 1
p ∈ [0, 1].

Hence we have shown that the condition (A1) implies that 1
p is log-Hölder

continuous.
For the opposite implication, assume that B is a ball with |B| 6 1 and

x, y ∈ B ∩ Ω. By symmetry, we may assume that p(x) < p(y). If t ∈ [1, 1
|B| ],

then

ϕ−1(x, t)

ϕ−1(y, t)
= t

1
p(x)
− 1
p(y) 6 |B|

− c

log(e+ 1
|x−y| ) 6 |B(x, 1

2 |x− y|)|
− c

log(e+ 1
|x−y| )

= e

cn log 1
|x−y|

log(e+ 1
|x−y| ) 6 ecn <∞.

This yields that ϕ−1(x, t) . ϕ−1(y, t) and hence (A1) follows. ut

We consider next the decay of the exponent at infinity and link it to (A2).

Proposition 7.1.3. The Φ-function ϕ(x, t) = tp(x) satisfies (A2) if and only
if p satisfies Nekvinda’s decay condition.

Proof. By Lemma 4.2.7, it suffices to check (A2′).
Let α, β ∈ (0, 1). By considering the zero of the derivative (at the value

s = (αβα)1/(1−α)), we conclude that

max
s∈[0,1]

(
(βs)α − s

)
= β

α
1−αα

α
1−α (1− α).

Since α logα
1−α is bounded on (0, 1), we find that α

α
1−α ≈ 1. Therefore,

max
s∈[0,1]

(
(βs)α − s

)
≈ β

α
1−α (1− α). (7.1.4)
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Suppose first that ϕ satisfies (A2′). By Lemma 4.2.10 we may assume
that s = 1 in (A2′). Choose a sequence xi → ∞ with h(xi) → 0. Let us
write p∞ := lim supi→∞ p(xi). Assume that p(x), p∞ < ∞ (with standard
modification if one of the exponents is infinite). By taking limit inferior of
both inequalities in (A2′) we obtain for t ∈ [0, 1] that

(βt)p∞ = lim inf
i→∞

ϕ(xi, βt) 6 ϕ∞(t) + lim
i→∞

h(xi) = ϕ∞(t)

ϕ∞(βt) 6 lim inf
i→∞

(ϕ(xi, t) + h(xi)) = tp∞ .

Thus ϕ∞(t) ' tp∞ for t ∈ [0, 1] and by (A2′) there exist β > 0 and h ∈
L1(Ω) ∩ L∞(Ω), such that{

(βt)p(x) 6 tp∞ + h(x),

(βt)p∞ 6 tp(x) + h(x).

If p(x) < p∞, then (7.1.4), with s := tp∞ , α := p(x)
p∞

and β := βp∞ , implies
that

(βp∞)
p(x)

p∞−p(x)
p∞ − p(x)

p∞
≈ max
t∈[0,1]

(
(βt)p(x) − tp∞

)
6 h(x).

The other inequality gives a similar expression when p(x) > p∞. Since h ∈
L1(Ω), these imply that

β
1

| 1
p∞
− 1
p(·) |

|p∞ − p(·)|
max{p∞, p(·)}

∈ L1(Ω).

Since the second factor can be bounded by a power of the first, this implies
Nekvinda’s condition.

Assume now conversely that Nekvinda’s decay condition holds. Then there
exist c1 ∈ (0, 1) and p∞ ∈ [1,∞] such that

ˆ
{p(x)6=p∞}

c

1

| 1
p∞
− 1
p(x)

|

1 dx <∞.

It follows from Young’s inequality that

(c1s)
p(x) 6 sp∞ + c

1
1
p∞
− 1
p(x)

1

when p(x) < p∞ and analogously in the opposite case. Hence (A2′) holds by
Lemma 4.2.10 with

h(x) := c

1

| 1
p∞
− 1
p(x)

|

1 . ut
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Combining these propositions with the other results from this book,
we obtain numerous results for variable exponent spaces. In particular, by
Lemma 7.1.1, Proposition 7.1.2, Proposition 7.1.3 and Theorem 4.3.6 we ob-
tain the following corollary.

Corollary 7.1.5. Let Ω ⊂ Rn and ϕ(x, t) := tp(x). If p− > 1, 1
p is log-Hölder

continuous and satisfies Nekvinda’s decays condition, then the maximal op-
erator is bounded on Lp(·)(Ω).

7.2 Double phase growth

In this section we consider several double phase functionals, namely:

tp + a(x)tq, tp + a(x)tp log(e+ t) and (t− 1)p+ + a(x)(t− 1)q+ (7.2.1)

with 1 6 p < q < ∞ and a ∈ L∞(Ω) non-negative. The basic variant with
continuous a was considered by Zhikov [130] and has been recently studied by
Baroni, Colombo and Mingione [7, 8, 9, 26, 27] as well as other researchers,
e.g. Byun, Cho, Colasuonno, Oh, Ok, Perera, Ryu, Shin, Squassina and Youn
[13, 14, 15, 16, 25, 112, 113, 115]. The case when a attains only values 0 and
1, has been studied by Barroso and Zappale [10].

Most of our conditions are easily checked for these functionals and are
collected in the next result.

Proposition 7.2.2. Let ϕ ∈ Φc(Ω), be one of the functionals in (7.2.1).
Then ϕ satisfies (A0), (A2) and (Inc)p. The first two satisfy (aDec).

Proof. All three functionals satisfy the condition of Corollary 3.7.5 since 1 6
ϕ(x, 2) 6 2p + 2q‖a‖∞, so (A0) holds.

When t ∈ [0, s], tp + a(x)tq ≈ tp + a(x)tp log(e + t) ≈ tp, where the
constants depend on s, so (A2) follows from Lemma 4.2.5. For the same
range, (t−1)p+ +a(x)(t−1)q+ ≈ (t−1)p+, so (A2) is clear in this case, as well.

The claims regarding (Inc)p and (aDec) of follow since tr is increasing
for r > 0, more precisely, the first function satisfies (aDec)q and the second
satisfies (aDec)p+ε for any ε > 0. ut

It remains to investigate (A1).

Proposition 7.2.3. The Φ-function ϕ(x, t) = tp + a(x)tq satisfies (A1) if
and only if

a(y) . a(x) + |x− y|
n
p

(q−p)

for every x, y ∈ Ω.
In particular, if a ∈ C

n
p

(q−p)(Ω), then ϕ satisfies (A1).
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Proof. We observe that ϕ(x, t) ≈ max{tp, a(x)tq}. Hence we conclude that
ϕ−1(x, t) ≈ min{t1/p, (t/a(x))1/q} and the (A1) condition becomes, after we
divide by t1/q,

βmin{t
1
p
− 1
q , a(x)−

1
q } 6 min{t

1
p
− 1
q , a(y)−

1
q }

for x, y ∈ B ∩ Ω, |B| 6 1 and t ∈ [1, 1
|B| ]. We may assume that diam(B) 6

2|x−y|. The case a(y)−1/q > t1/p−1/q is trivial, so the condition is equivalent
to

βmin{t
1
p
− 1
q , a(x)−

1
q } 6 a(y)−

1
q

for a(y)−1/q < t1/p−1/q. Since the exponent of t is positive, we need only
check the inequality for the upper bound of t, namely t = 1

|B| . Furthermore,
|B| ≈ |x− y|n. Thus the condition is further equivalent to

β′min{|x− y|−n( 1
p
− 1
q
), a(x)−

1
q } 6 a(y)−

1
q .

Raising both sides to the power −q, we obtain the equivalent condition

a(y) . max{|x− y|
n
p

(q−p), a(x)} ≈ |x− y|
n
p

(q−p) + a(x).

If a ∈ C
n
p

(q−p)(Ω), then this certainly holds. ut

The previous result also holds for the degenerate double phase functional
(t − 1)p+ + a(x)(t − 1)q+, since only large values of t are important for (A1)
and this functional is independent of t when t ∈ [0, 1].

Combining these propositions with the other results from this book, we ob-
tain numerous results for the double phase functional and its relatives, many
of them new. In particular, by Propositions 7.2.2 and 7.2.3 and Theorem 4.3.6
we obtain the following corollary previously proved in [27].

Corollary 7.2.4. Let Ω ⊂ Rn and ϕ(x, t) := tp + a(x)tq or ϕ(x, t) := (t −
1)p++a(x)(t−1)q+, q > p > 1. If a ∈ Cα(Ω) is non-negative, then the maximal
operator is bounded on Lϕ(Ω) provided q

p 6 1 + α
n .

Baroni, Colombo and Mingione [8] considered the border-line (p = q)
double-phase functional ϕ(x, t) := tp + a(x)tp log(e+ t).

Proposition 7.2.5. The Φ-function ϕ(x, t) = tp + a(x)tp log(e+ t) satisfies
(A1) if and only if

a(y) . a(x) +
1

log(e+ |x− y|−1)

for every x, y ∈ Ω.
In particular, if a ∈ C log(Ω), then ϕ satisfies (A1).
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Proof. We observe that ϕ(x, t) ≈ max{tp, a(x)tp log(e + t)}. Hence we con-
clude that ϕ−1(x, t) ≈ min{t1/p, (t/a(x))1/p log(e+t/a(x))−1/p} and the (A1)
condition becomes, after we divide by t1/p,

βmin
{

1, a(x)−1/p log
(
e+ t

a(x)

)−1/p}
6 min

{
1, a(y)−1/p log

(
e+ t

a(y)

)−1/p}
for x, y ∈ B ∩ Ω, |B| 6 1 and t ∈ [1, 1

|B| ]. When we raise both sides to the
power of −p and discount the trivial case 1 > a(y) log(e+ t/a(y)), we get the
equivalent condition

β′a(y) log
(
e+ t

a(y)

)
6 max

{
1, a(x) log

(
e+ t

a(x)

)}
. (7.2.6)

Since a log(e + t
a ) is increasing in a, the inequality is non-trivial only when

a(y) > a(x).
Denote f(u) := u log(e+ 1

u ) and g(u) := u/ log(e+ 1
u ). Then

g(bf(u)) =
bu log(e+ 1

u )

log(e+ 1/(bu log(e+ 1
u ))
≈ u,

where the implicit constants depends on b. When we apply the increasing
function g to both sides of (7.2.6) divided by t, we obtain the equivalent
condition

a(y)
t ≈ g(β′f(a(y)

t )) 6 max
{
g( 1

t ), g(f(a(x)
t ))

}
≈ max

{
g( 1

t ),
a(x)
t

}
or, equivalently,

β′′a(y) 6 tg( 1
t ) + a(x) = a(x) + (log(e+ t))−1.

Taking into account that t 6 1
|B| 6

c
|x−y|n , we can formulate the condition

as follows:
a(y) . a(x) + (log(e+ |x− y|−1))−1

If a ∈ C log(Ω), then this certainly holds. ut

By Propositions 7.2.2 and 7.2.5 and Theorem 4.3.6 we obtain the following
corollary.

Corollary 7.2.7. Let Ω ⊂ Rn and ϕ(x, t) = tp + a(x)tp log(e + t). If a ∈
C log(Ω) is non-negative, then the maximal operator is bounded on Lϕ(Ω).

We observe that the double phase functional satisfies (A2) with h ≡ 0.
This means that we obtain modular inequalities without error term. For in-
stance, from Proposition 6.3.13 we obtain the following version, which covers
and improves on Theorem 1.6 in [27]. Similar results hold also for the other
variants of the double phase functional.
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Corollary 7.2.8. Let B ⊂ Rn be a ball or a cube, s ∈ [1, n′), 1 < p < q and
a ∈ Cα(B). Define ϕ(x, t) = tp + a(x)tq and assume that q

p 6 1 + α
n .

(a) For every u ∈ H1,1
0 (B) with %ϕ(∇u) 6 1, we have

 
B

ϕ

(
x,

|u|
diamB

)
dx .

( 
B

ϕ(x, |∇u|) 1
s dx

)s
.

(b) For every v ∈W 1,1(B) with %ϕ(∇u) 6 1, we have
 
B

ϕ

(
x,
|u− uB |
diamB

)
dx .

( 
B

ϕ(x, |∇u|) 1
s dx

)s
.

7.3 Other conditions

In the papers [80, 81, 82, 83, 84, 85, 86, 87, 88, 95, 103, 104, 105, 106, 107, 108,
124], Maeda, Mizuta, Ohno, Sawano and Shimomura considered Musielak–
Orlicz spaces with six conditions on the Φ-function. They set

ϕ(x, t) := tϕ̂(x, t)

and study Lϕ(Ω). Their conditions, with the notation of the present book,
are:

(Φ1) ϕ̂ : Ω× [0,∞)→ [0,∞) is measurable in the first variable and continuous
in the second; and ϕ̂(0) = lim

t→0+
ϕ̂(t) = 0, and lim

t→∞
ϕ̂(t) =∞.

(Φ2) ϕ̂(·, 1) ≈ 1.
(Φ3) ϕ̂ satisfies (aInc)ε for some ε > 0.
(Φ4) ϕ̂ satisfies (aDec).
(Φ5) For every γ > 0, there exists a constant Bγ > 1 such that ϕ̂(x, t) 6

Bγϕ̂(y, t) whenever |x− y| 6 γt−1/n and t > 1.
(Φ6) There exist a function g ∈ L1(Rn) and a constant B∞ > 1 such that

0 6 g(x) < 1 for all x ∈ Rn and

B−1
∞ ϕ̂(x, t) 6 ϕ̂(y, t) 6 B∞ϕ̂(x, t)

whenever |y| > |x| and t ∈ [g(x), 1].

Note that the conditions vary slightly between their papers.
We observe first that there is no guarantee that the function ϕ above be in-

creasing. In this sense the assumptions above are weaker than the framework
adopted here. On the other hand, there are several restrictions compared to
the assumptions in our present book. For now on we assume additionally that
ϕ is increasing.
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First, (Φ1) implies that ϕ is a Φ-prefunction of N-function type (see [35,
Definition 2.3]):

lim
t→0

ϕ(x, t)

t
= 0 and lim

t→∞

ϕ(x, t)

t
=∞.

This excludes L1-type behavior. Second, (Φ2) implies (A0) in view of Corol-
lary 3.7.5. The assumption (Φ3) implies that ϕ satisfies (aInc) (with exponent
1 + ε, since ϕ(x, t) = tϕ̂(x, t)) and (Φ4) implies that ϕ satisfies (aDec).

Condition (Φ5) looks quite similar to (A1′) in this book. Let us formulate
both conditions in the format used in this book and highlight the differences
(the latter condition is written for ϕ, not ϕ̂, since they are equivalent):

(A1′) There exists β ∈ (0, 1) such that

ϕ(x, β t) 6 ϕ(y, t)

for every ϕ(y, t) ∈ [1, 1
|B| ], almost every x, y ∈ B ∩ Ω and every ball B.

(Φ5) There exist γ, βγ ∈ (0, 1) such that

βγ ϕ(x, t) 6 ϕ(y, t)

for every t ∈ [1,
γ
|B| ], almost every x, y ∈ B ∩ Ω and every ball B.

By (aInc)1, we can always estimate ϕ(x, βt) . ϕ(x, t), so in this sense the
assumption in (Φ5) is stronger than (A1′), unless also (Φ4) holds, in which
case it is equivalent (Lemma 2.1.11). Furthermore, if (Φ5) holds for one γ0,
then it holds for other values as well: if γ 6 γ0, then this is clear; if γ > γ0,
then we use doubling and almost increasing to handle t ∈ ( γ0

|B| ,
γ
|B| ]. The

essential difference is that (A1′) entails ϕ(x, t) lies in [1, 1
|B| ] whereas (Φ5)

entails that t lies in this range. Since ϕ satisfies (aInc)1, the latter implies
the former (the proof is analogous to Proposition 4.1.5).

The converse is not true. For instance, in Proposition 7.2.3, we showed
that the double phase functional ϕ(x, t) = tp + a(x)tq satisfies (A1) if and
only if

a(y) . a(x) + |x− y|
n
p

(q−p).

A similar argument shows that it satisfies (Φ5) if and only if

a(y) . a(x) + |x− y|n(q−p).

Since the exponent is larger in the latter condition, the latter assumption is
stricter.
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It remains to consider (Φ6). Recall that we defined the limit Φ-function

ϕ+
∞(t) := lim sup

|x|→∞
ϕ(x, t)

in Section 2.5. Assume first that (Φ1), (Φ2), (Φ3) and (Φ6) hold and ϕ is
increasing. If s, t ∈ [g(x), 1], then ϕ(x, s) 6 B∞ϕ∞(s) by (Φ6). If t ∈ [0, g(x)],
then ϕ(x, t) 6 Dϕ(x, 1)t 6 DAg(x) by conditions (Φ3) and (Φ2). Hence

ϕ(x, t) 6 B∞ϕ
+
∞(t) +DAg(x)

for all t ∈ [0, 1]. Similarly we establish that

ϕ+
∞(t) 6 B∞ϕ(y, t) +DAg(y).

Note that g ∈ L1(Rn). Since ϕ(x, t) 6 ϕ(x, 1) 6 c for t ∈ [0, 1] by (Φ2), we
may use h(x) := min{DAg(x), c} ∈ L1(Rn) ∩ L∞(Rn). Hence (A2′) holds.

To show that the converse implication does not hold, we consider an ex-
ample. Let ϕ(x, t) := t2 + tl(x), where l ∈ L1(Rn) is a function with range
[0, 1] which equals 0 in the left half-space and 1 on a finite measure, open
neighbourhood of the ray (0,∞e1). Let ϕ∞(t) := t+ t2 and observe that

ϕ∞(t)− l(x) 6 ϕ(x, t) 6 ϕ∞(t)

for t ∈ [0, 1], and so (A2′) holds. Fix B∞ > 1 and assume that

B−1
∞ ϕ(x, t) 6 ϕ(y, t) 6 B∞ϕ(x, t)

whenever |y| > |x| and t ∈ [g(x), 1]. Let t0 := 1
B∞−1 be the positive solution

of t + t2 = B∞t
2. Then the inequality t + t2 6 B∞t

2 does not hold when
t ∈ (0, t0). But if y := Re1 and x ∈ B(0, R) is in the left half-space, then
ϕ(y, t) = t + t2 and ϕ(x, t) = t2. Since we assume that ϕ(y, t) 6 B∞ϕ(x, t)
when t ∈ [g(x), 1], this implies that g(x) > t0 > 0 in the left half-space, which
contradicts g ∈ L1(Rn). Thus (Φ6) does not hold.

Ahmida, Gwiazda, Skrzypczak (Chlebicka), Youssfi and Zatorska–Gold-
stein [4, 22, 49] studied differential equations in generalized Orlicz spaces
without growth assumptions on the Φ-function. They do, however, assume
that ϕ is an N-function. Moreover, they consider non-isotropic Φ-functions
defined, i.e. the norm of the derivative is based on ϕ(x,∇u), not ϕ(x, |∇u|).

Here we consider their continuity condition on the Φ-function in the special
case that ϕ is isotropic. They assume that, for all δ < δ0 and all t > 0,

ϕ(x, t) 6 c
(
1 + t−

a
log(bδ)

)
(ϕ−Qδ

)∗∗(t),

where Qδ is a cube with side-length 2δ. Let us show that this condition and
(A0) imply (Φ5), and hence also (A1).
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Since ϕ satisfies (A0), Lemma 2.5.16 yields that ϕ−Qδ
∈ Φw(Qδ), and hence

Proposition 2.4.6 implies that (ϕ−Qδ
)∗∗ ' ϕ−Qδ

. If t ∈ [1, 1/|Qδ|], then

t−
a

log(bδ) 6 cδ−
an

log(bδ) 6 c.

Hence for the same range, t ∈ [1, 1/|Qδ|], their assumption implies

ϕ(x, t) . ϕ−Qδ
(t),

so (Φ5) holds.
To show that the implication is strict, we consider the double phase func-

tional. We observed above that (Φ5) holds in this case provided a ∈ Cn(q−p).
The condition of Gwiazda, Skrzypczak and Zatorska–Goldstein becomes

tp + a(x)tq 6 c
(
1 + t−

a
log(bδ)

)
(tp + a−Qδ

tq).

Consider a cube so small that − a
log(bδ) < q − p. Now if a(x) > 0 = a−Qδ

, then
the previous inequality cannot hold for large t, since the exponent on the left
(that is q) is larger than the exponent on the right (that is p − a

log(bδ) ). If
no such cube exists, then a−Qδ

> c > 0, which means that a ≈ 1, in which
case ϕ(x, t) ≈ tq. Hence the condition of Gwiazda, Skrzypczak and Zatorska–
Goldstein holds for the double phase functional only in the trivial case. (In
the variable exponent special case, it is equivalent to log-Hölder continuity.)

Finally, let us mention some variants of (A1) which are not studied in
this book but appear in some articles [55, 58, 59, 62] dealing with regularity
of minimizers with generalized Orlicz growth. The most used is condition
(A1-n), which states that

ϕ(x, βt) 6 ϕ(y, t) when t ∈ [1, 1
|B|1/n ].

Here the range of t is determined as if ϕ were the function tn (this is the
reason for the n in the name of the condition). This condition is related to
the case of bounded minimizers. If ϕ satisfies (aDec)n, then (A1-n) implies
(A1), whereas if ϕ satisfies (aInc)n, then (A1) implies (A1-n). We note that
in the double phase case it corresponds to a different exponent of Hölder
continuity of the weight a, namely α > q − p instead of α > n( qp − 1) for
(A1). Furthermore, in [62] some stronger versions of (A1) were considered in
order to achieve higher regularity of minimizer.
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7.4 Orlicz spaces

Orlicz spaces form a somewhat different kind of special case. It is trivial
to observe that any ϕ ∈ Φw independent of x satisfies (A0), (A1) and (A2).
However, in this case we can say more, since (A1) holds not just for [1, 1

|B| ] but
on [0,∞) and similarly (A2) holds with h ≡ 0. This is significant especially in
the case of inequalities in modular form, as it is the restriction in (A1) which
leads to the assumption %ϕ(|∇u|) 6 1 while the restriction in (A2) leads to
the error terms. Let us therefore summarize here these results in the Orlicz
case. Note in particular that these results can be applied to ϕ±, when they
are non-degenerate (Lemma 2.5.16). This has turned out to be useful when
dealing with PDE with non-standard growth.

We remark that this kind of estimate was established in the special case
that ϕ ∈ Φs is independent of x and finite in [67]. The following results follow
from Propositions 6.2.10 and 6.3.13 and Corollary 6.3.15.

Corollary 7.4.1 (Poincaré inequality in modular form). Let Ω be a
bounded domain and let ϕ ∈ Φw.

(a) There exists β > 0 independent of Ω such that
ˆ

Ω

ϕ

(
β|u|

diam(Ω)

)
dx 6

ˆ
Ω

ϕ(|∇u|) dx,

for every u ∈ H1,1
0 (Ω).

(b) If Ω is a John domain, then there exists β > 0 depending on the John
constant such that

ˆ
Ω

ϕ

(
β|u− uΩ|
diam(Ω)

)
dx 6

ˆ
Ω

ϕ(|∇u|) dx,

for every u ∈W 1,1(Ω).

Corollary 7.4.2. Let B ⊂ Rn be a ball or a cube, s ∈ [1, n′) and ϕ
1
s ∈ Φw.

Then there exists a constant β ∈ (0, 1] such that the following hold.

(a) For every u ∈ H1,1
0 (B), we have

 
B

ϕ

(
β
|u|

diamB

)
dx 6

( 
B

ϕ(|∇u|) 1
s dx

)s
.

(b) For every v ∈W 1,1(B), we have
 
B

ϕ

(
β
|u− uB |
diamB

)
dx 6

( 
B

ϕ(|∇u|) 1
s dx

)s
.
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Corollary 7.4.3 (Sobolev–Poincaré inequality in modular form). Let
B ⊂ Rn be a ball or a cube, ϕ ∈ Φw and s ∈ [1, n′). Then there exists a
constant β ∈ (0, 1] such that the following hold.

(a) For every u ∈ H1,1
0 (B), we have( 
B

ϕ

(
β
|u|

diamB

)s
dx

) 1
s

6
 
B

ϕ(|∇u|) dx.

(b) For every v ∈W 1,1(B), we have( 
B

ϕ

(
β
|u− uB |
diamB

)s
dx

) 1
s

6
 
B

ϕ(|∇u|) dx.
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