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ABSTRACT. In a recent article Harjulehto, Hasto, Koskenoja and Varonen [to
appear in J. Function Spaces Appl.] showed that it is possible to define a
Sobolev capacity in variable exponent Sobolev space. However, this set func-
tion is a Choquet capacity only under certain assumptions on the variable
exponent. In this article we relax these assumptions.

1. INTRODUCTION

In the beginning of the 90’s Kovacik and Rakosnik [17] introduced variable ex-
ponent Lebesgue and Sobolev spaces. In fact, generalized Lebesgue and Sobolev
spaces are special cases of so-called Orlicz-Musielak spaces, and in this form their
investigation goes back a bit further, to Hudzik [15] and Musielak [18]. During the
last couple of years Lebesgue and Sobolev spaces with variable exponent have been
studied at an increasing pace by Diening [4, 5], Edmunds and Rékosnik [6, 7], Fan,
Shen and Zhao [9, 10], Cruz-Uribe, Fiorenze and Neugebauer [3], Kokilasvili and
Samko [16] and the authors [12, 11], among others.

One area where these spaces have found applications is the study of electrorheo-
logical fluids, as described in the book of Ruzicka [20]. A mathematical application
is the study of variational integrals with non-standard growth, see the papers by
Acerbi and Mingione [1], [2].

Sobolev capacity for fixed exponent spaces has found a great number of uses (e.g.
the monographs by Evans and Gariepy [8] and Heinonen, Kilpeldinen, and Martio
[14]). Tt was introduced into the study of variable exponent spaces in [12] and has
been applied to the investigation of zero boundary values of Sobolev functions in
[13]. In [12] we required the assumption 1 < essinf p < esssupp < oo of the variable
exponent p to guarantee that our set-function is indeed a Choquet capacity. This
is unsatisfactory, since there is no reason to expect this condition to be of relevance
in this context. In this paper we take a first step towards getting rid of it, by
showing that the lower inequality needs to hold only locally. In particular we show
in Corollary 4.2 that if the exponent p is continuous, then zero capacity sets enjoy
the usual subadditivity property.

2. SOBOLEV p(-)-CAPACITY

We denote by R™ the Euclidean space of dimension n > 2. For x € R™ and r» > 0
we denote the open ball with center x and radius r by B(z,r) and by B(r) an open
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ball with radius r when the center is of no importance. We will next introduce
variable exponent Lebesgue and Sobolev spaces in R™; note that we nevertheless
use the standard definitions of the spaces LP(2) and W1?(Q) in the fixed exponent
case p > 1 with open 2 C R™.

Let p : R™ — [1,00) be a measurable function (called the variable exponent on
R™). Throughout this paper the function p always denotes a variable exponent;
also, we define p™ = esssup,cpn p(z) and p~ = essinfycrn p(x). We define the
variable exponent Lebesgue space Lp(')(R") to consist of all measurable functions
u : R™ — R such that gp()(Au) = [g. [Au(z)[P® dz < oo for some A > 0. The
function g, (.) : LP¢)(R™) — [0, 00) is called the modular of the space LP()(R™). We
define a norm, the so-called Luzemburg norm, on this space by the formula

|ul[pi.y = inf{A >0 gpcy(u/A) <1}

The variable exponent Sobolev space W“’(‘)(R") is the space of measurable func-
tions u : R™ — R such that u and the absolute value of the distributional gradient
Vu = (O1u,...,dpu) are in LPO)(R™). The function oy ;) : WHPO (R™) — [0, 00) is
defined by 01 5.y (u) = 0p(.) (1) +0p() (|Vul). The norm [Jully py = [lullpe)+[Vully
makes W1P()(R") a Banach space. For more details on the variable exponent
spaces, see [17].

Recall from [12, Section 3] the definition and basic properties of the Sobolev
p(+)-capacity. For E C R™ we denote

Spy(E) ={u € WHPO(R™) - w > 1 in an open set containing E}.
The Sobolev p(-)-capacity of E is defined by

yE)= inf .
Cpo)(E) =l | orp() (@)

In case S,()(E) = 0, we set Cp.y(E) = oo. For arbitrary measurable exponents
p:R" — [ 00) the set function E — Cp(.y(E) has the following properties, [12,
Theorem 3.1].

(i) Cp(.)(m =0.
(ii) [Monotony] If £y C Es, then Cpy(E1) < Cpry(E2).
(iii) If E is a subset of R™, then

Cp(.)(E) = ElrclfU Cp(.)(U).
U open
(iv) If By and FE5 are subsets of R™, then

Cp(.)(El U EQ) + Cp(.)(El n Eg) < Cp(,)(El) + Cp(,)(E2>.
(v) If K1 D K3 D ... are compact, then

Jim Gy (K, (ﬂK>

If 1 < p~ < pT < oo, then these additional properties hold, [12, Theorem 3.2]:
(vi) If By C Ey C ... are subsets of R™, then

Jirs, Gy (B (UE)



(vii) [Subaddivity] If E; C R™ for i = 1,2,..., then

Co() ( U Ei) <2 Op(y (Ei).
i=1

i=1

This means that if 1 < p~ < p™ < oo, then the set function E — Cp)(E),
E C R™, is a Choquet capacity, see [12, Corollary 3.4].

3. RELAXING THE CONDITION 1 < p~

We denote by x¢ the characteristic function of the set G C R™.
Proposition 3.1. Let E C R™. If p™ < oo, then

(3:2) Jim_ Gy (BN B(R)) = Gy (E).

Proof. Since ENB(R) C E for all R, it follows from (ii) that the right-hand side of
(3.2) is greater than or equal to the left-hand side. To prove the opposite inequality,
suppose first that F is a set with finite p(-)-capacity. Note that

Cp(.)(E' \ B(R)) + Cp(.)(E N B(R)) > Cp(.)(E) + Cp(.)((b) = Cp(.)(E)

by property (iv). We will show that the first term on the left-hand side goes to zero
as R — oo, from which the desired inequality follows.

Let us choose an open set O containing F and a function u € W1hP()(R™)
with u(z) > 1 for all € O such that pyp)(u) < 20, )(E). It is clear that
Ixrm\B(R)Ullp(y — 0 and || xgm\B(r)VUlp) — 0 as R — oco. For R > 2 let ¢ be
a 1-Lipschitz function with 0 < ¢ < 1, ¢(x) = 0 for z € B(R) and ¢(z) = 1 for
x € R"\ B(2R). It is easy to calculate that

pully pey < 2lxre\B(R)Ullp() + [ XRMBR) VUllp(),

and so ||¢ull; py — 0 as R — oo. It is clear that ¢u is a function which is at

least one on the open set O \ B(2R) which contains E \ B(2R), so that ¢u is p(-)-
admissible for this set. Since p™ < oo the norm and the modular tend to zero
simultaneously [17, Theorem 2.4], and it follows that C,.y(E \ B(R)) — 0, which
completes the proof in the case that C).y(E) < oo.

Suppose then that C).y(E) = oo but that

Rlim Cp)(ENB(R)) < oo.

Let M > 1 be a finite upper bound of Cy)(E N B(R)). We denote A; = B(i +

D\ B(i) fori =1,2,..., Ag = B(1), and C; = Cp)(E N A;). Define the function
¢i: R" — [0,1] by ¢i(z) = ¢(|z| — i) where

s—1, for —1<s<0,

1, for0<s<1,
o(s) =

2—s, forl1<s<2

0, otherwise.

Note that ¢;(z) is 1-Lipschitz.
Fix an integer k£ > 0 and j = 0,1,2. Let u € S,.)(E N B(3k 4 j)) be such that
P1,p(-)(u) < 2M. Denote Agiﬂ» = Asiyj—1 U Aziyj U Asipj+1. Since the support of
3



e 3
P3i4j lies in Az, 5, we have

k k
> prpe) (Bsigu) = Z/R |B3i45u[P®) + |V (h3i1u) PP dz
i=1 i=17R"

k
+ x x
< Z/A 2P (|ulP@) + |Vu|P®))da
i=1

3
3itj

= 2 py ey (w) <20 ML
Since ugsi4; € Sp(‘)(E N Agi_;,_j), this gives

k k
N
ZCSiJrj < Zpl,p(~)(u¢3i+j) <2r tip,

i=1 i=1

Adding these inequalities for j = 0,1,2 gives C7 + ...+ Cs < 6 - 27" M. Since the
upper bound does not depend on k, we further get

i@ <6-2°" M.
=1

Let us then choose for every integer i > 0 a function u; € Sp()(E'N A;) such that
P1,p(y(ui) < 2C;. Then uig; € Spy(E N A;) and
i
plm(-)(‘b“i) < 2P p17p(.)(ui).

It is easy to see that w = Y7 u;¢; is in Sp(.y(E). With the convention ¢_ju_; =0
we find that

P1p( (W) = Z/A |Gi—1ui—1 + Gitti + Gigrtiipr [P
i=0 7 A
HIV(Pi1ui1 + bty + Pigrttigr) [P da
< 3" pipo(du) <673 Cr <6127 M < oo,
=0 i=0

contrary to the assumption that C,.)(E) = oo. This contradiction shows that the
assumption limg o Cp) (ENB(R)) < oo was false, which concludes the proof. [

Lemma 3.3. Let p* < oo and E C B(1). Define A, = B(r + 1)\ B(r) and

Ap(u) = / [u[P®) 4+ |Vul|P®) da

r

for u € WHPO(R™). If u € Spy(E) and py p(y(u) < Cpiy(E) + € for € > 0, then

Ag(u) < 2¢ for every
Cpy(E
k222p+<”()()+1> +2.
€

Proof. Define ¢,: R™ — [0, 1] by

1 for |z| <r
dr(x)=q1—1z| forr<|z|]<r+1.
0 for |z| >r+1
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Fix € > 0 and let v € Sy (E) with py .y (u) < Cpy(E) + €. Then ugp, € Sy (E)
for r > 1 and 50 py .y (ugr) > Cpy(E) > p1p(y(u) — €. This gives

/ [uoe [P + 9 () [Pl + € > / [l + |Vul dz.
Ay R\ B(r)

Since |ug,| < |u| and |V (ug,)| < |¢-Vu| + |[uVe,| < |Vu| + |ul|, we further get

QP*/ W@ 4 [VuP@Odg ¢ > /|u|P<z>+(|vu|+|u\)f><z>dx+e

r T

\%

> / [uP@ 4+ | Vul|P® da.
R\ B(r)

Expressing this in terms of A,.(u) gives
(3.4) 2" Ap(u) + € > > Ai(u).

Suppose then that Ag(u) > 2 It follows from (3.4) that 27" A;(u) 4+ ¢ >
> Aj(u) > Ag(u) for i < k. Using this in (3.4) gives

+ > Ag(u) —€ €
2P A (u) +e> 2 Ai(u) > (k— 1)T + A (u) > (k- 1)21)—+ + 2e.
Since A (u) < p1p(y(u) < Cpy(E) + € this gives
+ €
2P (Cpy(E) +€) = (k- 1)2}77
so that 227" (Cp.y(E)/e+1)+1 > k. This means that if 227" (Cp(.)(E) /e +1)+2 < k
then Ay (u) < 2e, which was to be shown. ]

We say that p is locally bounded away from 1 if essinf,cxp(z) > 1 for every
compact K € R".

Theorem 3.5. Let E; be a sequence of increasing sets. Suppose that p™ < co and
p s locally bounded from 1. Then the capacity has property (vi).

Proof. Let us denote E = |J;=, E;. It follows from property (ii) that
Jim Cp(y(E3) < Oy (E).-
It remains to prove the opposite inequality. It suffices to consider the case where
Cp(y(Es) < M < oo for every i.
Let us first assume that E is bounded. We then choose the coordinate system

so that £ C B(1). Fix ¢ > 0 and choose u; € Sp.)(E;) such that py ,.)(u;) <
Cp(y(E;) + € < M + € for every i. Let

M
k:22p+<—+1)+2
€

and let the operators A; be defined as in Lemma 3.3. It follows from the lemma
that Ay (u;) < 2e for every i. Define ¢: R™ — [0,1] by
1 for |z| <k
plr)=<1—|z| fork<|z|<k+1.
0 for || > k+1
5



Since spt ¢ = B(k + 1), we have
k—1
PLp(y (Bu) =Y Aj(us) + Ax(pus).
3=0
As in the proof of Lemma 3.3, we find that Ag(¢u;) < 2P+Ak(ui), and since
Ap(u;) < 2e we get
k—1
prpy (D) < 37 A (us) 427 e < py ey () +28 e < Cpy (Bi) + (20 H 4 1e.
j=0

Let us define go = inf,cp(r+1) p(z) and a new variable exponent by

p(z) for|z| <k+1
q(z) =
o for |z| > k+ 1.

It is clear that ¢u; € W1H4()(R™) for all i, and so we can use the reflexivity of
the space W4()(R") and proceed as in the proof of Theorem 3.2, [12] and find
a sequence of functions w; in Wl"I(')(R") each of which equals 1 in an open set
containing E with py ) (w;) — p1,p()(¢u;) as j — oo. Since every wj is the sum
of ¢u;’s, it is also easy to see that every w; is supported in B(k + 1). Therefore
we may use the w; as test functions for the set E in the space WLrCO)(R™), as well,
and we conclude that

Coy(E) < lim Cpry(E;) + (2741 4 1)e.

Letting € — 0 completes the proof in the case of a bounded set F.
Suppose then that E is unbounded. By what was just proved we have

llirrolo Co(y(Ei N B(r)) = Cpy (EN B(r))
for every r > 0. But it follows from Lemma 3.1 that

1— 00 71— 00 I'— 00

= Jim Cpiy (ENB(r)) = Gy (EN B(r)),

where the swap of limit-taking order is permissible in the second equality since
(i,7) — Cpy(E; N B(r)) is increasing in both variables. This completes the proof
of the unbounded case. O

Remark 3.6. If p is continuous, then it is locally bounded away from 1 if and only
if it is strictly greater than 1.
The previous theorem allows us to improve our result from [12, Corollary 3.4].

Corollary 3.7. Suppose that p is bounded and locally bounded away from 1. Then
C’p(.)(-) is a Choquet capacity and an outer measure.

4. ZERO CAPACITY SETS

Sets of zero capacity are of particular importance when dealing with any capacity.
For instance it was shown in [13, Theorem 3.9] that zero boundary value spaces
defined on ©Q and 2\ N concur if and only if N has zero capacity.

In this section we prove that the regularity properties from the previous section
hold for capacity zero sets under much lighter conditions than for arbitrary sets.
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Theorem 4.1. Suppose that p is locally bounded and that E; C R™ are zero capacity
sets for i € N. Then Cpy(UE;) = 0.

Proof. Let us denote E' = UE; and define pr = sup,c (g2) P(7)-

Suppose first that E is bounded, say E C B(R). Let ¢ be a 1-Lipschitz con-
tinuous cut-off function supported in B(2R) with ¢|gpry = 1. Fix a positive
€ < 27721 For every i choose a function u; € S,y (E;) such that py () (u;) < €27
Since the function ¢u; is supported in B(2R) it is clear that the values of the
exponent p outside B(2R) do not effect py ,.y(¢u;). Therefore we conclude that
P1p(y (Pus) < 2P2Rpy o (u;) < €2P2R~7 Tt follows from [10, Theorem 1.3] (since we
need not consider B(2R)¢) that

i1 p(y < P1,p(.)(¢Ui)1/p2R < 2¢l/P2ro=i/P2R

Thus, by the triangle inequality,

o>

Since ¢ 32, u; € Sy (E) it follows that

1
1 —92-1/p2r"

o0
< 2¢l/p2r 9—i/P2r < 2¢l/P2r
Lp() ;

92¢1/p2r
G0 lE) < T
and so Cp(.y(E) = 0, since € can be arbitrarily small.

Suppose then that E is unbounded. By monotony it follows that Cp.)(E; N
B(R)) = 0 for any R > 0. It thus follows from the first part of the proof that
Cp(y(ENB(R)) = 0 for any R > 0. We next show that this implies that Cp.y(E) =
0. Let us denote A3(R) = B(R+2)\ B(R—1) and A(R) = B(R+ 1)\ B(R)

By monotony of the capacity we have C),.\(E N A(R)) = 0 for every R > 0. Let
us choose then for every positive integer 4 a function u; € Sp.)(E N A(4)) such that

p1pey () < 67PRe27% Let ¢; denote a 1-Lipschitz function supported in As(i)
with ¢;]4¢;y = 1. We find that

s (o) < 3 f bbb
i=0 i=0 /A
HFluimt + ui i1 + V(o1 + ug + uig) [P da
<

oo
S [ @ ) P )+ )
=0 A
+6PR*1(‘vui_1|p(w) + |Vui|”(“”) + |Vui+1\”(“”))d:r

< 6PF Zpl,p(_)(ui) < ZeQ‘i =e.

i=0 i=0

Since Y ;2 dit; € Sp(.)(E), this means that Cp.)(E) = 0, as was to be shown. [
Corollary 4.2. Suppose that the variable exponent p is continuous. Then the

countable union of zero p(-)-capacity sets has p(-)-capacity equal to zero, as well.
7
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