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Abstract. In this note we consider the Dirichlet energy integral in the variable

exponent case under minimal assumptions on the exponent. First we show that
the Dirichlet energy integral always has a minimizer if the boundary values are

in L∞. Second, we give an example which shows that if the so-called “jump-
condition”, known to be sufficient, is violated, then a minimizer need not exist

for unbounded boundary values.

1. Introduction. After decades of sporadic research efforts, the field of variable
exponent function spaces entered into a phase of great activity starting in the late
1990’s. The researchers were motivated both by inherent interest in developing
techniques that work in non-translation invariant, but otherwise very natural, func-
tion spaces, and by interesting applications (see, e.g., [3, 24]). For a survey of the
present state of the field, the reader is referred to the article [8] which also includes a
comprehensive bibliography of over a hundred titles on the subject. Two questions
can be singled out as having received most attention: integral operators (Hardy–
Littlewood, Riesz, other singular integrals, see, e.g., [6, 7, 22]) and p(x)-Laplacian
equations with Dirichlet boundary values. The latter is the subject matter of this
paper.

In the classical (Laplacian) Dirichlet boundary value problem we are given a
domain Ω in Rn and a continuous function w : ∂Ω → R. The problem is to find a
continuous function u : Ω → R so that the Laplace equation −∆u = 0 is satisfied
on Ω and u = w on ∂Ω. By Weyl’s lemma, such a u is always C2 in Ω, and hence
the problem may be considered in the classical sense.

The p-Dirichlet boundary value problem for fixed p ∈ (1,∞) is to find a contin-
uous function u on Ω so that the p-Laplace equation

−div(|∇u|p−2∇u) = 0 (1)

is satisfied on Ω and u = w on ∂Ω. When p 6= 2, equation (1) is nonlinear and it must
be understood in the weak sense, i.e. as the minimization of an energy integral: the
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p-Laplace equation (1) is the Euler–Lagrange equation for the variational integral∫
Ω

|∇u(x)|p dx, (2)

so smooth minimizers of this integral satisfy (1). We call (2) the p-Dirichlet energy
integral on Ω. In the non-linear case also the boundary values must be understood
in a weak sense, i.e. we look for a minimizer u ∈ W 1,p(Ω) with the property that
u− w ∈ W 1,p

0 (Ω), where w ∈ W 1,p(Ω) gives the boundary values.
The generalization of (2) to the variable exponent case is immediate: we want

to minimize ∫
Ω

|∇u(x)|p(x) dx, (3)

subject to the appropriate boundary conditions. Early work on this problem was
done by Zhikov [25, 26] and Alkhutov [2]. This work was carried on by Acerbi
& Mingione and their collaborators, e.g. [1, 4, 5], and, independently, by Fan and
collaborators, e.g. [9, 10]. Much of this work was directed at proving regularity
results or generalizing other classical results in the case when the variable exponent
satisfies certain quite strong regularity assumption (e.g. log-Hölder or α-Hölder con-
tinuity). Harjulehto, Hästö, Koskenoja and Varonen [16] showed that it is possible
to derive existence and uniqueness results under much weaker conditions on the
exponent, see Theorem 1. To shed further light on what assumptions are really
necessary, Harjulehto, Hästö and Koskenoja [13] studied the Dirichlet problem in
one dimension. In that simple case, the minimizer exists, except possibly when the
exponent approaches 1. Therefore, it is natural to look for existence results under
weaker assumptions also in higher dimensions.

In this note we complement the results of [16] in two ways: first, we show that the
Dirichlet energy integral always has a minimizer if the boundary values are in L∞

(Theorem 2). Note that this in some sense corresponds to the one-dimensional case,
as the boundary values are necessarily bounded in one dimension. Second, we give
an example which shows that if the boundary values are allowed to be unbounded,
and the “jump-condition” from [16] is violated, then a minimizer need not exist
(Theorem 3).

Definitions. We denote by Rn the Euclidean space of dimension n > 2. For x ∈ Rn

and r > 0 we denote the open ball with center x and radius r by B(x, r), and for
a real number K > 0 we denote by KB(x, r) the ball B(x, Kr). By C we denote
a generic constant, i.e. a constant whose value may change from appearance to
appearance.

Let Ω ⊂ Rn be an open set, and let p : Ω → [1,∞) be a measurable func-
tion, called the variable exponent on Ω. We write p+

G = ess supx∈G p(x) and
p−G = ess infx∈G p(x), where G ⊂ Ω, and abbreviate p+ = p+

Ω and p− = p−Ω .
The variable exponent Lebesgue space Lp(·)(Ω) consists of all measurable functions

u : Ω → R such that %p(·)(λu) =
∫
Ω
|λu(x)|p(x) dx < ∞ for some λ > 0. We define

the Luxemburg norm on this space by the formula

‖u‖p(·) = ‖u‖Lp(·)(Ω) = inf
{
λ > 0: %p(·)(u/λ) 6 1

}
.

The variable exponent Sobolev space W 1,p(·)(Ω) consists of all u ∈ Lp(·)(Ω) such
that the absolute value of the distributional gradient ∇u is in Lp(·)(Ω). The norm
‖u‖W 1,p(·)(Ω) = ‖u‖Lp(·)(Ω) + ‖∇u‖Lp(·)(Ω) makes W 1,p(·)(Ω) a Banach space. For
the basic theory of variable exponent spaces see [23].



ON THE VARIABLE EXPONENT DIRICHLET ENERGY INTEGRAL 3

2. Existence. We start by reviewing the results from [16]. First of all, we need to
define zero boundary value spaces. Next we recall the main existence theorem from
[16] which states that a certain “jump-condition” is sufficient. Then we show how
this result can be improved in the case when the boundary value function is in L∞.

Zero boundary values. If C∞(Ω) is dense in W 1,p(·)(Ω), then it is easy to define
the space of functions with zero boundary values, W

1,p(·)
0 (Ω), namely, it is the

closure of C∞
0 (Ω) in W 1,p(·)(Ω). However, in general smooth functions are not

dense in the variable exponent Sobolev space, see [18, 25]. When this is the case,
it is possible to adapt a different definition, inspired by work on Sobolev spaces on
metric spaces (as in [19]). This was the path taken in [16].

In this approach we need a suitable capacity, like the Sobolev capacity from [15,
Section 3]. The Sobolev p(·)-capacity of E is defined by

Cp(·)(E) = inf
u

∫
Rn

|u(x)|p(x) + |∇u(x)|p(x) dx,

where the infimum is taken over functions u in W 1,p(·)(Rn) which equal 1 in an
open set containing E. If 1 < p− 6 p+ < ∞, then Cp(·) is an outer measure and a
Choquet capacity [15, Corollaries 3.3 and 3.4].

Recall that a function u : Rn → R is said to be p(·)-quasicontinuous if for every
ε > 0 there exists an open set G with Cp(·)(G) < ε such that u|Rn\G is continuous
in Rn \G.

Definition 1. We say that the function u belongs to the space W
1,p(·)
0 (Ω) if there

exists a p(·)-quasicontinuous function ũ ∈ W 1,p(·)(Rn) such that u = ũ almost
everywhere in Ω and ũ = 0 in Rn \Ω. The set W

1,p(·)
0 (Ω) is endowed with the norm

‖u‖
W

1,p(·)
0 (Ω)

= ‖ũ‖W 1,p(·)(Rn).

If smooth functions are dense, then this definition gives the same space as taking
the closure of C∞

0 [16, Theorem 3.3]. If 1 < p− 6 p+ < ∞, then W
1,p(·)
0 (Ω) is

a Banach space [16, Theorem 3.1]. The relationship between different concepts of
zero boundary value spaces has been studied by Harjulehto in [11].

The results. If p+ < ∞ and if there exists δ > 0 such that for every x ∈ Ω either

p−B(x,δ) > n or p+
B(x,δ) 6

n p−B(x,δ)

n− p−B(x,δ)

holds, then the variable exponent p is said to satisfy the jump condition in Ω.
Roughly, the jump condition guarantees that p does not jump too much locally in
Ω. Note that if Ω is bounded and if p is uniformly continuous, then p satisfies the
jump condition in Ω.

Let us define an ”energy integral” operator on the Sobolev space by Ip(·)(u) =
%p(·)(|∇u|). The following is the main theorem from [16]:

Theorem 1. Let Ω ⊂ Rn be a bounded open set and w ∈ W 1,p(·)(Ω). Assume that
p satisfies the jump condition in Ω and that 1 < p− 6 p+ < ∞. Then there exists
a function u ∈ W

1,p(·)
0 (Ω) such that

Ip(·)(u + w) = inf
v∈W

1,p(·)
0 (Ω)

Ip(·)(v + w).
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We next show that the jump condition is not needed when we have some ad-
ditional control of the boundary values. As in [16], we rely on the following basic
result:

Lemma 1 (Theorem 2.1, [21]). Let B be a reflexive Banach space. If I : B → [0,∞)
is a convex, lower semicontinuous and coercive operator, then there is an element
in B which minimizes I.

Recall that the operator I is said to be convex if the inequality I(tu+(1− t)v) 6
tI(u)+ (1− t)I(v) is satisfied for all t ∈ [0, 1] and every pair u, v ∈ B. The operator
is lower semicontinuous if I(u) 6 lim infi→∞ I(ui) whenever ui is a sequence of
elements in B converging to u, and coercive if I(ui) →∞ whenever ‖ui‖B →∞.

A glance at the proof of Theorem 1 shows that no assumptions are needed on p
when proving convexity and lower semicontinuity. Therefore, we need only worry
about coercivity, when extending the result. In our setting coercivity means that
‖u‖p(·) → ∞ implies that ‖∇u‖p(·) → ∞. In other words, we need some sort of a
Poincaré inequality. Although we do not get a real Poincaré inequality under the
weak assumptions of the following theorem (see [12, Section 2]), we can get what
we need by reducing to the W 1,1-Poincaré inequality, as in [14, Lemma 4.1].

Theorem 2. Let Ω be bounded and 1 < p− 6 p+ < ∞. Suppose that v ∈
W 1,p(·)(Ω) ∩ L∞(Ω). Then Ip(·) has a unique minimizer in the set

U = {u : u− v ∈ W
1,p(·)
0 (Ω)}.

Proof. Let u ∈ U and denote a = ‖v‖∞. Let ua be the function u which has been
cut-off at −a and a, i.e.

ua(x) = min{a,max{−a, u(x)}}.

Since a is the largest value taken by |v|, it is easy to see that also ua−v ∈ W
1,p(·)
0 (Ω).

Moreover, ∇ua(x) equals ∇u(x) or 0 at almost every point in Ω [15, Section 2],
hence |∇ua| 6 |∇u| and so Ip(·)(ua) 6 Ip(·)(u). It follows that it suffices to look for
minimizers of Ip(·) in the set Ua = {ua : u ∈ U}.

But we easily conclude by the W 1,1-Sobolev–Poincaré inequality that∫
Ω

|u(x)|p(x) dx 6 ap+−1

∫
Ω

|u(x)| dx 6 C diam(Ω) ap+−1

∫
Ω

|∇u(x)| dx

for u ∈ Ua. Thus ‖u‖p(·) 6 C‖∇u‖1 6 C‖∇u‖p(·), where the second inequality is
just the embedding Lp(·)(Ω) ↪→ L1(Ω), proved in [23]. This means that the operator
Ip(·) is coercive on Ua, which is a convex subset of a reflexive Banach space. As
convexity and lower semicontinuity are clear, existence follows by Lemma 1.

The uniqueness follows easily since Ip(·) is strictly convex, see [20, Theorem 5.27]
or [16, Theorem 5.3].

It is perhaps natural to think that the previous result could be combined with
a monotonicity argument to remove the assumption that the boundary values be
in L∞. This, however, turns out not to be the case, as we will show in the next
section.

3. Non-existence. In this section we give an example of a domain and boundary
values such that the Dirichlet energy integral does not have a minimizer.
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We will need the variational capacity for a fixed exponent q:

capq(K, Ω) = inf
u

%q(|∇u|),

where K ⊂ Ω is compact and the infimum is taken over functions u in W 1,q(Rn) ∩
C(Rn) which equal 1 on K and 0 on Rn \Ω. Recall the formula for the variational
capacity of an annulus:

capq(B(0, r), B(0, R)) = mn−1(Sn−1)
∣∣∣∣q − n

q − 1

∣∣∣∣q−1 ∣∣R(q−n)/(q−1) − r(q−n)/(q−1)
∣∣1−q;

here q is a fixed exponent not equal to the dimension n [20, Example 2.12, p. 35].
If we set r = εR, then we get the convenient formula

capq(B(0, εR), B(0, R)) = C
∣∣1− ε(q−n)/(q−1)

∣∣1−q
Rn−q.

The basic construction. Fix p ∈ (1, n) and q ∈ (p∗, n). Here p∗ = np/(n− p) is
the Sobolev conjugate exponent.

Let ri = 2−i and let (εi) be a sequence of real numbers in (0, 1) which will be
specified later. We define a sequence of balls by Bi = B(2rie1, ri), where e1 is a
unit vector. Our domain is the union of the annuli Ai = (2Bi)\εiBi, Ω = ∪iAi. We
split the annuli into two parts, Oi = (2Bi) \Bi where the exponent is set to p, and
Ii = Bi \ εiBi where the exponent is set to q. We use the following abbreviations
for the corresponding capacities:

ii = capq(εiBi, Bi) = C|ε(q−n)/(q−1)
i − 1|1−qrn−q

i

and
oi = capp(Bi, 2Bi) = Crn−p

i .

The boundary values are given by a sequence (vi) of constants on the inner boundary
∂(εiBi) and 0 on all outer boundaries ∂(2Bi).

The idea of the construction is to choose the parameters εi and vi in such a way
that minimizing the modular of the gradient leads to a function which is approxi-
mately equal to vi on the inner annulus. Moreover, the values of vi are chosen so,
that such a function has infinite Lp(·) norm.

Let us first check that we can construct some function in W 1,p(·)(Ω) which has
boundary values (vi) and 0. Let ui ∈ W 1,p(·)(Ω) be the solution of the q-Dirichlet
problem in the annulus Ii, with inner and outer boundary values vi and 0, respec-
tively, and extend it by these constants to εiBi and Rn \ Bi. By definition of ii as
the capacity (and a simple scaling), we have

%Lp(·)(Ω)(|∇ui|) = %Lq(Bi)(|∇ui|) = vq
i ii.

The function u is defined as the sum of all functions ui. So if we choose our sequence
so that

%Lq(Ω)(|∇u|) =
∑

vq
i ii < ∞, (4)

then |∇u| ∈ Lp(·)(Ω). The function u has zero boundary values in Bi. Therefore it
follows from the Lq-Poincaré inequality that the Lp(·)-norm of u is dominated by
the Lp(·)-norm of its gradient, so u ∈ W 1,p(·)(Ω). Thus (4) is sufficient to guarantee
that (vi) and 0 define proper boundary values.

Suppose that there exists a minimizer for our Dirichlet problem, and denote it
by u. It is clear that u is radially symmetric and radially decreasing in each annulus
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Ai. Obviously, u is minimizing on both Ii and Oi. Supposing that u takes the value
x on ∂Bi, we see that

%Lp(·)(Bi)(|∇u|) = (vi − x)qii + xpoi =: F (x).

Since u is assumed to be minimizing, x has to be a minimum of F . Moreover, F is a
convex function with a unique minimum in (0, vi). Let us choose the parameters so
that the minimum occurs at x = vi/2, in other words, we require that F ′(vi/2) = 0,
which is equivalent with

q(vi/2)qii = p(vi/2)poi. (5)

Since u is radially decreasing, this implies that u > vi/2 on Ii, hence

%Lp(·)(Ii)(u) > Cvq
i rn

i .

We will choose (vi) so that

%p(·)(u) =
∑

%Lp(·)(Ii)(u) > C
∑

vq
i rn

i = ∞, (6)

which contradicts the assumption that u lies in Lp(·)(Ω).
So it remains to show that we can choose sequences (εi) and (vi) such that (4),

(5) and (6) hold. Let us simply choose vi so that vq
i rn

i = 1. Then certainly (6)
holds. Next, we use equation (5), vi = r

−n/q
i and oi = Crn−p

i which gives us∑
vq

i ii =
p2q

q2p

∑
vp

i oi = C
∑

r
n−p−np/q
i = C

∑
2−i(n−p−np/q) < ∞.

Here the last inequality follows since q > p∗, which implies that n− p− np/q > 0.
Thus (4) holds, so it remains only to choose the numbers εi so that (5) holds.
Condition (5) can be written as

|ε(q−n)/(q−1)
i − 1|1−qrn−q

i r−n
i = Crn−p

i r
−np/q
i ,

or, equivalently,

|ε(q−n)/(q−1)
i − 1|1−q = Cr

n+q−p−np/q
i . (7)

Since the exponent of εi is negative, we see that the left hand side can take any
value in (0,∞), in particular, there exists an appropriate εi for any choice of ri.
This completes the construction.

Modifications. So far we have constructed an open bounded set in which the expo-
nent takes on two values. Let us first note that the exponent can easily be modified
to a continuous (or even C∞) exponent in the domain by letting the exponent de-
crease smoothly from q to p in the annulus ( 3

2Bi) \ Bi. However, obviously, this
exponent is not uniformly continuous, and indeed, as was noted before Theorem 1,
uniform continuity is sufficient for existence. Thus we see that the gap between the
necessary and sufficient conditions is very small in so far as the regularity of the
exponent is concerned.

A second issue is that the set constructed so far is not connected. However, this
is easy to remedy: just open up a small canal between adjacent balls. Since the
original “would-be” minimizer was greater than ui/2 on the inner annulus, it follows
that the canal can be chosen so small that the minimizer would be at least ui/3 on
the inner annulus, which gives the same contradiction as before.

We summarize this construction in the following theorem.
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Theorem 3. Let n ≥ 3, q1 ∈ (1, n/(n − 1)) and q2 ∈ (q∗1 , n). Then there exist a
smooth exponent p with p− = q1 and p+ = q2, a bounded domain Ω and a boundary
value function v ∈ W 1,p(·)(Ω) such that Ip(·) does not have a minimizer in the set
{u : u− v ∈ W

1,p(·)
0 (Ω)}.

Note that if we had q2 6 q∗1 in the previous theorem, then a minimizer would
always exist, by Theorem 1, so in this sense our example (and Theorem 1) is the
best possible.

4. Discussion and questions. The example in the previous section (with the
modifications) featured a bounded domain with a continuous exponent in which
the variable exponent Dirichlet energy integral has no minimizer. But the domain
has the nasty feature that the boundary consists of lots of isolated spheres. One
may therefore ask whether there exists a domain with connected boundary which
features non-existence of minimizers? There does not seem to be any simple way of
modifying the example to allow for this.

A second short-coming of our example is the requirement that q < n. It seems
to be possible to extend the example to the case q = n, but beyond that we run
into serious problems, essentially because we cannot fully control the capacity of
the inner annulus. The reason for the lack of control in the q > n case is that the
capacity of a single point is already has positive, so we cannot get small capacities for
our annulus (specifically, we cannot satisfy (7), since the exponent of εi is positive).
In particular, since 1∗ = 2 for n = 2, it follows that the example does not work at
all in the plane, so an especially interesting question is: does there exists a planar
domain such that the Dirichlet energy integral does not have a minimizer?

It is also interesting to note that the exponent in the example was essentially
radial. Thus (the proof of) Lemma 4.6 from [18] implies that continuous functions
are dense in the Sobolev space we are considering. So it appears that density of
continuous functions plays no role in the existence question. In contrast to this, the
example given in [17] suggested that the density of continuous functions might be
intimately related to the continuity of the minimizer when it exists.

There is one assumption in the existence theory that has so far not gotten the
attention it deserves. It is the condition 1 < p−. From a technical point of view,
this is a very convenient assumption, as it allows us to work in a reflexive space.
However, it is not clear that this condition is really needed for the results (when the
minimizer is understood in the proper space (whatever that may be)). Moreover,
for applications of image restoration (as suggested in [3]), it is critical that the
exponent be allowed to equal 1 (so-called total variation smoothing). In [3] this
problem is circumvented by having the otherwise smooth exponent jump to 1 once
it reaches a certain threshold. However, it would obviously be preferable not to be
forced to take such ad hoc measures.

Acknowledgment. I would like to thank Juha Heinonen for a brief but very useful
discussion, which made me look for a counter-example to existence, instead of trying
to prove it.
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